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Introduction and motivations

How we can try to formulate QFT non perturbatively?

CFTuyv
Sqrt = Scrr + Z /ddxg,-O,-(X)
+ relevant Aj<d
deformation This is a two step procedure:
v 1. Solve the CFT
QFT 2. Numerically solve the RG flow
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Introduction and motivations
How we can try to formulate QFT non perturbatively?

Ising CFT

— d
+o € SIFT = Sising + / d“x(xe + hzo)
AY =3, AY =052 . :
8 o . [Wu, McCoy,Fonseca,
Aid — 17 Azd —1.41 2d Very rICh dynamlcs Yurov,Zamolodchikov]
Y
Ising Field .
Theory
my, my =2m; cos% s 12f
e T -0.3}
=2 — -2 il
m3 mj cos 0’ my my cos 0’ o
5 27 5 T h
ms = 2m; —, mg = 2m: —,
T 6= % 5 33 s s s
0 2 4 6 8
my7 = 4mpy cos E cos 7—71— mg = 4my cos T cos 2—77 h.
7 2 5 30 ) 8 2 5 15 2

n =0 h, # 0: integrable Eg theory
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3d Ising Field theory: Two paths
Truncated Conformal Space Approach

Ising CFT can be obtained from a
(OilH|O;) = <M> system of non-relativistic fermions on a
A;/Ré Fuzzy Sphere, tuned to the fixed point

h /d2X<0i|U(X)|Oj> [Zhu et al (22)]. Add a Z»-odd deformation
-—>

RRofyo,  Her=HED 1 h, / 494! (o2 (Q)
Diagonalize H matrix w/ Ao, < Amax

Giulia Fardelli (Boston U.) Fuzzy Sphere and IFT MIT 6/22



3d Ising Field theory: Two paths
Truncated Conformal Space Approach

Ising CFT can be obtained from a
(OilH|O;) = <M> system of non-relativistic fermions on a
A;/Ré Fuzzy Sphere, tuned to the fixed point

ueta . Add a Z;-odd def ti
h, /d2X<('),'|0'(x)|(’)j> [Zhu et al (22)] a Zs-0 eformation

~ R8O fp 0, Hier = HES) 4+ b, / dQ ¢! (Q)o.1(Q)

Ising

Diagonalize H matrix w/ Ao, < Amax

Advantages: Advantages: Auve FS

The starting point is exactly the Ising Sparse matrix techniques,
CFT extract lowest-E states only

Challenges: Challenges: T4 e

Meav/ /cpr
Need to get a lot of OPE data (A;, /
3-pt functions) to set Amax high Double-hierarchy of scales
enough (e.g. from numerical bootstrap Narrow window of valid h,
or fuzzy sphere [GF, Fitzpatrick, Katz (26)])
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3d Ising Field theory: Two paths

Truncated Conformal Space Approach

(OilH|0;) = (Oi|Hcrr|O))
>
A;/RS;
h, / Px(O](x)]0;)
—>
~ R2-Ao f(?,nO/

Diagonalize H matrix w/ Ao, < Amax

Advantages:

The starting point is exactly the Ising
CFT

Challenges:

Need to get a lot of OPE data (A;,
3-pt functions) to set Amax high
enough (e.g. from numerical bootstrap
or fuzzy sphere [GF, Fitzpatrick, Katz (26)])
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Full Fuzzy Sphere realization

Ising CFT can be obtained from a

system of non-relativistic fermions on a
Fuzzy Sphere, tuned to the fixed point
[Zhu et al (22)]. Add a Z;-odd deformation

H(ES)

H/FT = Ising

+ h, / dQ ' (Q)o.v(Q)

Advantages: AuveFs

Sparse matrix techniques,
extract lowest-E states only

Challenges:

Double-hierarchy of scales
Narrow window of valid h,

Fuzzy Sphere and IFT
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Fuzzy sphere setup

Non-relativistic fermions on S in the presence of a magnetic monopole at
the center (homogeneous |B| = s/R? with 2s € Z).

(p— A)?

