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Lattice formulation of the Standard Model

It is hard to put chiral fermions on the lattice due to
1. The Nielsen-Ninomiya theorem

2. Anomalies of chiral fermions

These obstacles make it hard, but not impossible, to find a lattice
regularization of the Standard Model!

» The Standard Model is anomaly-free

» The goal is anomaly-free chiral lattice gauge theories
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Lattice formulation of the Standard Model

It is hard to put chiral fermions on the lattice due to
1. The Nielsen-Ninomiya theorem

2. Anomalies of chiral fermions

These obstacles make it hard, but not impossible, to find a lattice
regularization of the Standard Model!

» The Standard Model is anomaly-free
» The goal is anomaly-free chiral lattice gauge theories

» We address this in 141d for abelian gauge theories
See also [Berkowitz-Cherman-Jacobson 23, Thorngren-Preskill-Fidkowski 26]

» and report on some progress in 3+1d
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What is a chiral gauge theory?
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What is a chiral gauge theory?

» In a chiral gauge theory, the left-moving and right-moving
fermions transform differently under the gauge group

» The Lagrangian breaks reflection symmetry and is chiral

> Lattice regularization requires the realization of exact chiral
symmetries of individual chiral fermions on the lattice

» The IR theory may have emergent parity symmetry

» The UV theory may have a hidden parity symmetry and be
non-chiral!
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Evading the Nielsen-Ninomiya no-go theorem

There is no discretization of the Dirac operator D(p), such that

Locality: D(p) is a continuous and periodic function of p

Free fermions: D(p) ~ ~,p* for |p| < 1/a

No doublers: D(p) has poles only at p =0

Exact chiral symmetry: {I',D(p)} =0
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Evading the Nielsen-Ninomiya no-go theorem

There is no discretization of the Dirac operator D(p), such that
- Locality: D(p) is a continuous and periodic function of p
- Free fermions: D(p) ~ ~,p* for |p| < 1/a
- No doublers: D(p) has poles only at p =0
- Exact chiral symmetry: {I', D(p)} =0

Our strategy is to use duality/bosonization instead of directly
discretizing the Dirac operators on the lattice:

1. Realizing exact anomalous chiral symmetries on the lattice
Modified Villain: [Gross-Klebanov 90, Sulejmanpasic-Gattringer 19,
Gorantla-Lam-Seiberg-Shao 21, Cheng-Seiberg 22, Fazza-Sulejmanpasic 22]
3+1d: [Fidkowski-Xu-Zhang 25]

2. Gauging anomaly-free combination of chiral symmetries
[SS 2023]
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Goal today

1. Construct exactly solvable lattice Hamiltonians for chiral U(1)
gauge theories in 14+1d

2. Construct a lattice model of bosons in 34+1d with an exact
chiral symmetry

4/20



1. Chiral lattice gauge theories in 1+1d
Bosonization and modified Villain model
I. The Schwinger model

[I. The “34-50" model
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Chiral lattice U(1) gauge theories in 1+1d

I. Realizing N free Dirac fermions and their U(1)N x U(1)¥
chiral symmetry on the lattice

¢|(_1)7 1/}|(_2)a o 71/}|(_N) 3 Tr[}R a¢(2) U aw}(?N)
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Chiral lattice U(1) gauge theories in 1+1d

I. Realizing N free Dirac fermions and their U(1)N x U(1)¥
chiral symmetry on the lattice

%(_1)’ w|(_2)a o 7¢|(_N) 3 Tr[}R aw(2) U a%(qN)

Il. Gauge an anomaly-free U(1) symmetry where the left-moving
and right-moving fermions have integer charges

1 N 2 N
n(L)’ |(_)a ")n|(_) ) nl(Q)an(R)v "an(R)
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Chiral lattice U(1) gauge theories in 1+1d

I. Realizing N free Dirac fermions and their U(1)N x U(1)¥
chiral symmetry on the lattice

%(_1)’ w|(_2)a o 7¢|(_N) 3 Tr[}R aw(2) U a%(QN)

