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Gaugeactioni
- closed paths of gauge links (Wilson loops) can be used to construct all

gauge
- invariant quantities involving only gauge fields

-

As for fermions
, precise construction of gauge action is irrelevant if it has

the correct continuum limit (will have different disuetiiation artefacts
,
some better than others . . . )

-

simplest closed loop is the txt plagvelte :

Pau th) = Re tr lunch) Uulntn) utncntv )UutlnD ④ ItF
Taylor - expand path- ordered expression, for Un in term , I Am to identify

Paula) = I - E g
'

Tr ( Fmln)) t 0cg'd ,
at

, g'
'
a' D

⇒ "

wilsaiigavseactiohsicut.FI?nn-Zh-PmlnDIozTgeInZ
.

Tranent)

-

can "

improve
"
the gauge action by including additional loops leg.

1×2 rectangles)

coefficients hired to remove leading discretisation artefacts
,

names like
"

Iwasaki gauge action
"

,

"

tree- level improved
"

gauge action etc .

Now the total tattie action is Seeb = Schist Stfu, 4,47

with some choice for each piece .

Checuinaboutsymmetviesi
- sub) gauge

- preserved by lattice actions

- Lorentz → broken down to hypercubic HH) ⇒ induces operator mixing
- chiral .

- depends on action
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4i0bservab#

What can be computed in Loeb are Euclidean n-point correlation functions

→ relate physics of interest to matrix elements of local (or non- local , see quasi /pseudo

PDFHMDS) operators .

E¥#l: Mass of the pion from 2pt correlation fu

consider two equivalent expression, for hadron 2-point correlation

Cti GT, t ) = Lot CI , t) QI too))
= ¥ Tr ( e- Alt't' O'+ Gig e-

It Out ①
Trace in Hilbert space
(transfer matrix)

=

gpu.by put e-
Stet SFM"

O
# Gift) Of (8,0) ② Path integral

The operator Qt CU , 4,47 is an
"

interpolating operator
"

with the quantum

numbers of the state of interest

e. g . for pion Qt (x) = itG) Isdlx)

(
r e.g Of (x) = ELD ours d-Cx) ie

.

" smeared" quark field with so)with g- (x) = Zyfcx, y) qcy) smearing function FG,y)

starting from ①
, rearrange to solve for E - deep of CALI , t)

CALI
'

,
t) = E Tr ( e- Alt't' O'it e-

It out
= ¥ q Le I e-

tilt-t) Oi
,

e-
#t Gatto) 197 (sum over all states in Hilbert space)

n

= tz IZ Lele
-Flt-t) Q, to>Lol e-

It Out (Elley ( insert ytoaemeate
set)

t
= Iz Eg e-

Felt-t)
e-
Ert
Leto, INGI OIL 7 (*)



I l

T -
T T T

similarly 2- = Ze Lele
't
le> = Ie e

"
= e-

%
lit e-
*'Tt e-Htt . . . . )

where Den = En - Eo
,

Eo the vacuum energy

Taking T large, only Ip> = to> contributes to Ctx)

⇒ CAGE
, t) If I 61071 r>Lol Eat to> e-

"⇒ t

Project to zero three -momentum by taking IT
- mot

⇒ Catti = I
,
Gtlxit) = Iwao, I Zrl

'

e l#

ie. depends on energies of all States for which Zo 't 0 i -e
.
those that can

be created from the vacuum by the creation op Otcx, t)

in general , a creation operator creates a state that is a linear combination

of all possible e-States of H that have the same quantum Ifs as the pion

e.g. , pion ,
excitations of the pion ,

three pions in 5=0 state
,
etc

,
but a

particular interpolator will have
"

stronger
"

overlap onto some States than

others

Starting from ② we see how to compute Catt) in KECD :

-
S give t SIM

4

⇐Gif) = SDUDTDT e Tu Gilt) A-Talent) Tdloio) A-Yuto, o)
= SDU detMu detlld e-

blue
Tr (Mii ' hi

,8)AMD
- '

lotic)A)
→ netty -2!!! Tel Mu" [Ui) A-Moi

' lui) rs T
where the ensemble is Lui , . . . , Umg)

quark propagators

Ghpvled by matrix
inversion

→
→

sum over positions x to compute Gtlt)

-

Having computed Cult) numerically
,
fit to functional form I#I to

determine man of lightest state with the given quantum #s
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To be concrete about fits :

Cutty = 12ohm't t late-
m't

t -
.
-

- constant

1 ←
energy gap .

CALE)
-
but

Effective mass : mettle) = It In (Ttd)) =

mot Ae
t - - - -

n

f
typically computed with

Mefftt) I bootstrap or jacknife
I -

vesaupling
m. } - I -I- t.- ⇐ e-III - I can:L. iii.n 't
F -come back to this

later

t

- estimate me as the average of points in the
"

plateau
"

region
- More sophisticated : fit to (multi)- exponential functional form (X'- min)
(must take care to take correlations into account)

- can determine excited States by fitting multi- exponential form to Catt),

but it is difficult . More typical : choose set of interpolating ops with

same quantum # s (Oi
,
Oz

,
.
.
.