Fliee = “omiRe

Spherical Landau Levels
E,=n(n+1)+(2n+1)s

A=scosfdp [ dA=4rs
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Fuzzy sphere setup

Non-relativistic fermions on S in the presence of a magnetic monopole at
the center (homogeneous |B| = s/R? with 2s € Z).

Spherical Landau Levels
E,=n(n+1)+(2n+1)s

[Haldane (83), Greiter (11)]

Lowest Landau Level

(25 + 1)-fold degenerate

A=scosfdp [ dA=4rs
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Lowest Landau Level
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Half filling
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3d Ising CFT: Fuzzy sphere realization

“Lattice” scale

_p2 _ 2%, 2%\
— Avy ~ VN H—RA2H7H—ZAk(nOV ng — n,V nz) hn,

k=0,1
&=
(=) ot Degrees of freedom are
N 4 ni=1¢lo
=~ i =vloiw non-relativistic fermion bilinears
S
{B1(Q), ()} =D o5 (QPm(Q) = dnuy (- )
w —s
3.
25 ==
s 13
= 2 ‘ 221
% -.523
15 29
?/ -5:7
. 0 -3:%
0.5
0. = T 3 -
s Aoy >4 Zg T
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3d Ising CFT: Fuzzy sphere realization

Lattice” scale H_ R2/ HoH— Z A (nOVano _ nzvzknz) — hn,
52

T Aov ~ VN
k=0,1
E
| ot Degrees of freedom are
N n=vio
=~ i =dlo non-relativistic fermion bilinears

I Ising phase transition Ising symmetries
SN}

h>0, | = H 1+£),, @ SO(3) invariance
i @ Zp symmetry: T <> |
h=0, lve)= H |£2) @ Time Reversal:

particle <+ hole

4 Air(~ size Egap) =1(R=1)

In the IR (2 +1)d
Ising CFT on S
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3d Ising CFT: Fuzzy sphere realization

“Lattice” scale

_ P2 B n 2%\
T Auv ~ VN HiR/szH’H*ZAk(”OV no — n;V nz) hny

k=0,1
&=
= = vlo Degrees of freedom arc
~= non-relativistic fermion bilinears

[Zhu, Han, Huffman, Hofmann, He (22)] @ N = 16
o 4 Oz LS Opspapis Opspapisis
Bootstrap 0.518 5.291 4.180 6.987 4.638 6.113
Fuzzy sphere 0.524 5.303 4214 7.048 4.609 6.069
€ € 4 Tu T Chrpmspa
Bootstrap 1.413 3.830 6.896 3 5.509 5.023
Fuzzy sphere 1414 3.838 6.908 3 5.583 5.103

Tuned at the Critical Point:
Ao = A5, A1 = A}, h=h*

Lar=1(R=1)
In the IR (2+1)d
Ising CFT on S?
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General overview

Nuv Ar
E < I
1
Non-relativistic R
fermions on a FS
)
N
MIT 11/22
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General overview

Auv @ critical point AR
| | |
) 1
s HSne 4 i defs R
Non-relativistic CFT | ]
fermions on a FS 3-80

~N 2
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General overview

Auv Mgap < E < Ayv | Mr
E — ‘ |
Ising CFT 1
Fermions on a FS Add Z5-odd deforma- R
+[dQn, tion = massive phase

S = Scrr + h, f d3x o(x)
1

Only one scale ;1 = h}~*° at oo volume

A
2-particle threshold
£ 2mgap - - ------~-
-
+  Mbound 4
3 \% densit
8 acuum energy density
0
> 3
E% i 19 Mgap 4= d 3-A
E Evac ~n = hz 7
L

Evac+ Vacuum
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General overview

/\U\'
E <

Fermions on a FS
+[dQn,

Giulia Fardelli (Boston U.)

Energy spectrum

Ising CFT
Add Z»-odd deforma-
tion = massive phase

>
3= =)

S = Scrr + h, f d3x o(x)
1
Only one scale ;1 = h}~*° at oo volume
A

2-particle threshold
L 1

s=1 / (& — mg? — (Vsa0)?

