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Standard model and QCD

QCD Lagrangian

L = −1

4
F a
µνF

µν
a +ψ̄(i /D −m)ψ

At “room” temperature
quarks confined into hadrons

[Cush, Wikipedia]

[Arpad Horvath, Wikipedia]
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Heavy-ion collisions and the quark-gluon plasma

Study high-temperature
properties of the
strong interaction (QCD)

Collision of atomic nuclei at
LHC and RHIC

Creates high-temperature
QCD matter =
Quark-Gluon plasma (QGP)

[ALICE collaboration]
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Heavy-ion collisions and the quark-gluon plasma

Study high-temperature
properties of the
strong interaction (QCD)

Collision of atomic nuclei at
LHC and RHIC

Creates high-temperature
QCD matter =
Quark-Gluon plasma (QGP) [Alberica Toia 2013, CERN COURIER]
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Weak-coupling picture of thermalization

before collision Glasma Pre-equilibrium local thermal equilibrium QGP

0.1 fm/c 1 fm/c 10 fm/c
Classical
Yang-Mills

QCD
kinetic theory Hydrodynamics Transport models

freeze-out

Interested in pre-equilibrium stages (“Initial stages”)
→ QCD out of equilibrium→ Use QCD kinetic theory to simulate plasma evolution
[Rev.Mod.Phys. 93 (2021) [Berges, Heller, Mazeliauskas, Venugopalan]]
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Effective kinetic theory (EKT) description of the QGP

Gluons with distribution function f (t, x,p)

Time evolution described by Boltzmann equation at leading-order1

‘Stable’ particles between interactions,
mean free path ≫ duration of scattering processes, valid for weak coupling

Consider 3 types of plasmas:
Overocc. Isotropic

Initially overocc. Underocc.

Isotropic
Initially underocc.

Expand. Bjorken
expanding

How many particles/gluons

1[JHEP 01 (2003) [Arnold, Moore, Yaffe], Int.J.Mod.Phys.E 16 (2007) [Arnold]]
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Bjorken expanding plasmas

z

beam
direction

x

y

0

Transverse plane

Homogeneous & isotropic systems: v · ∇f = 0

Boost-invariant Bjorken expansion:
Homogeneous in transverse direction
f only function of momentum and position rapidity difference, f (τ, p, y − η).

→ Then, at z = η = 0, Phys.Lett.B 475 (2000) [Mueller]

v · ∇f (τ,p, z) = −pz
τ

∂

∂pz
f (τ, p, pz)

1/τ → Expansion becomes weaker over time!
no explicit z-dependece in f

Expand.
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Discretization: Store moments of the distribution

Axial symmetry: f (τ,p) = f (τ, p, µ), with
µ = cos θp

Store weighted particle numbers on a
two-dimensional grid

Wij(p) = wi (p) w̃j(µ),

nij = λ

∫
d3p

(2π)3
f (p)Wij(p).

Linear wedge functions: each momentum
contributes to nearby nodes

Partition of unity and linear reproduction:∑
i

wi (p) = 1,
∑
i

piwi (p) = p.

Phys.Rev.D 89 (2014) [Abraao York, Kurkela, Lu, Moore]

p

w
wi

pi−1 pi pi+1

p

µ

Tensor-product wedges
deposit on at most four nodes
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Discretization: Reconstruct f and compute observables

Approximate f at the nodes by dividing out
the cell volume

fij ≃
(2π)3nij

λp2i ∆V p
i ∆Ωj

,

∆V p
i =

∫
dp wi (p),

∆Ωj = 2π

∫ 1

−1

dµ w̃j(µ).

Interpolate between nodes to evaluate f at
sampled momenta

Reconstruction is approximate; the stored
quantities are the moments nij

Observables become weighted sums

λ

∫
d3p

(2π)3
f O ≃

∑
ij

nijO(pi , µj).

Number and energy are exact
moments on the represented domain

nphys =
νg
λ

∑
ij

nij ,

εphys =
νg
λ

∑
ij

pinij ,

PL ≃
νg
λ

∑
ij

piµ
2
j nij .