Il. Gauge an anomaly-free U(1) symmetry where the left-moving
and right-moving fermions have integer charges

1 N 2 N
n(L)) |(_)a "’n|(_) ) nI(Q)an(R)v "an(R)

» No gravitational anomaly: ¢ = cr =N

» No gauge anomaly if:

Z(n L) i

1=1
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Chiral lattice U(1) gauge theories in 1+1d
I. Realizing N free Dirac fermions and their U(1)N x U(1)¥

chiral symmetry on the lattice

%(_1)’ w|(_2)a o 7¢|(_N) 3 Tr[}R aw(2) U a%(QN)

. Gauge an anomaly-free U(1) symmetry where the left-moving

and right-moving fermions have integer charges

1 N 2 N
n(L)) |(_)a "’n|(_) ) nI(Q)an(R)v "an(R)

No gravitational anomaly: ¢ = cg =N

No gauge anomaly if:

Z(n L) i

1=1

One popular option is the “34-50" model: 3% 4 42 = 52 4 (2
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Bosonization

A Dirac fermion in 1+1d is related by bosonization to the compact

. _ 1 )
boson theory at radius R = 7

. . 1
Lpirac = ”bzawa + /11);r?8+'¢R < Lposon = %au(pa#@

where ¢ ~ ¢ + 27. The compact boson theory has U(1), x U(1)y
symmetry, which is related to chiral symmetries of fermions as

1 1
QL:Qm+§Qw QR:Qm_EQw
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Bosonization

A Dirac fermion in 1+1d is related by bosonization to the compact

. _ 1 )
boson theory at radius R = 7

. . 1
Lpirac = ”bzawa + /11);r?8+'¢R < Lposon = %au(pa#@

where ¢ ~ ¢ + 27. The compact boson theory has U(1), x U(1)y
symmetry, which is related to chiral symmetries of fermions as

1 1
QL:Qm+§Qw QR:Qm_EQw

» In the “34-50" model, the anomaly-free conserved charge is:

Q =3Q™ +4Q® +5Q% =8QlY +4Q® — Q) + 2P
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Modified Villain model: £ = & ((9p)? + (d19)%)

The idea is to start from the non-compact boson theory
H= Z ( ¢,+1 <z>,-)2> where: [¢;, py] = id; 1

and gauge the shift symmetry ¢; — ¢; + 2rRZ
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Modified Villain model: £ = & ((9p)? + (d19)%)

The idea is to start from the non-compact boson theory
H = Z (362 + 50— 07)  wheres .1 = iy
and gauge the shift symmetry ¢; — ¢; + 2mRZ to find
L 5 Pj+1— ¢; ?
) i =
2wty < 2 +pr+1>

where p; i1 are integer-valued gauge fields. They satisfy
() j+1, Pjr jo+1] = i0j j» and Gauss's law constraints:

L

HmV:Z

j=1

e27ripj—i(d~>j,j+1—¢~5j71,j) =1: ?j ~ ¢j —t27rnj
Pij+1 ~ Pjj+1+nj — nj+1
2 - _ . i 7 -
e Pyl =1 : Gjj+1 ~ Gjjr1 + 2mm;ji1
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The chiral global symmetries of H,y

L

‘ bjs1— 0
Qm = ZPJ ; Qu = Z <ﬁjJ+1 + ng J)
j=1

j=1

The momentum /winding charges are manifestly gauge invariant.

They are also quantized because of the gauge constraints:
27”ij+1 =1 and ezﬂ—lpj I(¢jj+1 ¢J 1j) — 1
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The chiral global symmetries of H,y

L L é &
— _ = i+ — Y
n=3p. Q=) (py+ 20
j=1 j=1
The momentum /winding charges are manifestly gauge invariant.

