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𝜆 ≡ 𝑔YM
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𝑁 → ∞

We expect it to be described by a theory of (confining) strings.

Low energies:

Effective string theory

High energies:

Asymptotic freedom?
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Effective String Theory

𝑆𝐸𝑆𝑇 = −න𝑑2𝜎 −det 𝜕𝑋𝜕𝑋
1

ℓ𝑠
2 + 𝛾3ℓ𝑠

2𝐾 𝑋 4 +⋯

Long flux tubes can be described with a worldsheet EFT:

[Nambu, Goto, Polyakov, Polchinski, Strominger, Dubovsky, Flauger, Gorbenko, Aharony, Komargodski, …]
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Wilson coefficients capture the information of the underlying theory. 
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Wilson coefficients capture the information of the underlying theory. 

Corrections to 

Nambu-Goto result

𝐸0 𝑅 =
𝑅2

ℓ𝑠
4 −

4𝜋

ℓ𝑠
2

𝐷 − 2

12

𝑅

+ 𝛾3
# ℓ𝑠

6

𝑅7
+ 𝑂(1/𝑅9)

[Dubovsky, Flauger, 

Gorbenko 2015]

They can be measured from the ground state energy of a closed 

string in ℝ𝐷−1 × 𝑆𝑅
1.



S-matrix (bootstrap)

The Wilson coefficients are also encoded in the low-energy limit

of the Goldstone S-matrix. (𝐷 = 3, ℓ𝑠 = 1)

𝑆 𝑠 = exp 𝑖
𝑠

4
+ 𝛾3𝑠

3 + 𝛾5𝑠
5 + 𝛾7𝑠

7 + 𝑖 𝛾8𝑠
8 +⋯

𝑋

𝑋

𝑋

𝑋
Elastic Particle production

[Dubovsky, Flauger, Gorbenko 2012]
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𝑠 − ch𝑡 − ch

𝑠

Consistency conditions for 𝑆(𝑠):

Crossing: 𝑆 −𝑠∗ = 𝑆 𝑠 ∗

Unitarity: 𝑆 𝜇2 ≤ 1

Analyticity
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Crossing: 𝑆 −𝑠∗ = 𝑆 𝑠 ∗

Unitarity: 𝑆 𝜇2 ≤ 1

Analyticity

Bounds on Wilson coefficients:

[Caselle, 

Magnoli, 

Nada, 

Panero, 

Panfalone, 

Verzichelli

2024]
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Asymptotic Freedom

Finding an observable of the flux tube theory controlled by

asymptotic freedom is hard:

1) Requires clear map world-sheet space-time.

2) Requires controllable limit to the UV.

Emphasize it’s a non-

contractible cycle.
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Finding an observable of the flux tube theory controlled by

asymptotic freedom is hard:

1) Requires clear map world-sheet space-time.

2) Requires controllable limit to the UV.

[Dubovsky 2019]e.g. the 𝑆-matrix?

e.g. the torus partition function?

𝑋𝑋

IR: 𝑠 ≪ 1/ℓ𝑠
2

𝐹𝑥𝑦
UV: 𝑠 ≫ 1/ℓ𝑠

2

𝐹𝑥𝑦

IR: 𝑅 ≫ ℓ𝑠

𝑆 𝑠 =

𝑅
𝑍 𝑅, 𝐿 =

UV: 𝑅 ≪ ℓ𝑠

Deconfinement,

string is lost.

Emphasize it’s a non-

contractible cycle.

𝑅𝐻
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Asymptotic Freedom

There is one such observable! The Polyakov loop correlator. (𝑁 → ∞)

Mention the transverse excitations,

but don’t dwell on it.

Need to write large N at some point.

Then explain the small tau limit, and the perturbative result.

𝜏

𝑅

𝑊𝑞 𝑊ത𝑞

𝑊𝑞 𝜏 𝑊ത𝑞 0

See also:
[Gabai, Gorbenko,

Offertaler, Qiao 2025-26]
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Quark-antiquark V

As 𝑅 → ∞, we single out the open string ground state, 𝑍 → 𝑒−𝑅𝑉𝑞ഥ𝑞 𝜏 .