νg = 2(N2
c − 1); f is per gluon degree of freedom.
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Elastic collision term: Monte Carlo integration

Most time consuming:
High-dimensional integral over phase space of elastic
collision term:∫

dΓPS =

∫
pkp′k′

(2π)4 δ4
(
P + K − P ′ − K ′)

=
1

212π8

∫ ∞

0
dq

∫ q

−q
dω

∫ ∞

q−ω
2

dp

∫ ∞

q+ω
2

dk

∫ 1

−1
dcos θq

×
∫ 2π

0
dϕq

∫ 2π

0
dϕ pq

∫ 2π

0
dϕkq .

Frame choice: q-integral in “lab frame”, integral over p and
k in frame in which q points in z−direction.

p

k

p′

k ′

p+ k = p′ + k′

q = p′ − p
ω = p′ − p
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Kinetic theory: Evolution at every timestep

1. Evaluate collision integrals
Elastic 2 ↔ 2 and inelastic 1 ↔ 2
Monte Carlo in parallel processes

Process 1 · · · Process Nproc

Average: c̄ij =
1

Nproc

∑Nproc

a=1 c
(a)
ij

2. Adaptive
timestep

Choose ∆τ

3. Update f or nij

∆nij = ∆τ c̄ij

Expanding
system?

4. Apply expansion

Expansion as an effective
collision term

Next timestep

τ ← τ + ∆τ
Yes

No: skip expansion

Nproc = n processes; c
(a)
ij is the collision-induced rate from process a.

Florian Lindenbauer 13SUBMITting QCD: Simulating how a plasma of quarks and gluons thermalizes and how jets lose energy



SubMIT: Memory requirement

Example of a run I recently SubMITted:

C++

150 MB per process

16 processes

Grid: 180 × 250
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Thermalization in isotropic plasmas

(Left): Initially over-occupied system
(Right): Underocc. system: Soft thermal bath formed (bottom-up thermalization)

First studied in Phys.Rev.Lett. 133 (2014) [Kurkela, Lu], see also Phys.Rev.D 105 (2022) [Fu, Ghiglieri, Iqbal, Kurkela]

Overocc.
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Bottom-up thermalization in heavy-ion collisions

Initial condition2, with λ = g2NC:

f (p⊥, pz) = “squeezed” 1
λ × exp

(
−p2

)
/p

Markers represent different stages

thermalizes at τBMSS =
(

λ
12π

)−13/5
/Qs

Phys.Lett.B 502 (2001) [Baier, Mueller, Schiff, Son]
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Expand.

2
[Phys.Rev.Lett. 115 (2015) [Kurkela, Zhu]]
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Bottom-up thermalization in heavy-ion collisions
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Jets in heavy-ion collisions

Jet = Particle shower from energetic
parton created in initial collision

→ Imprints of pre-equilibrium plasma

Many event generators use simplifying
assumptions (isotropic, thermal, . . . )

→ Describe jet quenching in
out-of-equilibrium plasma!

Energy loss dominated by
gluon radiation

dI /dω : Spectrum
=Probability of emitting gluon
with energy ω (relative to vacuum)

P

QK

K'

P'

Figure by F. Lindenbauer

ω: emitted gluon energy

k: transverse momentum

t form ∼
√
ω/q̂: formation time
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Obtaining the gluon emission spectrum

Energy loss dominated by gluon radiation

ω
dI

dω
∼ Re

∫
t1,t2

∂x · ∂yG (x, t2; y, t1)y=0 − Gvac,

dI /dω : Spectrum
=Probability of emitting gluon
with energy ω (relative to vacuum)

ω: emitted gluon energy

k: transverse momentum

tform ∼
√
ω/q̂: formation time

P

QK

K'

P'

Medium input:

C (x, t)=
1

4
q̂0(t)x

2 log
1

x2µ2∗(t)

Expand perturbatively around ‘easy’ harmonic oscillator solution
→ “improved opacity expansion” JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Phys.Rev.D 79 (2009) [Arnold]
JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Florian Lindenbauer 21SUBMITting QCD: Simulating how a plasma of quarks and gluons thermalizes and how jets lose energy

https://inspirehep.net/literature/1868335
https://arxiv.org/pdf/0808.2767
https://inspirehep.net/literature/1868335


