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Overview

= Typically tracking in FFAs is done using integration of the
equations of motion

" |ntegrate someformof F=qv xB
" |ntegrate each time single particles
= This is fine for tracking few particles through a few turns

"= CPU limited when doing large-scale tracking studies
= (Synchro)-FFAs have 10s of thousands of turns
= RK4 uses most of the CPU

= Scaling FFAs are well-suited for taking a transfer map
approach for tracking
* Transfer map is the same at all momenta - it scales!
" |ntegrate for one cell; apply for every cell (or turn)

= |n this talk
* Generalised field expansion for horizontal and vertical scaling FFA
"= Determine vector potential and hence Hamiltonian
= Show that it scales
" Look at scaling of dynamic aperture (from Runge Kutta for now!)
" For the future: integrate into Transfer Map



Fields

onsider a general spiral FFA field - in the midplane
B.(r,¢,z=0) = 0

ng(T,Gﬁ,Z:O) = 0 /

B.(r,0,2=0) = fo(¥)h(r)

Radial scaling

= With

¢ — gb—g(?"),
g = tan(d)In(r/ro),

o = w(3)

= f,, B,andr, are all lattice designer’s choice
= B, r,, determine the reference orbit
= f,is the fringe field length/shape (assume “well behaved” function)
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Field expansion

pply Maxwell’s laws to make an expansion in z/r

B, —ngn D)h(r ( )2“

n=1{

By = Z fans1(9)h(r) (%)QTH_I

n=I()
k—2n 241
BT' = [ t 5 T } ( )
2 et on = @] 1)
= With
f - at,ﬂ’fﬂ'n,
2n+1 9 ™ 1
; “;j;; fon + 2(k = 2n) tan(8) fani1 — (1 + tan2(6))dy fons 1
2n+2 = (2n + 2) '
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Example field map

bz Div(B) vs order with y 0.005 m

ol M. M. W

¢ [degree]

= Trajectories scale with momentum
= |ncreasing order in z/r yields better divergence (and curl)
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Vector potential

= Vector potential defined by
B=VxA
= Choose a gauge with A =0

forh k—2n o z\2nt2
e - _tan(8) faree | F (—) |
z k+2 ; 2n+1}(2 dn( )f2 1) r 2n+ 2
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Hamiltonian

" Take the usual accelerator Hamiltonian for curved coordinates

H=-— (1 + i) [p% — (pgz — fﬁf’lm)2 — pﬂ b eAy
Po

= Usual equations of motion with o, as partial derivative w.r.t. x

dx

UI.IS Pz
dz _
—=d, H
ds Ps
dp-'ﬂ — _a.'I:H
ds
ip. _
dp> _ _O.H
ds

= Nb: work in coordinate system with constant radius of
curvaturesothatr=x + p,

See also Scott Berg FFAGO07 “A Hamiltonian Formulation for Spiral-Sector Accelerators”
= Scott works in spiral coordinate system
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Equations of motion

= Consider equations of motion for position

dx

— =0y H
ds P
s 3
= =y H
ds b=

= As usual
dx < I
ds Po’ Ps
dz 1 ¢ X
i WY oy (i
ds (1+ ;}D)pﬁ

<
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Equations of motion

= Consider equations of motion for momentum

dm
i =—8,H
dp.
= -0,H
= with
O,H = — — (P2 — (px — €As)? — p2]'/?
Po
b (14 2) 18 - (e — e = 2] 0 - eA0sA,
— OzeAy.
0. H = (1 - i) P2 — (px — €A2)? — 2] V% (pr — €4,)0. A,
— 0,eA,.

<
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Does It scale?

" Consider scaled coordinates

=T
= e
Po = (xpPo

® = ¢ — In(a)tan(d)
s = &p, = as — aln(a)tan(d)pg

Pr = 5?::
p; = Op-
Ps = Bps vo= - glr).
g = tan(d)In(r/ro),
= And scaled functions hr) = BO(L)’“
To

[](4!:'! Jﬂﬂ) — {J{kh(l." Jﬂf})
g(x, po) = tan(d) In (UEI :ﬂﬁn) = tan(d) {ln(us) + In (£ :DF?D)]
U(D,r,p0) = © = g(r, po) = ¥(9, 2, po)
fn(l];r) - fn(ﬂf’) 10




Scaled functions

= |f the equations of motion scale, then after a small step the
trajectory will remain in the scaled coordinate system

du ol
u(s +ds) = u(s) + Eds and (s + 0s) = i(s) + :?—udﬂﬁ
.1. {-5

= \We need the derivative to scale for the machine to be

“scaling”
= Consider e.g. x position = ax
dx 1. § = oz
—=—(14 —)L -
ds po’ Ps Po = QP

