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The harder question

Cross section involving identified hadron(s) is not IR safe
and is NOT perturbatively calculable! 

q Question:

How to test QCD in a reaction with identified hadron(s)?
– to probe the quark-gluon structure of the hadron

q Facts:

Hadronic scale ~ 1/fm ~ ΛQCD is non-perturbative

q Solution – Factorization – Approximation:

² Isolate the calculable dynamics of quarks and gluons

² Connect quarks and gluons to hadrons via non-perturbative but

universal distribution functions 

– provide information on the partonic structure of the hadron



An Instructive Exercise for Factorization
q Consider a cross section:

q Leading order quantum correction:
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q Leading power contribution in  O(m2/Q2):
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q Leading power contribution to the cross section:
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Short-distance hard partLong-distance distribution
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Observables with ONE identified hadron

q “Square” of the diagram with
a “unobserved gluon”:

“Cut-line” – final-state

Amplitude Complex conjugate
of the Amplitude
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Pinch singularity & pinch surface
Two parts connected by a “classical” parton

q Creation of an identified hadron:

Not necessary to be dominated by 
one parton, which is always virtual!

Non-perturbative!

– in a “cut-diagram” notation



Observables with ONE identified hadron
q Creation of an identified hadron:

Not necessary to be dominated by 
one parton, which is always virtual!

Non-perturbative!

– in a “cut-diagram” notationq On-shell approximation:
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Hard collision to produce an 
on-shell parton
– Perturbatively calculable! 

FF: Probability for the parton to 
become the observed hadron 
– Non-perturbative, universal!
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Observables with identified hadron(s)
q Creation of an identified hadron: Non-perturbative!

– in a “cut-diagram” notation
q Identified initial hadron:

Perturbative!

Non-perturbative!

Pinch in k2

q Identified initial + created hadron(s):

Pinch in both k2 and k’2

Quantum interference between dynamics
at the HARD and hadronic scales 

is powerly suppressed!

Pinch in k2

Perturbative!



Inclusive lepton-hadron DIS – one hadron

q DIS cross section is infrared divergent, and nonperturbative!
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Identified initial-state 
hadron-proton!
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q QCD factorization (approximation!)
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Inclusive lepton-hadron DIS – one hadron
q Scattering amplitude:
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DIS structure functions
q Hadronic tensor:

q Symmetries:
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q Structure functions – infrared sensitive:
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Long-lived parton states
q Feynman diagram representation of the hadronic tensor:

W µn µ …

q Perturbative pinched poles:
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Light-cone coordinate:
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1p
2
(v0 ± v3)vµ = (v+, v�, v?),



Collinear factorization – further approximation

q Collinear approximation, if Q ∼ xp ⋅n ≫  kT , k 2

– Lowest order:
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Parton distribution functions (PDFs)
q PDFs as matrix elements of two parton fields – twist 2 operators: 

– combine the amplitude & its complex-conjugate

But, it is NOT gauge invariant!

– need a gauge link:
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– corresponding diagram in momentum space:
Z
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Universality – process independence – predictive power
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Note:

in Handbook
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Gauge link – 1st order in coupling “g”
q Longitudinal gluon:

q Left diagram:
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QCD high order corrections
q NLO partonic diagram to structure functions: 
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Diagram has both long- and short-distance physics

q Factorization, separation of short- from long-distance: 



QCD leading power factorization
q QCD corrections: pinch singularities in 4

id kò

+ + + …

q Factorization scale: 2
Fµ

To separate the collinear from non-collinear contribution

Recall: renormalization scale to separate local from non-local 
contribution

q Logarithmic contributions into parton distributions:
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Picture of factorization for DIS
q Time evolution:

Now “Future”“Past”Time:

Long-lived parton state

q Unitarity – summing over all hard jets:

DIS
tot Ims µ t ∼ 1

Q

t ∼ R Not IR safe

Interaction between the “past” and “now” are suppressed!