They are also quantized because of the gauge constraints:
27”PJJ+1 =1 and 627T’PJ ’(¢JJ+1 ¢J 1j) — 1

» The anomaly can be seen from the Schwinger term:
~ ¢j +1 — ¢j i
[Pj ) (Pj’,j'+1 + =5 (07 = dj511)

which is a discretization of [JS(t,x), JO(t,y)] = 5=0x5(x — y)
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Constructing chiral lattice gauge theories

We start with N flavors of the modified Villain theory

2

N L (!
_ RTINS R
Hmy = Z Z 7R2 ('Dj ) T o | Pt + o
=1 j=1
2TI'IP( ) (d) d)“) ) 27r/p( )
with constraints e i1~ %=1 =1 and e 'Fijr1 =1

» Consider an anomaly-free U(1) chiral symmetry associated
with the conserved charge

N N
Q= Z I)Q(I (I)Q\svl)) , where: Z ng)n\(,\f) =0
I=1 _
» Gauge this symmetry following [SS 2023]
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Gauging U(1)g

We couple the theory to background U(1) gauge fields

aj ~ aj + 2m. This amounts to modifying Gauss's laws to
(1) . (1)

eZTriqj — M’ , 27r1q —e

(’) intD

Ny’ aj

. Making the gauge fields dynamical. We add conjugate

variables (the electric field) E;, where [a}, Ey] = id; j and
impose Gauss's law constraints

N
Z (n(/)qj(/) + n‘(’V)qJ(,J)—i-l) — E_] _ Ej+1 ’ e27r/EJ- -1
=1

Add a kinetic term for the gauge fields to the Hamiltonian

2
2

N () () (
e 0 Nw ¢j Nm ¢j71’j
P LA =R S

Jj=1
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N=1 case: the “massless” Schwinger model

2

L
€~a
HSchwinger = Z 7 <E

j=1
L
27
+ Z -
j=1

with constraints

27ipj—i(¢j j1—bj—14) _ aidj
e<TIPj (Pjj+1=0i-1)) — e

E=0,

Pjj+1+ Ejy1 —

0 )\ or
) R

j=1

¢J+1 ¢j>

(PjJ+1 + o

e2miPijr1 — 1

e27TIEj -1
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N=1 case: the “massless” Schwinger model

L e2 0 ¢\’ L on 5
HSChwinger = Z 7 (;Z_j/ + % - 2;{_) + Z ?PJ
j=1 j=1
L

32 (g LY i
— 4a i 2w
J:

with constraints

2T ipi=ierTT=0j-1j) — gfaj e2mibjj+1 — o2mi(Ej1—E))

I

bjj+1+ Epr—E =0, ek =1

. L .
» We apply the unitary transformation e>™ 2-=1 59
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N=1 case: the “massless” Schwinger model

L e2a 0 ¢ \? L oon 5
HSChwinger = Z 7 (;Z_/ + % - 271_‘_) + Z ?PJ
j=1 j=1
L

32 (g LY i
— 4a i 2w
J:

with constraints

2T ipi=ierTT=0j-1j) — gfaj e2mibjj+1 — o2mi(Ej1—E))

bjj+1+ Epr—E =0, ek =1

. L .
» We apply the unitary transformation e2™ 21 59 to get

2
HSchwinger = Z ¢ + Z T 2 Z ” <¢J+;7T ¢j>

which descrlbes a non-compact boson of mass M =

4
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The “34-50"/(8,4,-1,2) model

. L (1) @) 2

b _ ¢a P 8¢J 1J+4¢ — ¢ +2¢;
84127 5 2\ BT or T o
j=1
2 0% 50 dh — ;" 2
J
+ 22 (p,- ) T3 JJ+1+T
j=11=1

with constraints

(1) (n

e27riqj — e—iaj , 27r/q — e8iaj
e27riqj<2) _ eZiaj ’ 27qu( )].j _ e4laj

2miE; _ (1) (2) (1) (2 _

e =1, 8qj + 4%’ — gt 2q; ij+1 = Ej — Ejna
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The “34-50"/(8,4,-1,2) model