𝑞 ത𝑞𝜏
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As 𝑅 → ∞, we single out the open string ground state, 𝑍 → 𝑒−𝑅𝑉𝑞ഥ𝑞 𝜏 .



Imprints on the spectrum

In the closed string channel,

𝑍 𝜏, 𝑅 = න
0

∞

𝑑𝐸 𝜌𝑊 𝐸, 𝑅 𝑒−𝜏 𝐸 .

෍

𝑛

𝑊ȁ𝑛 2𝛿 𝐸 − 𝐸𝑛Spectral density:

𝐸𝑛 = 𝑚𝑛
2 + 𝑝⊥

2
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An inverse Laplace transform on 𝜏 → 0 gives its asymptotics,

𝜏

𝜌𝑊 𝑚,𝑅 →
exp

24𝜋

11

𝑅𝑚

log𝑚
+⋯ 𝐷 = 4

𝑚
𝜆𝑅
4𝜋

−2 +⋯ 𝐷 = 3
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Imprints on WS dynamics

Microscopic details of the boundary are captured by the R-matrix:

𝑋

𝑋[Ghoshal, 

Zamolodchikov 1993]

𝑅 𝑝 =

≥ 0
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In integrability, it is given by TBA (𝐷 = 3, 𝑅 → ∞):
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−2 +

1
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න
0

∞

𝑑𝑝 log 1 − 𝑅 𝑖𝑝 2𝑒−𝜖 𝑝 ,

𝜖 𝑝 ≤ 2𝑝𝜏 ,

𝜏ℓ𝑠
−2 − 𝑉𝑞 ത𝑞 𝜏 ≥

1

2𝜋
න𝑑𝑝 𝑅 𝑖𝑝 2𝑒−2𝑝𝜏 .

≥ 0

In absence of phase transitions from 𝜏 = 0, we get

causality bounds on thermodynamics.

(interactions are attractive)

8/10



Plugging the Coulomb potential (𝐷 = 3) at 𝜏 → 0, shows that the

R-matrix must decay asymptotically.

Imprints on WS dynamics

−
𝜆

4𝜋
log 𝜏 ≥

1

2𝜋
න𝑑𝑝 𝑅 𝑖𝑝 2𝑒−2𝑝𝜏 𝑅 𝑖𝑝 2 ≤

𝜆

2𝑝
𝑝 → ∞

Asymptotic freedom rules out an integrable system with 𝑆 𝑠 ∼
𝑒𝑖𝑐 𝑠 is not compatible with asym
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Within integrability, this means

𝜖 𝑝 ∼ 2𝑝𝜏 + න
𝑑𝑝′

2𝜋
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−2 𝜏 + 4𝑐 𝑉𝑞 ത𝑞 𝜏 ∼ −𝑝

2𝑐𝜆

𝜋
log 𝜏

𝑝 → ∞

𝜏 → 0

Asymptotic freedom rules out an integrable system with 𝑆 𝑠 ∼
𝑒𝑖𝑐 𝑠 is not compatible with asym
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Plugging the Coulomb potential (𝐷 = 3) at 𝜏 → 0, shows that the

R-matrix must decay asymptotically.

Imprints on WS dynamics

Bonus: It has been proposed that at high energies the S-matrix

grows as 𝑆 𝑠 ∼ 𝑒𝑖𝑐 𝑠.

−
𝜆

4𝜋
log 𝜏 ≥

1

2𝜋
න𝑑𝑝 𝑅 𝑖𝑝 2𝑒−2𝑝𝜏 𝑅 𝑖𝑝 2 ≤

𝜆

2𝑝
𝑝 → ∞

In critical string theory, instead, 𝑅 𝑖𝑝 = ±𝑒𝑖ℓ𝑠
2𝑝2/2 , 𝑅 𝑖𝑝 = 1.

[Dubovsky 2019]

Within integrability, this means

𝜖 𝑝 ∼ 2𝑝𝜏 + න
𝑑𝑝′

2𝜋
4𝑐𝑝 log 1 − 𝑅 𝑖𝑝′ 2𝑒−𝜖 𝑝′

= 𝑝 2 1 − 2𝑐ℓ𝑠
−2 𝜏 + 4𝑐 𝑉𝑞 ത𝑞 𝜏 ∼ −𝑝

2𝑐𝜆

𝜋
log 𝜏

𝑝 → ∞

𝜏 → 0

A diverging pseudoenergy leads to a phase transition in 𝜏.

