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Objectives

1. GTMDs as functions of GPCFs

2. Lorentz Invariance Relations

3. Equation of Motion Relations
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GTMDs as functions of GPCFs



GPCFs considered as the mother distribution function of GTMDs and
GPDs.

WΓ
Λ′Λ(P, K,∆;u) = 1

2

∫ d4z
(2π)4 e

iK·z⟨p′,Λ′|ψ(− z2 )Γuψ(
z
2 )|p,Λ⟩

• The GTMDs limit K−- integration

WΓ
Λ′Λ(P, x, KT, ξ,∆T;u) =

∫
dK−WΓ

Λ′Λ(P, K,∆;u)

=
1
2

∫ dz−d2zT
(2π)3 eixp

+z−−iKT·zT ⟨p′,Λ′|ψ(− z2 )Γuψ(
z
2 )|p,Λ⟩|z

+=0
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• GPDs-limit-KT integral

FΓΛ′Λ(x, ξ, t) =
∫
dK−d2KTWΓ

Λ′Λ(P, K,∆;u)

=
1
2

∫ dz−
2π eixp

+z− ⟨p′,Λ′|ψ(− z2 )Γuψ(
z
2 )|p,Λ⟩|z

+=0, zT=0

Γ = 1, γ5, γµ, γµγ5, iσµν

P =

[
p+, ∆⃗2

T + 4M2

8(1− ξ2)P+ , 0⃗T
]

K =

[
xp+, K− , K⃗T

]
∆ =

[
− 2ξp+, ξ∆⃗

2
T + 4ξM2

4(1− ξ2)p+ , ∆⃗T

]
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Stable-shaped gauge link path connecting quark operators located at -z/2
and z/2. GTMDs are defined at sparation z+ = 0. and v = (0, v−, 0, 0)
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The correlations in terms of GPCFs amplitudes (A)

Wγµ

Λ′Λ
= U(p

′
,Λ

′
)

[
Pµ
M AF1 +

Kµ
M AF2+

∆µ

M AF3 +
iσµK

M AF5 +
iσµ∆

M AF6

+
iσK∆
M2

(
Pµ
M AF8 +

Kµ
M AF9 +

∆µ

M AF17
)]
U(p,Λ)

For the axial vector Γ = γµγ5,

Wγµγ5

Λ′Λ
= U(p

′
,Λ

′
)

[
iϵµPK∆
M3 AG1+

iσPµγ5
M AG17 +

iσPKγ5
M2

(
Pµ
M AG18 +

Kµ
M AG19 +

∆µ

M AG20
)

+
iσP∆γ5
M2

(
Pµ
M AG21 +

Kµ
M AG22 +

∆µ

M AG23
)]
U(p,Λ)

• All GPCFs are functions of K2, K.P, K.∆,∆2, andP.∆
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Twist-(two,three) vector GTMDs

Wγ+

Λ′Λ
=

1
2MU(p

′
,Λ

′
)

[
F11 +

iσi+Ki
p+ F12 +

iσi+∆i

p+ F13 +
iσijKi∆j

M2 F14
]
U(p,Λ)

• No power of p+- twist two

Wγ i

Λ′Λ
=

1
2p+U(p

′
,Λ

′
)

[
Ki
MF21 +

∆i

M F22 +
Miσi+
p+ F23 +

KiiσK+KK
Mp+ F24

+
∆iiσK+Kk
Mp+ F25 +

∆iiσk+∆K

Mp+ F26 +
iσjiKj
M F27 +

iσji∆j

M F28
]
U(p,Λ)

• suppression by one power of p+-Twist-three
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Matching the vector case (Γ = γµ) correlation with the GTMDs
correlations.