How to calculate the perturbative parts?
q Use DIS structure function F2 as an example:
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PDFs of a parton

q Change the state without changing the operator:

q Lowest order quark distribution:
² From the operator definition:

– given by Feynman diagrams

q Leading order in αs quark distribution:

² Expand to (gs)2 – logarithmic divergent:

UV and CO divergence Choice of regularization



Partonic cross sections
q Projection operators for SFs:
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NLO coefficient function – complete example
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Contribution from the trace of Wμν

q Lowest order in n-dimension:
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Contribution from the trace of Wμν

q The “+” distribution:
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One-loop contribution to partonic F2 and quark-PDF:
q One loop contribution to pμpν Wμν:
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q One loop contribution to F2 of a quark:
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q One loop contribution to quark PDF of a quark:
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Different UV-CT = different factorization scheme!

– in the dimensional regularization



NLO coefficient function for inclusive DIS:
q Common UV-CT terms:

² MS scheme: MS
UV

1UV-CT ( )
2 q
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qP x
a
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² DIS scheme:   choose a UV-CT, such that ( )1 2 2
DIS( , / ) 0qC x Q µ =

² MS scheme: ( )MS
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q One loop coefficient function:
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Renormalization group improvement
q Physical cross sections should not depend on the factorization scale
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Evolution (differential-integral) equation for PDFs

DGLAP evolution equation:
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q PDFs and coefficient functions share the same logarithms

PDFs:
Coefficient functions:

( ) ( )2 2 2 2
0 QCDlog   or  logF Fµ µ µ L

( ) ( )2 2 2 2log   or  logFQ Qµ µ
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Different way to calculate the evolution kernels

q Evolution kernels are process independent

²Parton distribution functions are universal
²Could be derived in many different ways

q Extract from calculating parton PDFs’ scale dependence

P

kk

P p p

k k

PP

p-k
p

kp
PP

p
k

p-k

PP

+
1

2
+

1

2

“Gain” “Loss”Change

Collins, Qiu, 1989

² Same is true for gluon evolution, and mixing flavor terms

q One can also extract the kernels from the CO divergence of partonic cross 
sections, anomalous dimension of the operator, …



From one hadron to two hadrons

σ tot
DIS ∼ Ä
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QR
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q One hadron:
e p

Hard-part
Probe

Parton-distribution
Structure

Power corrections
Approximation

q 

q Two hadrons:

σ tot
DY ∼ Ä 1 O

QR
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Predictive power:  
Universal Parton Distributions



Drell-Yan process – two hadrons

q Drell-Yan mechanism: S.D. Drell and T.-M. Yan
Phys. Rev. Lett. 25, 316 (1970)

q2 ⌘ Q2 � ⇤2
QCD ⇠ 1/fm2with

Lepton pair – from decay of a virtual photon, or in general, 
a massive boson, e.g., W, Z, H0, … (called Drell-Yan like processes)

q Original Drell-Yan formula:
2

2

2

2
⌦ ⌦

Right shape – But – not normalization

No color yet! Rapidity:

Eq. (1.2) of TMD handbook



Drell-Yan process in QCD – factorization

q Beyond the lowest order:

² Soft-gluon interaction takes place 
all the time

² Long-range gluon interaction 
before the hard collision

Break the Universality of PDFs
Loss the predictive power

q Factorization – power suppression of soft gluon interaction:

Collins, Soper and Sterman, Review
in QCD, edited by AH Mueller 1989



Drell-Yan process in QCD – factorization

q Factorization – approximation:
² Suppression of quantum interference between short-

distance (1/Q) and long-distance (fm ~ 1/ΛQCD) physics

Need “long-lived” active parton states linking the two 

²Maintain the universality of PDFs:
Long-range soft gluon interaction has 
to be power suppressed

² Infrared safe of partonic parts:

Cancelation of IR behavior
Absorb all CO divergences into PDFs

Collins, Soper, Sterman, 1988 

Perturbatively pinched at p2a = 0

Active parton is effectively on-shell 
for the hard collision

See Chapter 3 of TMD handbook



Drell-Yan process in QCD – factorization

q Leading singular integration regions (pinch surface):

Hard:  all lines off-shell by Q 

Collinear:
² lines collinear to A and B
²One “physical parton” per hadron

Soft:  all components are soft

q Collinear gluons:

² Collinear gluons have the 
polarization vector:

² The sum of the effect can be 
represented by the eikonal lines, 

which are needed to make the PDFs gauge invariant!