Integrable system with 𝑆 𝑠 ∼ 𝑒𝑖𝑐 𝑠 is ruled out.

Asymptotic freedom rules out an integrable system with 𝑆 𝑠 ∼
𝑒𝑖𝑐 𝑠 is not compatible with asym
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Outlook
○ Finish with optimism and speculations.
○ Numeric indication of b2.
○ Input lattice data directly. Convince 

people to compute this in the lattice.
○ Directly injecting lattice observable (at all 

scales), rather than gamma3.
○ Window to asymptotic freedom in 

bootstrap. Can’t do in the bulk
○ Not about open string. It will propagate 

back.
○ First time we can input AF in the flux tube.
○ Closed-open duality – Exciting words 

about R-K crossing. We are using unitarity 
in both channels. Closed-open duality at 
all energies, beyond EFT.

Summary:

• Polyakov loop correlator opens a door to asymptotic freedom.

• Growth of asymptotic spectral densities is relatively mild.

• String couplings to Wilson loops must decay fast.

• Microscopically, this corresponds to a decaying R-matrix.

• Linear phase shift is ruled out in integrable setup.
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○ Numeric indication of b2.
○ Input lattice data directly. Convince 

people to compute this in the lattice.
○ Directly injecting lattice observable (at all 

scales), rather than gamma3.
○ Window to asymptotic freedom in 

bootstrap. Can’t do in the bulk
○ Not about open string. It will propagate 

back.
○ First time we can input AF in the flux tube.
○ Closed-open duality – Exciting words 

about R-K crossing. We are using unitarity 
in both channels. Closed-open duality at 
all energies, beyond EFT.

Summary:

• Polyakov loop correlator opens a door to asymptotic freedom.

• Growth of asymptotic spectral densities is relatively mild.

• String couplings to Wilson loops must decay fast.

• Microscopically, this corresponds to a decaying R-matrix.

• Linear phase shift is ruled out in integrable setup.

Future directions:

• Extend proofs beyond integrability, with a DMB-like formula.

• R-matrix bootstrap using asymptotic decay.

• OPE, non-perturbative corrections and QCD sum rules:

∼⊕𝑘

𝐷1 𝐷2 𝐷𝑘

× expන𝑑𝑦
𝑎0
𝜏
+෍

𝑗
𝑎𝑗 𝜏

Δ𝑗−1 𝒪𝑗

[Cuomo, Komargodski, Kravchuk, Wang, … 2024]

[JA, Forslund, 

Homrich, to appear]

[SVZ 1979]
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Thank you!



Positive time delay

Definition: An inner function is a holomorphic function 𝑆:ℍ → 𝔻
satisfying ȁ𝑆(𝑧)ȁ = 1 (almost everywhere) for 𝑠 ∈ ℝ.

Theorem (Blaschke-Nevanlinna): The zeroes of an inner

function satisfy the Blaschke condition ς𝑘
Im 𝑠𝑘

𝑠𝑘
2+1

< ∞. Moreover, it

factorizes as

Elastic massless S-matrices are examples of inner functions.

𝑆 𝑠 = 𝐵 𝑠 ⋅ 𝑓 𝑠 .

Blaschke product:

𝐵 𝑠 =ෑ

𝑘

𝑠 − 𝑠𝑘
𝑠 − 𝑠𝑘

∗

Singular inner function

(no zeroes): It admits a

dispersive representation,

𝑓 𝑠 = exp 𝑖 න
ℝ∪∞

1 + 𝑡 𝑠

𝑡 − 𝑠
𝜌 𝑡 𝑑𝑡

Computing the time delay, ≥ 0

Δ𝑡 = −𝑖𝜕𝑠 log 𝑆 𝑠 =෍

𝑘

Im 𝑠𝑘
𝑠𝑘

2 + 1
+න

ℝ∪∞

1 + 𝑡2

𝑡 − 𝑠 2
𝜌 𝑡 𝑑𝑡 ≥ 0 . □
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