Obtaining the gluon emission spectrum

Energy loss dominated by gluon radiation

ω
dI

dω
∼ Re

∫
t1,t2

∂x · ∂yG (x, t2; y, t1)y=0 − Gvac,

Medium input:

C (x, t)=
1

4
q̂0(t)x

2 log
1

x2µ2∗(t)

Expand perturbatively around ‘easy’ harmonic oscillator solution
→ “improved opacity expansion” JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Phys.Rev.D 79 (2009) [Arnold]
JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Florian Lindenbauer 21SUBMITting QCD: Simulating how a plasma of quarks and gluons thermalizes and how jets lose energy

https://inspirehep.net/literature/1868335
https://arxiv.org/pdf/0808.2767
https://inspirehep.net/literature/1868335


Obtaining the gluon emission spectrum

Energy loss dominated by gluon radiation

ω
dI

dω
∼ Re

∫
t1,t2

∂x · ∂yG (x, t2; y, t1)y=0 − Gvac,

Medium input:

C (x, t)=
1

4
q̂0(t)x

2 log
1

x2µ2∗(t)

Expand perturbatively around ‘easy’ harmonic oscillator solution
→ “improved opacity expansion” JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Phys.Rev.D 79 (2009) [Arnold]
JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Florian Lindenbauer 21SUBMITting QCD: Simulating how a plasma of quarks and gluons thermalizes and how jets lose energy

https://inspirehep.net/literature/1868335
https://arxiv.org/pdf/0808.2767
https://inspirehep.net/literature/1868335


Obtaining the gluon emission spectrum

Energy loss dominated by gluon radiation

ω
dI

dω
∼ Re

∫
t1,t2

∂x · ∂yG (x, t2; y, t1)y=0 − Gvac,

Medium input:

C (x, t)=
1

4
q̂0(t)x

2 log
1

x2µ2∗(t)

Expand perturbatively around ‘easy’ harmonic oscillator solution
→ “improved opacity expansion” JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Phys.Rev.D 79 (2009) [Arnold]
JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Florian Lindenbauer 21SUBMITting QCD: Simulating how a plasma of quarks and gluons thermalizes and how jets lose energy

https://inspirehep.net/literature/1868335
https://arxiv.org/pdf/0808.2767
https://inspirehep.net/literature/1868335


Obtaining the gluon emission spectrum

Energy loss dominated by gluon radiation

ω
dI

dω
∼ Re

∫
t1,t2

∂x · ∂yG (x, t2; y, t1)y=0 − Gvac,

Medium input:

C (x, t)=
1

4
q̂0(t)x

2 log
1

x2µ2∗(t)

Expand perturbatively around ‘easy’ harmonic oscillator solution
→ “improved opacity expansion” JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Phys.Rev.D 79 (2009) [Arnold]
JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Florian Lindenbauer 21SUBMITting QCD: Simulating how a plasma of quarks and gluons thermalizes and how jets lose energy

https://inspirehep.net/literature/1868335
https://arxiv.org/pdf/0808.2767
https://inspirehep.net/literature/1868335


Spectrum more explicit

IOE Spectrum is obtained via

dI (0)

dω d2k
= 2ᾱ

πωRe

{
k−2

(
e
−i k2

2ωCot(L,t0) − 1

)
+
∫ L
t0
dt Cot(t,t0)

P̂2(t,t0)
e
− k2

P̂2(t,t0)

}
,

dI (1)

dω d2k
=
ᾱπ

k4
Re

∫ L

t0

dt2

{
i

2ω

∫ t2

t0

dt1
q̂0(t1)

R̂2
21

e
− k2

P̂2
21

[
Q2

s (L, t2)Ia

(
k2

K̂21

,
k2R̂2

21

Q2
r

)
+ 2C12R̂21k

2Ib

(
k2

K̂21

,
k2R̂2

21

Q2
r

)]
− Cot20Q

2
s0(L, t2) Ia

(
k2

P̂2(t2, t0)
,
k2

Q2
b

)

+ 2 q̂0(t2)C
2(t2, L)Ib

 ik2

2ωC 2(t2, L)
(
Cot20 − 1

C(t2,L)S(L,t2)
− Cot(t2, L)