Drell-Yan process in QCD – factorization

q Trouble with soft gluons:

² Soft gluon exchanged between a spectator quark of hadron B and the active 

quark of hadron A could rotate the quark’s color and keep it from annihilating 

with the antiquark of hadron B

Need to show that soft-gluon interactions are power suppressed

²The soft gluon approximations (with the eikonal lines) need         not

too small. But,         could be trapped in “too small” region due to the  

pinch from spectator interaction: k± ⇠ M2/Q ⌧ k? ⇠ M
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k±
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Drell-Yan process in QCD – factorization
q Most difficult part of factorization:

0?

0? y?

y?

All identified leading integration regions are factorizable!

²Sum over all final states to remove all poles in one-half plane

– no more pinch poles

²Deform the k± integration out of the trapped soft region

²Eikonal approximation               soft gluons to eikonal lines

– gauge links 

²Collinear factorization:  Unitarity soft factor = 1



Factorized Drell-Yan cross section

q Collinear factorization – single hard scale:   

+O(1/Q)

q TMD factorization (                   ):

The soft factor,        , is universal, could be absorbed into 
the definition of TMD parton distribution
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d4q = dQ2 dy d2qTfor                   or       integrated Drell-Yan cross sections: q? ⇠ Q
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q? ⇠ Q

See lectures by Stewart

q Spin dependence:

The factorization arguments at the leading power are 
independent of the spin states of the colliding hadrons  

Same formula with polarized PDFs for γ*,W/Z, H0…

Eq.(2.5) of TMD handbook

Eq.(2.6) of TMD handbook



Factorization for more than two hadrons
Nayak, Qiu, Sterman, 2006

dσ AB→C+X pA, pB , p( )
dydpT

2
= φA→a x,µF

2( )
a,b,c
∑ ⊗φB→b x ',µF

2( )

                                 ⊗
dσ̂ ab→c+X x,x ', z, y, pT

2µF
2( )

dydpT
2

⊗ Dc→C z,µF
2( )

² Fragmentation function: ( )2,c C FzD µ®

² Choice of the scales:
2 2
Fac r n

2
e Tpµ µ» »

To minimize the size of logs in the coefficient functions

q Factorization for high pT single hadron:
�,W/Z, `(s), jet(s)
B,D,⌥, J/ ,⇡, ...

pT � m & ⇤QCD

+ O (1/PT
2)



Predictive power of QCD factorization
q Universality of non-perturbative hadron structure:

<latexit sha1_base64="dVKft1ZXozOCpey37MQssU8cZ70=">AAACCHicbVDLSgMxFM3UVx1fVZcuDBZBKJQZKepGKIjgcgTbDnTGkknTNjTJDElGKMMs3fgrblwo4tZPcOffmD4W2nogcDjnXm7OiRJGlXacb6uwtLyyulZctzc2t7Z3Srt7TRWnEpMGjlks/QgpwqggDU01I34iCeIRI61oeDX2Ww9EKhqLOz1KSMhRX9AexUgbqVM6DBTtc9TJWMULdAxZxc/vs0ByeO17uX3ZKZWdqjMBXCTujJTBDF6n9BV0Y5xyIjRmSKm26yQ6zJDUFDOS20GqSILwEPVJ21CBOFFhNgmSw2OjdGEvluYJDSfq740McaVGPDKTHOmBmvfG4n9eO9W9izCjIkk1EXh6qJcyaBKPW4FdKgnWbGQIwpKav0I8QBJhbbqzTQnufORF0jytumfV2m2tXK/N6iiCA3AEToALzkEd3AAPNAAGj+AZvII368l6sd6tj+lowZrt7IM/sD5/ACW2mLo=</latexit>