2
p _Pa (o, 0 89050, -0 + 207
84127 5 2\ BT or T o
j=1
2 0% 50 o -\
J
+ 22 (p,- ) T3 JJ+1+T
j=11=1

with constraints

(1) (n

e27riqj — e—iaj , 27r/q — e8iaj
e27riqj<2) _ eZiaj ’ 27qu( )].j _ e4laj

2miE; _ (1) (2) (1) (2 _

e =1, 8qj + 4%’ — gt 2q; ij+1 = Ej — Ejna

> To solve this, we perform a T-duality transformation 74
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The fermionic 34-50 model

The Hilbert space consists of two bosons qSJ(.l), gbj(.2) and two

)

Majorana fermions 1;, @ZJJ- per site and one boson qNSJ-JH

€ (L) N ([0 @) opM)?
H3450:87T2_22<¢j ) +Z;((Pj ) +( +2PJ ) )
i= J=

per link:

L 2
5t _2% ( )+ gpll) (dgM)ji
. 4 27'(' J+1 27‘(
j=1
L 2 (2 2
1 o 99 e
+ZZ P T T o TAR
j=1

with Gauss's law constraints
27rlp /(¢ - ) : I'7Tﬁ§2-) 7
P = iy iy e g =1
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The solution

The modified Villain theory has an exact O(N, N; Z) T-duality.
Using this, we solve the “34-50" model and determine its spectrum:
a massless Dirac fermion + a Schwinger boson of mass

M = 5e/\/m [Choi-Seiberg-Seifnashri-Zhang WIP]
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Using this, we solve the “34-50" model and determine its spectrum:
a massless Dirac fermion + a Schwinger boson of mass

M = 5e/\/m [Choi-Seiberg-Seifnashri-Zhang WIP]

» In the continuum, the “34-50" model has a hidden reflection
symmetry that is not manifest in the fermionic d.o.f.
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» To get a chiral gauge theory, we need N > 3 Dirac fermions
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The solution

The modified Villain theory has an exact O(N, N; Z) T-duality.

Using this, we solve the “34-50" model and determine its spectrum:

a massless Dirac fermion + a Schwinger boson of mass
M = 5e/\/m [Choi-Seiberg-Seifnashri-Zhang WIP]

» In the continuum, the “34-50" model has a hidden reflection
symmetry that is not manifest in the fermionic d.o.f.

» To get a chiral gauge theory, we need N > 3 Dirac fermions
» We can break the exact solvability by adding mass terms for

the fermions (e.g., two-flavor massive Schwinger model
[Cuomo-Dempsey-Katsevich-Klebanov-Kochergin-Pufu-Sggaard '26])
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2. Exact lattice chiral symmetry in 3+1d
3+1d Villain model
Chiral symmetry and the continuum limit
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Villain model in 34+1d [Lu, SS, Shao '26]

Consider a boson ¢ at each site s where [¢s, ps/] = idssr and also
an integer-valued field wy at each link ¢ where [by, wy/| = i0gp

H = 215 > p§+§ > ((d¢)£+27rwz)2+% > (dw)]

sites s links ¢ plaquettes p

subject to gauge constraints:

2mips—i(5b)s _ 1 - ¢s ~ ¢s + 27ns
) ' Wy ~ Wy — (dn)g
emiwe — 1 by ~ by + 2mmy

where (d¢)y = ¢s, — ¢s, for s}ig and (6b)s = >y be
1
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Villain model in 34+1d [Lu, SS, Shao '26]

Consider a boson ¢ at each site s where [¢s, ps/] = idssr and also
an integer-valued field wy at each link ¢ where [by, wy/| = i0gp

H = 215 > p§+§ > ((d¢)£+27rwz)2+% > (dw)]

sites s links ¢ plaquettes p

subject to gauge constraints:

2mips—i(5b)s _ 1 - ¢s ~ ¢s + 27ns
) ' Wy ~ Wy — (dn)g
emiwe — 1 by ~ by + 2mmy

where (d¢)y = ¢s, — ¢s, for SL)S- and (6b)s = >y be
2 1

> The A-term imposes the flatness of the Z gauge fields w, at
low energies and is necessary for a well-defined continuum limit
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Global symmetries of the Villain Hamiltonian:

