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Introduction and motivations

How we can try to formulate QFT non perturbatively?

CFTUV

QFT

+ relevant
deformation

SQFT = SCFT +
∑
∆i<d

∫
ddx giOi (x)

This is a two step procedure:

1. Solve the CFT

2. Numerically solve the RG flow
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|hz |
8
15

η ≫ 1 High T
Weakly coupled fermion

η ≫ −1 Low T
Tower of mesons
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SIFT = SIsing +

∫
ddx(mϵ+ hzσ)

2d: very rich dynamics [Wu, McCoy,Fonseca,
Yurov,Zamolodchikov]

η = 0 hz ̸= 0: integrable E8 theory

m1 , m2 = 2m1 cos
π

5
,

m3 = 2m1 cos
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30
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3d Ising Field theory: Two paths

Truncated Conformal Space Approach

⟨Oi |H|Oj⟩ = ⟨Oi |HCFT|Oj⟩

+ hz

∫
d2x⟨Oi |σ(x)|Oj⟩

Diagonalize H matrix w/ ∆Oi < ∆max

∆i/Rδij

∼ R2−∆O fOiσOj

Full Fuzzy Sphere realization

Ising CFT can be obtained from a
system of non-relativistic fermions on a
Fuzzy Sphere, tuned to the fixed point
[Zhu et al (22)]. Add a Z2-odd deformation

HIFT = H
(FS)
Ising + hz

∫
dΩψ†(Ω)σzψ(Ω)
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[Zhu et al (22)]. Add a Z2-odd deformation

HIFT = H
(FS)
Ising + hz

∫
dΩψ†(Ω)σzψ(Ω)

Advantages:

The starting point is exactly the Ising
CFT

Challenges:

Need to get a lot of OPE data (∆i ,
3-pt functions) to set ∆max high
enough (e.g. from numerical bootstrap
or fuzzy sphere [GF, Fitzpatrick, Katz (26)])

Advantages:

Sparse matrix techniques,
extract lowest-E states only

Challenges:

Double-hierarchy of scales
Narrow window of valid hz

ΛUV FS

Ising
CFT

IFT
mgap
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Fuzzy sphere setup

Non-relativistic fermions on S2 in the presence of a magnetic monopole at
the center (homogeneous |B| = s/R2 with 2s ∈ Z).

Hfree =
(p − A)2

2MR2

Spherical Landau Levels
En = n(n + 1) + (2n + 1)s

A = s cos θdϕ
∫
dA = 4πs
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Hfree =
(p − A)2

2MR2

Spherical Landau Levels
En = n(n + 1) + (2n + 1)s

A = s cos θdϕ
∫
dA = 4πs

Lowest Landau Level

[Haldane (83), Greiter (11)]

(2s + 1)-fold degenerate

ψLLL(Ω) =
1

R

s∑
m=−s

Φm(Ω)

(
cm,↓
cm,↑

)

Monopole Harmonics Flavor

Giulia Fardelli (Boston U.) Fuzzy Sphere and IFT MIT 8 / 22



Fuzzy sphere setup

Non-relativistic fermions on S2 in the presence of a magnetic monopole at
the center (homogeneous |B| = s/R2 with 2s ∈ Z).

Hfree =
(p − A)2

2MR2

Spherical Landau Levels
En = n(n + 1) + (2n + 1)s

A = s cos θdϕ
∫
dA = 4πs

Lowest Landau Level

[Haldane (83), Greiter (11)]

ψLLL(Ω) =
1

R

s∑
m=−s

Φm(Ω)

(
cm,↓
cm,↑

)

Ne = 2s + 1
Half filling

m = 1
2

m = − 1
2

m = − 3
2

m = 3
2

m = − 5
2

m = 5
2

Giulia Fardelli (Boston U.) Fuzzy Sphere and IFT MIT 8 / 22



Fuzzy sphere setup

Non-relativistic fermions on S2 in the presence of a magnetic monopole at
the center (homogeneous |B| = s/R2 with 2s ∈ Z).