Mbound 4+ 2

_ c(V§2¢>)2 +.-1)
mgap 4 1-particle state

QD (E-Eup=mtae)

+ P+ 1)
Evact Vacuum
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General overview

Auv Mgap < E < Ayv | Mr
£ — e |
Ising CFT 1
Fermions on a FS Add Z5-odd deforma- R
+[dQn, tion = massive phase

S = Scrr + h, f d3x o(x)
1
Only one scale ;1 = h}~*° at oo volume
A

2-particle threshold
2mgap - - ------~-

Mbound T bound state _j'?
o

mgap 4 1-particle state

Zegap

b

Energy spectrum

Evact Vacuum
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General overview

/\Llf\' mgap < E < Auy I A{R
E < —— .
Ising CFT 1
Fermions on a FS Add Z5-odd deforma- R
+[dQn, tion = massive phase
Ay < Mgap < & < small range of h,
A At finite volume
2-particle threshold Curvature corrections
L
2y || I~
= £ Mbound+ bound state Egap — Evac =
Paept g. f
2 m 1+ ——+...
S ve— 8  meap+ l-particle state o m2,, R?
&

Evact Vacuum
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H — H(Vo, Vi, h) + hynz(Q),

2 2
%) a,0h0 +av, Voo a4,
Nz = 350+ Agt2 + —&,, 000+ -
N~ N2 Nz~
Fixed by matching condition
0.073 T T T T
__ 0.068F 1
S}
2 0.063F O=o0c .
<
— O =00
T 0.058 o /
= -
g - -12-10°"
#0053 - %93 ~ ]
42 \ o 13 —2.4-107° .
) \\ °
< 0.048 [ \ ) —3.6-107° . ]
48-107° °
0. 0025 005 0075 0.1 0125
0.043 L L L L
0. 0.025 0.05 0.075 0.1 0.125
1/N
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Vacuum energy density

Giulia Fardelli (Boston U.)

E, 0 2 curvature
e gy — U
ey ey corrections
z zZ
T T T T T T T T T T T T T
{ N=6
ED
Large N extrapolation mN=12 -
b c
a+t g+ 2 m N8
DMRG B
mN=24
mN=cx i
--------------------- f________ =
2 4 6 8
h.,
Fuzzy Sphere and IFT MIT
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Vacuum energy density

Evac Eg+ 0 % curvature
3 — <0 2 .
h3—A(, hg_AU corrections
z zZ

I large N-extrapolation

E, 0.33
W =-137T+—
hzzan hnga ]
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One particle state

Egap — Evac _ f % curvature
— = = Mgapt .
h3—Ag h37A°' corrections
z z
2.5 T T T
2.2 Large N extrapolation ]
b c 9
a+ N + 3
Egap - Evac
T
z
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One particle state

Egap — Evac _ f % curvature
— 1= = Mgapt 5 :
34, 3-Ag, corrections
h; h;

2.5 T T T
2.2 ]
1.9 ]
Egop — E.
ZEp T Thae el ]
hise
1.3F I large N-extrapolation b
! Egp — By 0.2
LE - T 65— — - ]
: hi 8 hi=%e
0.7 . . .
0 2 6 8
h.
MIT 14 /22
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One particle state: composition

|(Egap(h2)|Ei(h, = 0))|?, where |E;(h, = 0)) corresponds to a CFT operator

QN=14

1. T T

0.8+

0.6

0.4+

[{Egap ()| Ei(h. = 0))[*

0.2+

B
4

|3

Oo
m< R

combined

Giulia Fardelli (Boston U.)