Vector: The vector symmetry U(1)y : ¢s — ¢s + o generated by

Q\/ZZPS

sites s
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Global symmetries of the Villain Hamiltonian:

Vector: The vector symmetry U(1)y : ¢s — ¢s + o generated by

QV:ZPS

sites s

Axial: The axial symmetry U(1)a is generated by

Qn = [ wudw =" e 3 wild) [wi(7+ D) - w7+ 7+ B)

ij,k sites 7’

The lattice cup product ‘U’ is a discretization of the wedge product
[Sulejmanpasic-Gattringer '19, DeMarco-Wen '21]. The formula for the
axial charge is motivated by a similar axial symmetry discussed in
[Fidkowski-Xu-Zhang '25, Thorngren-Preskill-Fidkowski '26], which acts
discontinuously on the microscopic degrees of freedom
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More on the U(1)y x U(1)a symmetry

Axial symmetry acts nontrivially on the short “axion string” e as

[QA, eibf] = ((dW)“_( ) + (dW)E—(%,%,%)) elbe ) "

111
2122

» The U(1)y x U(1)a symmetry has the V-V-A triangle anomaly,
but there is no A-A-A and A-Grav-Grav anomaly

» This anomaly is different from that of a single Weyl fermion,
but is realized by two Dirac fermions
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Continuum limit : ¢s — ¢(x) and by — B, (x)

The continuum limit of our lattice Hamiltonian is a free compact
boson (i.e., an axion or a Goldstone):

£—f(8u¢—AZ>2+

i

162 e’“’p"gpFV FA for B = f24°

pv! po o
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Continuum limit : ¢s — ¢(x) and by — B, (x)

The continuum limit of our lattice Hamiltonian is a free compact
boson (i.e., an axion or a Goldstone):

oo 2 <8u90 AV> 4

> e“”p"gpFV FA for B = f24°

W pv! po
» The field ¢ is dual to a 2-form gauge field B,,,,, whose Wilson

surfaces can be thought of as the worldsheet of an axion string
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Continuum limit : ¢s — ¢(x) and by — B, (x)

The continuum limit of our lattice Hamiltonian is a free compact
boson (i.e., an axion or a Goldstone):
f2

c="1 <8g0 AV> +

> e’“’p"gpFV FA for B = f24°

W pv! po
» The field ¢ is dual to a 2-form gauge field B,,,,, whose Wilson

surfaces can be thought of as the worldsheet of an axion string

» In the compact boson theory, the worldsheet of the axion string
is only gauge-invariant on closed surfaces. However, it can be
defined on open surfaces microscopically as e in our lattice
Hamiltonian. This is because in our lattice model, the gauge
field w; is not flat, and its flatness is only imposed energetically
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Continuum limit : ¢s — ¢(x) and by — B, (x)

The continuum limit of our lattice Hamiltonian is a free compact
boson (i.e., an axion or a Goldstone):

c="1 <8g0 AV> +

>

>

f2
e“”pawﬁYDF[ﬁ, , for B = f24°

2 1672

The field ¢ is dual to a 2-form gauge field 5,,,,, whose Wilson
surfaces can be thought of as the worldsheet of an axion string

In the compact boson theory, the worldsheet of the axion string
is only gauge-invariant on closed surfaces. However, it can be
defined on open surfaces microscopically as e in our lattice
Hamiltonian. This is because in our lattice model, the gauge
field w; is not flat, and its flatness is only imposed energetically
U(1)a does not act faithfully in the IR and transmutes into a

higher-form symmetry of compact boson [Seiberg-SS '25], which
matches the UV anomaly [Cordova-Dumitrescu-Intriligator ‘18]
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Is there a deformation to chiral fermions?

The compact boson theory £ = g(@uf has another UV realization
via a Yukawa field theory:

Lyukawa = gP113 + gdy2y* + hc. + m?|® > + A|o[*

P! Y2 Y3 V* ¢
& | +1 | -1 0 0 | +1
Qn | +1 | #1 | =1 | =1 [ 0
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> Deformation that doesn't spontaneously break U(1)y x U(1)a?
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Is there a deformation to chiral fermions?