Hfree =
(p − A)2

2MR2

Spherical Landau Levels
En = n(n + 1) + (2n + 1)s

A = s cos θdϕ
∫
dA = 4πs

Lowest Landau Level

[Haldane (83), Greiter (11)]

ψLLL(Ω) =
1

R

s∑
m=−s

Φm(Ω)

(
cm,↓
cm,↑

)

Ne = 2s + 1
Half filling

m = 1
2

m = − 1
2

m = − 3
2

m = 3
2

m = − 5
2

m = 5
2

Giulia Fardelli (Boston U.) Fuzzy Sphere and IFT MIT 8 / 22



3d Ising CFT: Fuzzy sphere realization
E

ΛUV ∼
√
N

“Lattice” scale
H = R2

∫
S2

H , H =
∑
k=0,1

λk
(
n0∇2kn0 − nz∇2knz

)
− hnx

ni = ψ†σiψ
Degrees of freedom are

non-relativistic fermion bilinears

{ψ†(Ω), ψ(Ω′)} =
s∑
−s

Φ∗
m(Ω)Φm(Ω

′) = δΛUV
(Ω · Ω′)

1
ΛUV
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H , H =
∑
k=0,1

λk
(
n0∇2kn0 − nz∇2knz

)
− hnx

ni = ψ†σiψ
Degrees of freedom are

non-relativistic fermion bilinears

In the IR (2 + 1)d
Ising CFT on S2

ΛIR(∼ size Egap) = 1 (R = 1)

Ising phase transition

h≫ 0 , |ψx⟩ =
∏
m

|+x̂⟩m

h = 0 , |ψ±⟩ =
∏
m

|±ẑ⟩m

Ising symmetries

SO(3) invariance

Z2 symmetry: ↑ ↔ ↓

Time Reversal:
particle ↔ hole
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∫
S2

H , H =
∑
k=0,1

λk
(
n0∇2kn0 − nz∇2knz

)
− hnx

ni = ψ†σiψ
Degrees of freedom are

non-relativistic fermion bilinears

In the IR (2 + 1)d
Ising CFT on S2

ΛIR = 1 (R = 1)
Tuned at the Critical Point:
λ0 = λ∗0, λ1 = λ∗1, h = h∗

[Zhu, Han, Huffman, Hofmann, He (22)] @ N = 16
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General overview

E

ΛIR

1
R

ΛUV

Non-relativistic
fermions on a FS

@ critical point

HIsing
CFT + irr defs︸ ︷︷ ︸

∼N
3−∆O

2

★★
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General overview

E

ΛIR

1
R

ΛUV

Fermions on a FS
+
∫
dΩ nz

mgap < E ≪ ΛUV

Ising CFT

IFT (mgap)

Add Z2-odd deforma-
tion ⇒ massive phase

S = SCFT + hz
∫
d3x σ(x)

Only one scale µ = h
1

3−∆σ
z at ∞ volume

2-particle threshold

E
n
er
g
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Evac

mgap

mbound

2mgap

vacuum

Vacuum energy density

Evac ∼ µd = h
3

3−∆σ
z
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∫
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(E − Evac)
2 = m2
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General overview

E

ΛIR

1
R

ΛUV

Fermions on a FS
+
∫
dΩ nz

mgap < E ≪ ΛUV

Ising CFT

IFT (mgap)

Add Z2-odd deforma-
tion ⇒ massive phase

ΛUV ≪ mgap ≪ 1
R ←→ small range of hz

2-particle threshold

E
n
er
g
y
sp
ec
tr
u
m

Evac

mgap

mbound

2mgap

vacuum

1-particle state

bound state

At finite volume

Curvature corrections

Egap − Evac =

mgap

(
1 +

f

m2
gapR2

+ · · ·
)