Fuzzy Sphere and IFT
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Interlude: Spinning sectors
s=3 [ (3~ me? — (VaoP - (Vo) + )

Egap(f) = Evac + \/méap + 46+ 1) + cl?2(L + 1)2

L(+A)

1.

v

E ap — Eyac
_/Ai’ibr

A

MIT 16 /22
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Interlude: Spinning sectors

s=3 [ (3~ me? — (VaoP - (Vo) + )

Egap(€) = Evac + \/méap + 46+ 1) + cl?2(L + 1)2

1
1 ©@ h, =3
1 L . . - .
1
L : L2(g+n) sl 1
s 1
\5?\“ 1 g o
b X Sy
VIS i =
Q- 2.9 -
;) I y wm 42 = il
L B &
'Y ' i 5
—_— 1 C1sf
1
1
! 5 1 3 3 1
A ¢

3 _ 1 \2
—1.23p37 B0 4 J (1.56 p3=Be ) 4+ (€ + 1) + 0.006 £2(£ + 1)2
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Interlude: Spinning sectors

5= [ (- me— (Ts20)? - (V3P + )

Egap(e) = Eyac + \/méap —+ f([ —+ 1) + sz(f + 1)2

0.3 2.5
22
mi=0
=0
- 1.9 - fit
m (- fit
vac Mgap
— a0
(5
1.3F
ettt ettettetctttctnsssssnnne 1
—1.5 L
0 1 2 3 ' 5 07 I P 3 n 5
h h.

Large N extrapolation + fit with £ =0,1,...,4
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Bound state

Ebound - Evac fb
—— =M + — mp < 2Mgap
hz3—ACr hz3—Aa

\*% curvature corrections

4.8 T T T

4.3 Large N extrapolation ]
at+ i+ 5

Ebound - Evac

.
s
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Bound state

Ebound - Evac fb
1 =my, + 2 mp < 2mgap
hz3—ACr h3—Aa

2.2 T T T
2.1+ ]
2.
Ebound - Evac LR 1 NP UL L Ll flel
Egap - Evac
1.8F p I large N-extrapolation
.'l Ebound - Evac 0.2
N e T e 96— ]
',' Egap - Evac "LAS]A”

1.6 H 1 1 1

0 2 6 8

h.
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Fuzzy Sphere vs Truncated Conformal Space Approach

A et hV Vij = fo,00,
( N ) ******* P Connects Z, odd
An h,VT Hér’fll,flT and Z, even

Diagonalize a 51 x 51 matrix for A; < 11.7 (new OPE data needed [GF, Fitzpatrick, Katz (26)])
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Fuzzy Sphere vs Truncated Conformal Space Approach

TCSA:

even
HCFT

M Fuzzy Sphere

P o "\ i TCSA
h ‘7& - \
—0.9F
\\h_
-1.2 ~— -1
—1.5
0 2 4 6 8
h.
Evac ) —1.369 +0.336h, >~ %7
3 - 2
[EREE —1.372+0.334h, > %

Giulia Fardelli (Boston U.)

Fuzzy Sphere and IFT

|
! . —
I hZV \/Ij - fb,-o'oj
|
Tt Connects Z; odd
! odd
: H(,,‘FT and Z even
2.5
2.2 e
1.9 ) ~
Bap ~ B | _—
hi -
1.:;V 1
m Fuzzy Sphere
1.r m TCSA q
0.7
0 2 4 6 8

h.

2

Egap — Evac ) 1.65 —0.25h, 7
- 1 = 2

1.66 — 0.28h, >~2¢

P S
=k
h}=%e

MIT
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Summary and future directions

e Until now, the fuzzy sphere has been used to study CFTs at
criticality. We have shown it also gives access to strongly-coupled
gapped theories.
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e In the scalar sector of Ising Field Theory, we have reliably found a one
particle state with mg,, ~ 1.7 and show evidence for a bound state.
We cross-checked against spinning sectors and TCSA.
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Summary and future directions

e Until now, the fuzzy sphere has been used to study CFTs at
criticality. We have shown it also gives access to strongly-coupled
gapped theories.

e In the scalar sector of Ising Field Theory, we have reliably found a one
particle state with mg,, ~ 1.7 and show evidence for a bound state.
We cross-checked against spinning sectors and TCSA.

e Further study of the bound state: mass ratio, separation from the
two-particle state.

e Refine TCSA analysis (increase Apax, understand the dependence in
Apmax, spinning sectors)

e Add a e-deformation, generic IFT phase diagram
e Other 3d QFTs from the fuzzy sphere (gauge theories?)
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Thank you!
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