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A Yang-Lee Recipe

N N N
- 7 . o ] [von Gehlen ‘91, '94;
Hyy, = —J Z ZJ ZJ+1 i Z X-? th, Z Zj Uzelac, Julien '81]
j=1 =1 j=1

o Tune to ‘paramagnetic’ phase and turn on a term that:
o Breaks Zg symmetry: Z; — —Z;
o Breaks Hermicity
o Preserves ZoT = PT symmetry: Z; — —Zj, 1 — —1,

where T is Time-reversal symmetry (complex conjugation)
[Castro-Alvaredo, Fring ‘09]




o From the energy levels of Hyt we can see the

spectrum flow from Ising to YL:

2D Ising for N = 24

2D Yang-Lee for N = 24
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Massive Schwinger model
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[Schwinger '62; Casher, Kogut, Susskind
“73; Coleman, Jackiw, Susskind "75;
Coleman "76]

o Using Bosonization, we rewrite the Lagrangian as

1
L —§F01 —|—ej_F01 S ( 0,0)* + em? cos (2y/7d — 0)
where : U : = —emN,, cos (2¢/7¢), ¢ = e’ ~ ().283

2T o
[Coleman '75, "76]




o Full Hamiltonian on a staggered lattice:

e’Na 6\> % [Banks, Kogut
- - P _ J_ - ’ - - I 7 ? 1
s =5 (5+ 27r) AN Z = (N = fn = 'l) QnQn Susskind '75;
n,n'=0 Dempsey,
. N—-1 N—1
Klevanov, Pufu, Zan
1 - o 1 ?
- % Z (cLe%tpncn+1 - (1,.J2,_|_1'B z('Oﬂcfn) + Mt Z (_1)RCLC’R: ‘23]
n=0 n=0

with Q,, = (:;2,(:ﬂ — Onodd and Mmya, = m — c?a/8.
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o Ising phase transition at @ = 7 and m./e = 0.333561(4)

[Byrnes, Sriganesh, Bursill, Hamer '02; Byrnes '03; Ohata '23;
Dempsey, Klebanov, Pufu, Sogaard, Zan '24,
7 EAC, Tarnopolsky, Xin 25 ]




o Consider the imaginary pseudo-scalar mass operator:

) T
@ Z2-0dd and T -odd Soceiblo

?:(?,lij"}/fjl‘ll) = ?, Sin (f) J Not Hermitian Yang-Lee
deformation
J ZoT = PT -even

o On the lattice, we add this term to the Schwinger Hamiltonian:
N—1

Hprs = Hs — imgs Z i(—1)" (CLGW”CHH — CLHG_W”’%)
n=>0

a Look for critical point using Finite Size Scaling (FSS) [Susskind "77]
rar = (N + Q)AE(N + 2) — 1 [Hamer, Barber '81]
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o Spectrum for z =1, 0 =, e = 5, and system size N = 28

where z = 1/(e%a
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First scaling dimension:
A¢, = —0.40016

YL scaling dimension:
Aqg, =—-0.4

Effective central charge:
C = 0.39848

YL effective central
charge: ¢=0.4

Virtually same spectrum
as for the usual spin 12
chain.

Clear case of the
Universality Hypothesis




3-State Quantum Clock model

a Consider the Zs-Quantum Clock model (CM):

N-—-1 f N—-1 [Ostlund '8T;
_ § T T Jin, et all '02;
Hem = —J (JTLJTL+1 + O-”JTLH) —f (T’”' T Tﬂ) Ortiz, et all 12;
n—=0 n—0 Fendley "12]
where 10 0 001
P=03=1
c=10w 0], 7=[100]|, w=exp(2mi/3) ’
00&)2 010 oT = WT0o,
Tn —7 Tn On — JL
0 Zig = Q symmetry: . Jiop = C symmetry: ;
o--n, % wl.’fn TTL _> Tn
. * * . .
a Time reversal symmetry T : on — 0y, Tn =7 Ths L 1
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o 3-State Potts phase transitionat J = f

o Consider the operator:

N-1 @ Breaks Zy(and Zs3) Possible
V = Z On J Not Hermitian vang-Lee
. deformation
n—0 J ZoT = PT symmetric

o We add this term to the CM Hamiltonian: Hprem = Hom + AV

o Look for critical point using Finite Size Scaling (FSS)

(N+1)AE(N +1)
- NAE(N) - [Hamer, Barber '81]
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a Spectrum for J = 1 and system size N = 14
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o YL effective central charge: ¢ = 0.4

o Are dashed states massive states?
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Consider a GL description of CM:

S — /dd.q: [|a(1>|2 2B + g ((I)S + @*3) + )\|<I>|4]

Deform it by a linear term in @

[Amit, Roginsky '79;
Zinati, Codello 18;
Whitsitt, et all 18]

g = /ddrﬂ [|8<I>|2 2B+ g (@3 + @*3) LB+ h,cp]

Write ® = @1 + i¢o. Since @2 is PT symmetric and couples

quadratically with ¢1, we integrate out @1 :

gﬁff — /ddfﬂ [(@ﬁczﬁg)g + ;lzgzbg + 3\(;53 + thoo + .. ]

Describes YL phase transition.

[Fisher 78]
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Conclusions & Futtre directions

o The YL recipe is not a general procedure to look for YL models but
gives a starting point. If YL is present, it satisfies the conditions.

o Massive Schwinger model has a YL phase transition if we include
an imaginary pseudo-scalar mass.

o 3-State Clock model seems to have massive + massless states.
Massless ones describe a YL critical point.

o One can study the 3D version of the CM model using Fuzzy
Sphere regularization and verify the 2D results (work in progress).

Thank you for your attention!
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