= A1h
1

3−∆σ
z

(
1 +

f̃

h
2

3−∆σ
z

)
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nz = σ + · · ·

H → H(V0,V1, h) + h̃znz(Ω) , nz(Ω) ≡ ψ†(Ω)σzψ(Ω)

nz =
aσ

N
∆σ
2

σ +
a∂2

0σ
∂20σ + a∇2σ∇2σ

N
∆σ+2

2

+
aσ2

N
∆σ2
2

σ00 + · · ·

Fixed by matching condition

O = σ

O = □σ

∝
a
∂2
0
σ

N
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Vacuum energy density

Evac

h
3

3−∆σ
z

= E0 +
Ẽ0

h
2

3−∆σ
z

1
R2 curvature
corrections

ED

DMRG

Large N extrapolation
a+ b

N
+ c

N2
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One particle state

Egap − Evac

h
1

3−∆σ
z

= mgap +
f

h
2

3−∆σ
z

1
R2 curvature
corrections

Large N extrapolation
a+ b

N
+ c

N2
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One particle state: composition

|⟨Egap(hz)|Ei (hz = 0)⟩|2, where |Ei (hz = 0)⟩ corresponds to a CFT operator

@ N = 14
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Interlude: Spinning sectors

S =
1

2

∫ (
ϕ̇2 −m2ϕ2 − (∇S2ϕ)2 − c(∇2

S2ϕ)2 + · · ·
)

Egap(ℓ) = Evac +
√

m2
gap + ℓ(ℓ+ 1) + cℓ2(ℓ+ 1)2
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ϕ̇2 −m2ϕ2 − (∇S2ϕ)2 − c(∇2

S2ϕ)2 + · · ·
)

Egap(ℓ) = Evac +
√

m2
gap + ℓ(ℓ+ 1) + cℓ2(ℓ+ 1)2

@ hz = 3

−1.23 h

3
3−∆σ
z +

√√√√(1.56 h

1
3−∆σ
z

)2

+ ℓ(ℓ + 1) + 0.006 ℓ2(ℓ + 1)2
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Interlude: Spinning sectors

S =
1

2

∫ (
ϕ̇2 −m2ϕ2 − (∇S2ϕ)2 − c(∇2

S2ϕ)2 + · · ·
)

Egap(ℓ) = Evac +
√

m2
gap + ℓ(ℓ+ 1) + cℓ2(ℓ+ 1)2

Large N extrapolation + fit with ℓ = 0, 1, . . . , 4
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Bound state

Ebound − Evac

h
1

3−∆σ
z

= mb +
fb

h
2

3−∆σ
z

, mb < 2mgap

1
R2 curvature corrections

Large N extrapolation
a+ b

N
+ c

N2
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Fuzzy Sphere vs Truncated Conformal Space Approach

 Heven
CFT hzV

hzV
T Hodd

CFT

 Vij = fOiσOj

Connects Z2 odd

and Z2 even


∆1

. . .

∆n



Diagonalize a 51× 51 matrix for ∆i < 11.7 (new OPE data needed [GF, Fitzpatrick, Katz (26)])
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 Heven
CFT hzV

hzV
T Hodd

CFT

 Vij = fOiσOj

Connects Z2 odd

and Z2 even

TCSA:

Evac

h
3

3−∆σ
z

=

−1.369 + 0.336h
− 2

3−∆σ
z

−1.372 + 0.334h
− 2

3−∆σ
z

Egap − Evac

h
1

3−∆σ
z

=

1.65− 0.25h
− 2

3−∆σ
z

1.66− 0.28h
− 2

3−∆σ
z
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Summary and future directions

• Until now, the fuzzy sphere has been used to study CFTs at
criticality. We have shown it also gives access to strongly-coupled
gapped theories.

• In the scalar sector of Ising Field Theory, we have reliably found a one
particle state with mgap ≃ 1.7 and show evidence for a bound state.
We cross-checked against spinning sectors and TCSA.

•
• Further study of the bound state: mass ratio, separation from the
two-particle state.

• Refine TCSA analysis (increase ∆max, understand the dependence in
∆max, spinning sectors)

• Add a ϵ-deformation, generic IFT phase diagram

• Other 3d QFTs from the fuzzy sphere (gauge theories?)
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Thank you!
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