�EXP
l+P!l+X =

<latexit sha1_base64="WJRqgP4gMZgLg3plT9PWGwSek1I=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBCEQNiVoB4DuXiMYB6QrGF2MkmGzM4uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dtbWNza3tnM7+d29/YPDwtFx00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwrs381iPXRkTqHicx90M6VGIgGEUrPdR6qSyNuxgRWWpPe4WiW3bnIKvEy0gRMtR7ha9uP2JJyBUySY3peG6Mfko1Cib5NN9NDI8pG9Mh71iqaMiNn86vnpJzq/TJINK2FJK5+nsipaExkzCwnSHFkVn2ZuJ/XifBwY2fChUnyBVbLBokktgvZxGQvtCcoZxYQpkW9lbCRlRThjaovA3BW355lTQvy95VuXJXKVYrWRw5OIUzuAAPrqEKt1CHBjDQ8Ayv8OY8OS/Ou/OxaF1zspkT+APn8weigJHr</latexit>

Cl+k!l+X
<latexit sha1_base64="q052HLKbUk/kjzbM3Crq4pgFoeQ=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAYhIsTpIWS5Bbx4MwGzQDIJPZ1O0qRnobtHiEPwV7x4UMSr/+HNv7EniaCiDwoe71VRVc8NOZPKsj6M1Mrq2vpGejOztb2zu2fuHzRlEAlCGyTggWi7WFLOfNpQTHHaDgXFnstpy51cJn7rlgrJAv9GTUPqeHjksyEjWGmpbx6dx12CObye5ep92bMv6j37rG9mrbxlWQghmBBUKlqaVCplG5UhSiyNLFii1jffu4OARB71FeFYyg6yQuXEWChGOJ1lupGkISYTPKIdTX3sUenE8+tn8FQrAzgMhC5fwbn6fSLGnpRTz9WdHlZj+dtLxL+8TqSGZSdmfhgp6pPFomHEoQpgEgUcMEGJ4lNNMBFM3wrJGAtMlA4so0P4+hT+T5p2HhXzhXohW7WXcaTBMTgBOYBACVTBFaiBBiDgDjyAJ/Bs3BuPxovxumhNGcuZQ/ADxtsnVUiT1A==</latexit>

+O(Q2
s/Q

2)

<latexit sha1_base64="q052HLKbUk/kjzbM3Crq4pgFoeQ=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAYhIsTpIWS5Bbx4MwGzQDIJPZ1O0qRnobtHiEPwV7x4UMSr/+HNv7EniaCiDwoe71VRVc8NOZPKsj6M1Mrq2vpGejOztb2zu2fuHzRlEAlCGyTggWi7WFLOfNpQTHHaDgXFnstpy51cJn7rlgrJAv9GTUPqeHjksyEjWGmpbx6dx12CObye5ep92bMv6j37rG9mrbxlWQghmBBUKlqaVCplG5UhSiyNLFii1jffu4OARB71FeFYyg6yQuXEWChGOJ1lupGkISYTPKIdTX3sUenE8+tn8FQrAzgMhC5fwbn6fSLGnpRTz9WdHlZj+dtLxL+8TqSGZSdmfhgp6pPFomHEoQpgEgUcMEGJ4lNNMBFM3wrJGAtMlA4so0P4+hT+T5p2HhXzhXohW7WXcaTBMTgBOYBACVTBFaiBBiDgDjyAJ/Bs3BuPxovxumhNGcuZQ/ADxtsnVUiT1A==</latexit>

+O(Q2
s/Q

2)