The compact boson theory £ = %2((%)2 has another UV realization

via a Yukawa field theory:

Lyukawa = gP113 + gdy2y* + hc. + m?|® > + A|o[*

P! Y2 Y3 V* ¢
& | +1 | -1 0 0 | +1
Qn | +1 | #1 | =1 | =1 [ 0

> Deformation that doesn't spontaneously break U(1)y x U(1)a?

Our lattice Hamiltonian

Free compact boson

(U(1)v is spontaneously broken)

Yukawa field theory

(U(1)v x U(1)a is preserved)

m? >0

e

Chiral fermions
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Summary & Outlook

» 141d: Constructed exactly solvable chiral lattice U(1) gauge
theories via gauging anomaly-free combinations of chiral
symmetries

» 3+1d: Realized exact U(1)y x U(1)a chiral symmetry and its
anomaly in a concrete lattice Hamiltonian of bosons

» We also derived the anomalies of U(1)y x U(1)a from the
structure of the generalized global symmetries obtained by
gauging U(1)y and U(1)a [Lu, SS, Shao 2026]

- Generalization to non-abelian gauge groups such as SU(N)?
- U(1) chiral symmetry in 3+1d with U(1)-grav-grav anomaly?
- Is there a 3+1d lattice Hamiltonian that does not

spontaneously break the chiral symmetry U(1)y x U(1)a?
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Thank Youl
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T-duality of H,yv

The modified Villain Hamiltonian realizes an exact T-duality

x . Gjr1 — @j
i Ojjr1 pj > Pij+1+ ——2 . 1
T: - -
7 - Djt1j+2 — Djj+1
Opjt1 = Gje1 s B ppn = o

It implements T-duality and is gauge invariant since

Huv (R) = Huv (R71)

qj = Gjj+1 5 4jj+1 = qj+1

T

» 7T exchanges the momentum and winding charges as expected:

TQmTil = Qw and TQWTil = Qm

» 7 acts as a half-translation since 72 = Ty anslation
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Alternative presentation of 1(:he gguge theory
1
"2"3705 +5 3,

Applying the transformation e 2 )% the gauged

Hamiltonian becomes

02 L p\2 ML 0 (D 2
Hgauged—2Z(Ej+2ﬂ_) +ZZW PJ- +gaj

j=1 =1 j=1

N L g2 0 <f> ¢(l
N(I ”m ] j+1
T Z Z 2 Pij+1 T o A1 + o

=1 j=1
Gauss's law for U(1) gauging and the quantization of the electric
fields change to

N () (n
GRONON PO LY

= £ - En

o27iE) . ! ”SVI) Q) ”ET{) Q)
T8 =ep i) S+ 500,
I=1
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Solving 1+4-1d chiral gauge theories using T-duality

In the continuum, we can solve these model by performing a
T-duality that transforms the chiral charge Q into a non-chiral
charge such as Q\Svl). Doing such makes the charge non-chiral, but
makes the coupling between different bosons chiral:

(

)

1 n

= (d + D D 4 aDgy £ W (Dga ~
/ 87T(dgp + nm’a) A x(de'"” + nyw’a) + o da

/ G A xdp) + Bde) A dp™) + %qb(l)da

such that n = gcd(n,(é)7 nsvl)) and G, and By, are obtained by the
T-duality transformation M € O(N, N; Z) satisfying
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Solving the (8,4,-1,2) model using T-duality

-1 2 8
-1 —4
0 -1
0 -2

o O o

o
¢
i
O
( )
(2)
ﬁ}i&l

~(2)
Pjj+1

e

4
ol | 4
I

-1 2

-~ — 26 -
= =)+ adlt |
— _&J('JH

= _QNSJ(LZ/)H +20)),

—> pj(z) + 2p(1)
~(2)

5(1)
= =P~ 2P

~(2) (1)
= =P 495,

O = O O

) T./\/l QT./\jtl = Q\gvl)

4¢J lj t 8¢ J+1

(2) (1)

+89;11
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