• Twist-two vector GTMDs as functions of GPCFs

F11 = 2p+
∫
dK−

[
AF1 + xAF2 − 2ξAF3 + xξAF5 − 2ξ2AF6

−
(
2ξ2P · K
M2 +

x∆2
T

2M2 +
ξKT ·∆T
M2

)(
AF8 + xAF9 − 2ξAF17

)]
F12 = 2p+

∫
dK−

[
AF5 −

2ξP2
M2

(
AF8 + xAF9 − 2ξAF17

)]
F13 = 2p+

∫
dK−

[
AF6 +

P · K− xP2
M2

(
AF8 + xAF9 − 2ξAF17

)]
F14 = 2p+

∫
dK−

[
AF8 + xAF9 − 2ξAF17

]
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• Twist-three vector GTMDs as functions of GPCFs

F21 = 2p+
∫
dK−

[
AF2 −

4ξ2P · K+ x∆2
T + 2ξ(KT ·∆T)

2M2 AF9
]

F22 = 2p+
∫
dK−

[
AF3 −

x
2A

F
5 + ξAF6 −

4ξ2P · K+ x∆2
T + 2ξ(KT ·∆T)

2M2 AF17
]

F23 = 2p+
∫
dK−

[
P · K− xP2

M2

(
AF5 +

(KT ·∆T)
2 − K2T∆2

T
M2(KT ·∆T)

AF9
)

+
2ξP2
M2

(
AF6 +

(KT ·∆T)
2 −∆2

TK2T
M2(KT ·∆T)

AF17
)]

F24 = 2p+
∫
dK−

[(
P · K− xP2

M2
∆2
T

(KT ·∆T)
− 2ξP2

M2

)
AF9
]

F25 = 2p+
∫
dK−

[
xP2 − P · K

M2 AF9 −
2ξP2
M2 A

F
17

]
F26 = 2p+

∫
dk−

[
P · K− xP2

M2

(
K2T

(KT ·∆T)
AF9 + AF17

)]
F27 = 2p+

∫
dK−

[
AF5 +

∆T · KT
M2 AF9 +

∆2
T

M2 A
F
17

]
F28 = 2p+

∫
dK−

[
AF6 −

K2T
M2 A

F
9 −

∆T · KT
M2 AF17

]



Lorentz Invariance Relations
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LIRs are relations that connect the x-dependent KT−moments of
GTMDs with the GPDs.

• KT- moments of GTMDs

X(1) = 2
M2

∫
d2KT

K2T∆2
T − (KT ·∆T)

2

∆2
T

X(x, ξ, K2T, KT ·∆T,∆
2
T)

• Scalar quantities

σ ≡ 2(P · K) = 2p+K− + 2p−K+ = 2p+K− + xp2 =⇒ K− =
1
2P+ (σ − xP2)

τ ≡ K2 = 2K+K− − K2T = xσ − x2P2 − K2T
σ′ ≡ K ·∆ = K+∆− + K−∆+ − KT ·∆T = 2ξxP2 − ξσ − KT∆T cosφ
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d
dx

∫
d2KT

∫
dK− K

2
T∆

2
T − (KT ·∆T)

2

∆2
T

χ[A; x]

=

∫
d2KT

∫
dK−

(
P · K− xP2 − 2ξp2(KT ·∆T)

∆2
T

)
χ[A; x]

+

∫
d2KT

∫
dK− K

2
T∆

2
T − (KT ·∆T)

2

∆2
T

d
dxχ[A; x]

• LIRs

dF(1)12
dx = −2

[
ξp2
M2

(
E+ H

)
+ H2T +

ξp2
M2

(
Ẽ2T − ξE2T

)]

dG(1)
12
dx = 2

[
H

′

2T −
4ξ2p2 +∆2

T
4M2 E

′

2T −
p2
M2 H̃+

ξp2
M2 Ẽ

′

2T

]



Equation of Motion Relations
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Defining the equation of motion to the GTMD correlator W