,
Ow] and form Nxne matrix of

correlates
, Cijlt) = zttrfe- Alt-t) & e-Htojt) ⇒ I. Zijn e- Ert

i.e . same energies but different overlaps → solve eigenvalue problem for, Er

E¥#2i Matrix elements : ga

Isovectoe axial coupling of the nucleon is defined by the matrix element

(NCE'll 4- furs Is 41mF'D = gattplphmrruplpt)
x T T t

nuclear state, Ifes T t too) spinor
mtmp

'

flavour
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← colour
e. g Ona - Eabcluacrsdb) U'a

←spinRelate desired matrix element to 3pt function

g
[ Mtm

- O
v

Csm It , t) = EI
,
Trf e-

" ""

On e-
" "⇒
qi, e-

It

out Loy)

⇒ Ig Tpm Lol En In>Lnl e-
'Itt-⇒

Jf, e-
It Im>Cml Ent Io>

= Ig In ,m Znzmt e-
⇐ "⇒

e-
Emt

Lnt J'm, Im>
-

Use 2pt function with same On to determine Zn
, En (often useful to use

ratios of 3.pt/2pt to eliminate leading time - deep before fitting )

compute 3pt function in terms of quark propagators :
"
skeleton diagram

"

Jn illustrate different

2F)
a

Fay
- →•→ contractions

x d O
' xd#0

Whathindsd6rrdationfmctiowarecakdate#

2ptfn : spectroscopy . . .

3ptfmctions-matvixelementsofaloperators-ga.huclean electromagnetic form factors
,
moments of parton distribution fhs

,

B-IT decay form factors to constrain Clem matrix elements . .
.
.

3.ptfvnctions-matnixelementsofhon-localoperatf-gvas.itpseudo PDFs
,
thDs

.
.
.

4ptfvnch.ae
- double - B decay matrix elements

,
K-Tt mass difference

. .
.
.

- r y

WorhHowolLcecDcalwlak

① beherak ensemble ol field configurations by Hamiltonian /Hybrid Monte Carlo

~ 1004 cones or 1000 GPUs
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② Compute propagators : detlm)
,
M
"

expensive - use iterative method

e. s . conjugate gradient
- few 100, opus

,
but many per config

③ Contract into correlation functions

- few Gpus / CPUs

④ Fits
, analysis

- local cluster scale

5.Buildingintvitionbncertainh.es
- statistical - Yotvmea

, scaling
-

fits to correlation functions - systematics on fit forms , range , . . .

-

a-so } calculations on several ensembles → extrapolate

- Vt O

-

Mit , CSU
,
QED

,
chiral Sym, . . . . } possibly neglected . . .

- For sub - 1% precision ,
become important

whatishardleepensive-lightqvaru.mn#
computing propagators is more expensive for lighter masses :

requires inverting (Dirac) matrices which get closer to singular
[instead of conjugate gradient , algorithms such as adaptive multigrid]

Also
,
finite- volume effects set by longest correlation length line . it)

→ lighter quark masses ⇒ larger tattie volumes needed

- largelaltiuudumes

Large number of degrees of freedom for each configuration / propagator ete
→ just computationally expensive ! Labi . Divac op has mare low modes . .

.]
- finelaltiiespauings

Hybrid Monte Carlo (Hmc) algorithm used to generate gauge fields
involves close - to - local updates → more steps needed to update at scale of relevant

correlation length as a→ o ie
.

"

critical slowing - down
"

and cost of

ensemble generation increases as a → O
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-largeeuclideartimes
Euclidean time-evolution dahpen, excited states , but signal those degrades with t .

-

Ipt function for proton : Aintegrate
Clt) = L -2*999 txt ) g- g- g- CO, o)> →

T
out g-aus X

C-→a
-Mnt

→ Ze

variance given by Vorce) = LICK> - Kc> 12

and Clem = LEI' 99915' ) -2g 55515399910755510)>
→
g-

Note glx) does not contract with g- Ly),→ -
F- ( since quarks integrated out before I 1)
7-

States that propagate are wth but also 3T :

( let> ~ Ie-
'htt

t Ie
-
wht

t . . - 3h# 22mm → 1st term dominant
.

⇒ signal lnoise n 47mF - exp ( -Cmn - 312mA) t

- eeuikdstates

Damped out exponentially by Euclidean time- evolution

Variational method is expensive - need whole matrix of caretakers

gAlso, need interpolating ops with good overlap onto States - perhaps less{ intuitive than for ground States

- largemomenta

For non- zero hadron momenta , signal -

exp C-Ecp) t)

but in variance the gvorhlartigvarh have opposite momenta : pttp 7=0

⇒ variance is still exp C- 3h# t)
⇒ signal 1 noise n exp ( -⇐ Cp ) - 312mi7)t ie . worse with increasing p .

[Also
,
a move dense excited state spectrum)

- nuclei

signal - lo- noise issues like for large momenta
,
but also factorial

growth in # contractions with atomic number A
.
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"Typicaliscalesi
- lattice spacing

- a w 0.04 - 0.12 fm

- lattice volume - text n 243×48 - 1283×256

+ Klim

[ ie .
1283×256×4 x Nix 2 - 4×10

"

ie . 320GB per sample]
-

Number of config g
- 100 - 10,000

- Number of measurements - 100 - look

-

quark masses
-

Mit ~ 140 MeV - 800 MeV
, sometimes lighter

-

Nf
- Nf = O

,
2

, 2+1 ,
3

,
Ztlt I

,
2+1+1+1

-

computing resources
- small calculations - few M core - hours

stale - of - the - art ~ multi-year, 10am core -hours

Useful references
-

Creutz : Quarles
, gluons and lattices

Moutray t Minster : Cluain field, on the lattice

Dewindt Detar : Lattice method, for quantum chromodynamics
battingart Lang : Quantum chromodynamics on the lattice

Luscher : computational strategies in Loeb arXiv : 1002.4232 .