<latexit sha1_base64="q052HLKbUk/kjzbM3Crq4pgFoeQ=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAYhIsTpIWS5Bbx4MwGzQDIJPZ1O0qRnobtHiEPwV7x4UMSr/+HNv7EniaCiDwoe71VRVc8NOZPKsj6M1Mrq2vpGejOztb2zu2fuHzRlEAlCGyTggWi7WFLOfNpQTHHaDgXFnstpy51cJn7rlgrJAv9GTUPqeHjksyEjWGmpbx6dx12CObye5ep92bMv6j37rG9mrbxlWQghmBBUKlqaVCplG5UhSiyNLFii1jffu4OARB71FeFYyg6yQuXEWChGOJ1lupGkISYTPKIdTX3sUenE8+tn8FQrAzgMhC5fwbn6fSLGnpRTz9WdHlZj+dtLxL+8TqSGZSdmfhgp6pPFomHEoQpgEgUcMEGJ4lNNMBFM3wrJGAtMlA4so0P4+hT+T5p2HhXzhXohW7WXcaTBMTgBOYBACVTBFaiBBiDgDjyAJ/Bs3BuPxovxumhNGcuZQ/ADxtsnVUiT1A==</latexit>

+O(Q2
s/Q

2)

<latexit sha1_base64="q052HLKbUk/kjzbM3Crq4pgFoeQ=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAYhIsTpIWS5Bbx4MwGzQDIJPZ1O0qRnobtHiEPwV7x4UMSr/+HNv7EniaCiDwoe71VRVc8NOZPKsj6M1Mrq2vpGejOztb2zu2fuHzRlEAlCGyTggWi7WFLOfNpQTHHaDgXFnstpy51cJn7rlgrJAv9GTUPqeHjksyEjWGmpbx6dx12CObye5ep92bMv6j37rG9mrbxlWQghmBBUKlqaVCplG5UhSiyNLFii1jffu4OARB71FeFYyg6yQuXEWChGOJ1lupGkISYTPKIdTX3sUenE8+tn8FQrAzgMhC5fwbn6fSLGnpRTz9WdHlZj+dtLxL+8TqSGZSdmfhgp6pPFomHEoQpgEgUcMEGJ4lNNMBFM3wrJGAtMlA4so0P4+hT+T5p2HhXzhXohW7WXcaTBMTgBOYBACVTBFaiBBiDgDjyAJ/Bs3BuPxovxumhNGcuZQ/ADxtsnVUiT1A==</latexit>

+O(Q2
s/Q

2)

q Hadron structure = Theory + Experiment + Phenomenology:
§ Factorization    – Identify “Good” observables (Theory)
§Measurement  – Get “Reliable” data (Experiment)
§ Global analysis – Extract “Universal” structure information (Phenomenology)

by solving an inverse problem



QCD global analysis of experimental data

q It is an inverse problem: Flavors: u, d, s, …; g
Spin (quark, gluon hadron)

Momentum/position
(Before/after the collision)QCD Factorization

Theorem
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...

Z

Experimental
data

Future EIC

q Input for QCD Global analysis/fitting:

PDFs, FFs at an input scale: 

�f/h(x, µ
2
0, {↵j})

Fitting paramters

Input scale ~ GeV

Bayesian inference
Theory/Phenomenology

AI/ML, Computation

Quark
Polarization

Nucleon
Polarization

Extract QCFs

,                , …
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PDFs from DIS
qQ2-dependence is a prediction of pQCD calculation:
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q Physics interpretation of PDFs:
Probability density to find a parton of flavor “f”
carrying momentum fraction “x”, probed at a scale of “Q2” f(x,Q2) :

²Number of partons:
Z 1

0
dxuv(x,Q

2) = 2,

Z 1

0
dx dv(x,Q

2) = 1

²Momentum fraction: hx(Q2)if =

Z 1

0
dx x f(x,Q2)

X

f

hx(Q2)i = 1



Scaling and scaling violation

Q2-dependence is a prediction of pQCD calculation



QCD factorization works to the precision
q Data sets for Global Fits: q Kinematic Coverage:

q Fit Quality:



Unprecedent Success of QCD and Standard Model

SM: Electroweak processes + QCD perturbation theory + PDFs works!