(i/D−m)ψ = (i/∂ + g/A−m)ψ = 0

ψ(i
←
/D +m) = ψ(i

←
/∂ − g/A+m) = 0

• Integrate by parts, one gets Relations between GTMD correlators, e.g.,

− ∆+

2 Wγ iγ5

Λ′Λ
+ iK+ϵijWγ j

Λ′Λ
+

∆i

2 W
γ+γ5

Λ′Λ
− iϵijKjWγ+

Λ′Λ
+Mi,S

Λ′Λ
= 0

• Mi,S
Λ′Λ

is the qgq term. For straight gauge link∫
dx

∫
d2KTMi,S

Λ′Λ
= o
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Consider the combination (∆1 + i∆2)WΓ
+− + (∆1 − i∆2)WΓ

−+, contracted
with ∆i, to the last equation gives,[
(1− ξ2)H′2T + ξẼ

′

2T − ξ2E
′

2T

]
+ x

[
(1− ξ2)

ξ
H2T − ξE2T + Ẽ2T

]
+

∆2
T

4M2 Ẽ

+
∆2
T

4M2 F
(1)
14 +

(1− ξ2)

2ξ F(1)12

+
∆i

√
1− ξ2

2ξM2∆2
T

∫
K2T[(∆1 − i∆2)Mi,S

−+ + (∆1 + i∆2)Mi,S
−+] = 0
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• Taking x-derivative.
• Eliminating GTMDs by LIRs.

dF(1)12
dx =− 2

[
ξp2
M2

(
E+ H

)
+ H2T +

ξp2
M2

(
Ẽ2T − ξE2T

)]
dF(1)14
dx =

[
E+ H+ Ẽ2T − ξE2T

]
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• At the limit ∆ −→ 0
1
2

∫
dxx

(
E+ H

)
=

∫
dxx

(
Ẽ2T + E+ H+ H2Tξ

)
+
1
2

∫
dxH′2T

where

H2Tξ = lim
ξ→0

1
ξ
H2T

J = L+ S

• Operators
• Mµν : generalized angular momentum tensor.
• Mjk spatial component
• K : boost operator.
• Ki = M0i pure Lrentz transformation along x, y and z axes.
• [Ji, Kj] = iϵijkKK
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Use Lorentz transformation properties of (0 i) components of rank-2
tensor for longitudinal/transverse i

JT = γJ0 = γJL =
γ︷ ︸︸ ︷(

P+ 1√
2M

+
1
P+

M
2
√
2

) JL︷ ︸︸ ︷
1
2

∫
dxx(H+ E)

in the large-momentum limit, angular momentum, orbital angular
momentum, and spin can be expanded in powers of 1/P+ as

JT = J(1)T P
+ + J(−1)T

1
P+ + ...

LT = L(1)T P
+ + L(−1)T

1
P+ + ...

ST = S(1)T P
+ + S(−1)T

1
P+ + ...
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• Transverse Spin

S(1)T = 0

S(−1)T =
M√
2
1
2

∫
dxgT =

M√
2
1
2

∫
dxH

′

2T|∆=0

Multiply the equation of motion by M/
√
2

1
2

∫
dxx

(
E+ H

)
=

∫
dxx

(
Ẽ2T + E+ H+ H2Tξ

)
+
1
2

∫
dxH′2T
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M
2
√
2

[
1
2

∫
dxx

(
E+ H

)]
=

M√
2

[∫
dxx

(
Ẽ2T + E+ H+ H2Tξ

)]
− M
2
√
2

[
1
2

∫
dxx

(
E+ H

)]
+

M√
2

[
1
2

∫
dxH′2T

]
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J(−1)T =
1
2

∫
dxx

(
E+ H

)
L(−1)T =

∫
dxx

(
Ẽ2T + E+ H+ H2Tξ

)
=
1
2 lim

ξ→0

∫
dxF

(1)
12
ξ

S(−1)T =
1
2

∫
dxH′2T =

1
2

∫
dx

(
g1 + g2

)

• The distributions are taken in the forward limit ∆ = 0.
• The straight link is used.
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