® = ¢ — In(a)tan(d)
s = Pp, = as — aln(a)tan(d)pg

p;_t — .ﬁfj T
p; = op.
Ps = Bps
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Scaled functions

If the equations of motion scale, then after a small step the

trajectory will remain in the scaled coordinate system

du
(s + ds) = u(s) + —ds
ds

and

dul

u(s + 0s) = u(s) + Edﬁ

] _lzz (p-’i? e EAIJJ)afjﬁA:E

1K2 (p.'z: _ BA:J:)azA:E

= By reference to the equations of motion we require
) p L ¢ 511/2

D] A - dFH = & p}: = (p:!: = HAT)Q e }'"Jﬁ
I—(‘ij{i}(m,E) — 5;14;;}(!::3) Po [ ' }

X ; L 2 2 2

3 ) + (l + P_O) [po — (pr — €Az)* — p;
;d.’ﬂ-‘d"‘.’ﬂ(m:' z) — d]IA.’L' (Lt-.-a) . (‘93;1‘514.-1;5.

5 ) = x _
I_HZA(;}(JT, z) = 53‘4&(3::3) dzH = (1 £ P_lf}) [p?} - (p:x: - '814:1:)2 - Pg]

¥

B :
;’_l“(‘jzﬂrii(mvz) — 53‘4715('!:1‘3)
ﬁA;;;(JT., 3) A.’IJ (3:-.-3)
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Scaled functions

Try AX 2n+1
I 3 -‘gO ZTQTH—I[] J
+ 2n+ 2
2n+1 5
= ' T "1
Zfﬂ +17x (£+ﬁn) H?n{—Q
kﬂA(I z, po)
. and so on for the derivatives, with g = g**!

O Ay(r,3) = a0, Ay(z, 2)
O A:(x,3) = a®9, A, (2 2)

0,A44(r,3) = a0, Ay(z, 2)
G Ax(r3) = a O A, (i),
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Scaled functions
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Horizontal FFA

= Trajectory scales at all orders, perfectly
= Not just linear

= Trajectory scales in horizontal and vertical direction
= Geometric acceptance of the transfer map increases with
momentum
= |ntegration is done here using RK4
= Not *perfectly* identical
= Stepping in time
= Do not scale the time step
= Use same max time for number of steps
= ToDo: Implement transfer map (use OPAL Lie algebra routines?)
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Vertical FFA

= For a vertical FFA we can use similar path

= Field expansion (see e.g. Machida et al., Optics design of vertical excursion
fixed-field alternating gradient accelerators, PRAB 24, (2021)

is horizontal

B,=S B 8 3 Y 15 HOHZOM

Z = mz) fny” x is longitudinal

At z is vertical

By Z Bg exp(mz) — fn+1J

Z Byexp(mz) foy"
Jo = f(z)
fi=0

—1 2 2
ft2 = [0 fn +m” fn].

(n+2)(n+1)
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Vector potential

= Vector potential

yn+1
A, =-B .
0 ; exp(mz) f =y
A,=0
exp mz) gy
Ay = BOZ Oa fnT =7

N\
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Vertical scaling transformation

= Follow the same route to verify that the machine is scaling,

but now

) G
D=y
3— 2 +2p
Po = PO

Pr = BPa
Py = Bpy
p; = Op-
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Vertical FFA

= Follow the same route to verify that the machine is scaling,
but now we require

POy Ax(,2) = Oy As(t, 5) ayH:—%[pﬁ—(p —ed.)? - p2]'"?
BOyA:(z,2) = 0yA-(r,3) + (1+%) 12 — (p. — eAs)? —p2] 72 (p, — eA.)0,4
B0, Az (x,2) = 0;A:(x, 3) — Oyed,.
BO,A,(x,z) = 0;A.(x, 3) 9-H (” i) 12— (p: — eA2)? = p2) 7% (ps — €AL)B. A,
BA.(x,2) = A.(x.3)
£.8. e A, = —Bg zﬂ:exp(?%z)fngn_:ll
OyAz(x,3) = —0yBo Z exp (m(z + zg)) fn_i+ : A, =0
= — eXP(?"";U)ayAm(-Ta z) 4. = BUZ — mz)a fn r:-11
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Vertical FFA

= Trajectory scales at all orders, perfectly
= Not just linear
= Trajectory scales in horizontal and vertical direction

= Geometric acceptance of the transfer map constant with
momentum

= |ntegration is done here using RK4
= ToDo: Implement transfer map (use OPAL Lie algebra routines?)
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