) ; k2

Q2
r C

2(t2, L)

 e
− ik2

2ωCot(L,t2)

}

And requires solving a differential equation[
d2

dt2
+Ω2(t)

]
F (t, t0) = 0 , Ω2(t) = −i q̂r (t)

ω
, q̂r (t) = q̂0(t) log

Q2
r

µ2∗(t)

medium input,
obtained from q̂(Λ⊥)

scale,
obtained self-consistently

with specific boundary conditions: S(t0, t0) = ∂tC (t, t0)t=t0 = 0,
∂tS(t, t0)t=t0 = C (t0, t0) = 1

Phys.Rev.D 113 (2026) 11 [Barata, Boguslavski, FL, Sadofyev]
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Obtaining the spectrum – Schematic
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Qs τ
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q̂(t)/Q3

s, λ = 10 q̂eq/Q3
s
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τ/τR

Input: q̂(τ,Λ⊥) Small-distance form of potential

Output: Spectrum dI
dω d2k

P

QK

K'

P'

q̂0(τ), µ∗(τ)

“Improved opacity
expansion”

Phys.Rev.D 113 (2026) 11 [Barata, Boguslavski, FL, Sadofyev]
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From the differential equation to the spectrum

1. Input:

q̂0(t), µ∗(t),
Fixed ω

2. Solve the ODE

Obtain C (t;ω)
and S(t;ω)

3. Evaluate
on a time grid

Sample C
and S at tn

with grid spacing h

4. Integrate
numerically

Compute Ih(ω)

R
ep

ea
t
w
it
h
sm

a
ll
er

h

5. Extrapolate
to h → 0

I0(ω) = lim
h→0

Ih(ω)

6. Obtain the
spectrum!

At the chosen ω

Extrapolate using several grid spacings: h1 > h2 > h3 > · · · .
Repeat for other ω to build the full spectrum [several processes on SUBMIT!].
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SubMIT

Evaluate jet spectra for different ω and different input parameters simultaneously on
SubMIT.
For each evaluation:

Python + numpy

500 MB per process

10 processes

max time discretization: 1200
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Gluon spectrum

q̂0(t), µ∗(t)→ spectrum dI /dω

Consider different medium lengths
(colors in plot: green, blue purple)

→ Set q̂0(t) = 0 for t > L

Form of spectrum dominated
by ratio ω/ωc ,

ωc =
∫ tmin+L
tmin

dt (t − tmin)q̂(t)

All information, difficult to analyze

10−3 10−2 10−1 100 101 102

Transverse momentum k2L/ωc(L)
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tr

um
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k
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ω

ᾱ
d
I

m
ed

d
ω

d
2
k

ω = 3.5Qs

‖
‖

Medium-induced spectrum, IOE, λ = 10

nonequilibrium

thermal matching

k = ω

QsL = 33.5, ω/ωc = 0.2

QsL = 12.7, ω/ωc = 0.8

QsL = 4.9, ω/ωc = 3.0

Phys.Rev.D 113 (2026) [Barata, Boguslavski, FL, Sadofyev]

Expand.
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Comparison to equilibrium

Comparison to equilibrium: Maximum of
spectrum plot

χm =
Maximum spectrum nonequ.

Maximum spectrum equ.

Clear systematics visible

Does not approach 1 even for L→∞! 10 20 30
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Phys.Rev.D 113 (2026) [Barata, Boguslavski, FL, Sadofyev]

Expand.
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Summary

Simulate QCD kinetic theory to describe
initial nonequilibrium QCD plasma in heavy-ion collisions

Computational cost from Monte Carlo evaluation of collision integrals

Averaging over multiple processes for increased Monte Carlo statistics

Gluon emission spectrum from improved opacity expansion

2D integral over oscillating function

Parallelize evaluation for different parameters
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Comparison to equilibrium II
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For fixed L:
χ > 1 → χ < 1

→ Can be explained with toy models

then underoccupied
χ < 1

initially overoccupied
χ > 1

Underocc.

Overocc.

Expand.
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Recall: Bottom-up thermalization
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Isotropic toy models
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Comparison with isotropic toy models
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