Probes for 3D hadron structure

q Single scale hard probe is too “localized”:

bT

kT
xp

1/Q

o Transverse confined motion:        kT ~ 1/fm <<  Q

o It pins down the particle nature of quarks and gluons

o But, not very sensitive to the detailed structure of hadron ~ fm

o Transverse spatial position:          bT ~ fm >>  1/Q

Q1 � Q2 ⇠ 1/R ⇠ ⇤QCD

Hit the hadron “very hard” without breaking it, 
clean information on the structure! 

Hard scale:           To localize the probe 
particle nature of quarks/gluons

Q1

“Soft” scale:          could be more sensitive to the 
hadron structure ~ 1/fm

Q2

q Need new type of “Hard Probes” – Physical observables with TWO Scales:

See lectures by Stewart



From one-scale to two-scale observables
q Drell-Yan process in hadron-hadron collisions:

The process:

One-scale case: ( ) ( ) ( ) ( )2
'

'
,

1

'

e

0
2

1DY
'

0

l '
' '

ˆ , ,, ,
    ff

f f
f f

A Bhh A B d p pd x x
x x x

qp p
d d

d d
q

x
Q Q

ss
f f=åò ò
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Q2 ⌘ q2 = (l + l̄)2 � ⇤2
QCD ⇠ 1/R2

hHard scale – invariant mass of the lepton-pair:  

Two-scale case:

<latexit sha1_base64="9v9irAoc+v94YnqkKBpaQPoBGLI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZSkFHUjFNy4bKEvaNIwmUzaoZNHZyZCKF268VfcuFDErZ/gzr9x0mahrQcu93DOvczc48aMCmkY31phbX1jc6u4XdrZ3ds/0A+POiJKOCZtHLGI91wkCKMhaUsqGenFnKDAZaTrju8yv/tAuKBR2JJpTOwADUPqU4ykkhz91BvUJvAWeql1Cb3moAq9idPKmhWPqDNx9LJRMeaAq8TMSRnkaDj6l+VFOAlIKDFDQvRNI5b2FHFJMSOzkpUIEiM8RkPSVzREARH2dH7IDJ4rxYN+xFWFEs7V3xtTFAiRBq6aDJAciWUvE//z+on0b+wpDeNEkhAvHvITBmUEs1SgRznBkqWKIMyp+ivEI8QRliq7kgrBXD55lXSqFfOqUmvWyvVqHkcRnIAzcAFMcA3q4B40QBtg8AiewSt40560F+1d+1iMFrR85xj8gfb5A3Ttl7E=</latexit>

d4q = dy dQ2dq2T d�qHard scale:            Soft scale:            when   
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Q2
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q2T
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Q2 � q2T

TMDs

q Confined motion vs. collision effects:

Collision induced shower
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F(x, kT ) 6= F(x, kT0)TMDs:

Confined motionStructure + Collision effect

QCD Evolution – could be non-perturbative!

See lectures by Stewart



Why a lepton-hadron facility, like EIC, is special?
q The new generation of “Rutherford” experiment: 

One facility covers all!
(JLab, COMPASS, EIC, …)

² A controlled “probe” – virtual photon
² Can either break or not break the hadron 

² Inclusive events:  e+p/A à e’+X
Detect only the scattered lepton in the detector

(Modern Rutherford experiment!)
q

X
P

² Semi-Inclusive events:  e+p/A à e’+h(p,K,p,jet)+X
Detect the scattered lepton in coincidence with identified hadrons/jets

(Initial hadron is broken – confined motion! – cleaner than h-h collisions)
P

q

X
P

h

² Exclusive events: e+p/A à e’+ p’/A’+ h(p,K,p,jet)
Detect every things including scattered proton/nucleus (or its fragments)

(Initial hadron is NOT broken – tomography! 
– almost impossible for h-h collisions)


