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How Do Form Factors Arise in QFT?

Question: What must we include in our 
calculation to describe this process 
quantum mechanically? 

We need:
• Operators to bring the lepton and
hadron from their initial to their final state.
• A term characterizing how the exchange particle
propagates.
• Strength of the interaction.

Conserved Current
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How Do Form Factors Arise in QFT?
𝑑𝜎

𝑑Ω
∝ ℳ 2, and the conserved current for the lepton is given by 

Conserved current: 𝑗𝒍
𝜇
= ത𝜓𝛾𝜇𝜓

Thesis of Nuclear Physics: “Scattering gets complicated when things are made of stuff”. 

What tensors are available? 𝛾𝜇, 𝜎𝜇𝜈, 𝑞𝜇. Can only use divergenceless combinations of these.

What about 𝑗ℎ
𝜇

?

Our ignorance on the proportionality to those tensors is absorbed into Form Factors (FF’s):
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We can still express the had. current as a linear combination of 
available tensors.



Where Do Form Factors Come In?

Theory Conserved Current Related Densities How to Measure

E&M 𝑗𝑒𝑚
𝜇 Charge, Magnetic Moment Elastic Scattering, exchange particle 

is photon.

Gravity 𝑇𝜇𝜈(EMT) Mass, Angular Momentum, Pressure 
(?)

1) Elastic Scattering , exchange 
particle is graviton (don’t hold 
breath)

2) DVCS and relate to GPD’s. 
Exchange particle is still 
photon☺

Parameterize Fourier Transform*

*Some restrictions apply.
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The Energy-Momentum Tensor (EMT)

A Lagrangian that exhibits global space-time translational invariance (i.e. 𝑥𝜇 → 𝑥𝜇 + 𝛼𝜇)
yields the EMT as it’s conserved current:

𝑇𝜇𝜈 =

𝑛

𝜕ℒ

𝜕 𝜕𝜇𝜙𝑛
𝜕𝜈𝜙𝑛 − 𝑔𝜇𝜈ℒ

Which must satisfy 𝜕𝜇𝑇
𝜇𝜈 = 0

Example: 𝜕𝜇𝑇
𝜇0 =

𝜕𝑇00

𝜕𝑡
− ∇ ⋅ 𝑇𝑖0 =

𝜕𝐸

𝜕𝑡
− ∇ ⋅ Ԧ𝑝 = 0

This is a statement of the conservation
of energy and momentum!
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The Improved Energy-Momentum Tensor
Calculations are plagued by infinities (more than usual) when using the Noether’s Theorem definition of the EMT

“Infinities only exist in the minds of theorists” 
- An Experimentalist, Probably

Can justify modifying the EMT 2 Equivalent Ways:
1. Renormalization of composite operators. 
2. Non-minimal (conformal) coupling of field to gravity.

𝑇𝑅𝑒𝑛𝑜𝑟𝑚
𝜇𝜈

= 𝑇𝜇𝜈 + 𝑅𝑒𝑛𝑜𝑟𝑚(𝜙2, 𝜙3)

𝑇𝑅𝑒𝑛𝑜𝑟𝑚
𝜇𝜈

=
2

−𝑔

𝛿𝑆𝑛𝑜𝑛𝑚𝑖𝑛.

𝛿𝑔𝜇𝜈

Both methods give same “Improvement term”: Θ𝜇𝜈 = −ℎ 𝜕𝜇𝜕𝜈 − 𝑔𝜇𝜈𝜕𝛼𝜕
𝛼 𝜙2 making EMT finite☺
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Callan, Coleman, Jackiw (1969)

Dharanipragada, Sathiapalan (2021)



Gravitational Form Factors of the EMT
For a real scalar field, the EMT Form Factor decomposition is (defining P = p+p’, 𝑡 = Δ2 = (𝑝′−𝑝)2):

< 𝑝′ 𝑇𝜇𝜈 0 𝑝 > =
𝑃𝜇𝑃𝜈

2
𝐴 𝑡 +

Δ𝜇Δ𝜈 − 𝑔𝜇𝜈Δ2

2
𝐷(𝑡)

Mass distribution: Constrained by A(0)=1 Distribution of…D-term?: 
Unconstrained by theory. Suspiciously 
negative.

+… J(t) for non spin-0

For a free/non-interacting real Klein-Gordon Field: 𝐴 𝑡 = 1, 𝐷 𝑡 = −1

Learn more by introducing interactions?
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The D-term

The ij-components of the EMT define the Stress-Tensor:

𝑇𝑖𝑗 𝑟 =
𝑟𝑖𝑟𝑗

𝑟2
−
1

3
𝛿𝑖𝑗 𝑠 𝑟 + 𝛿𝑖𝑗𝑝(𝑟)

Where s(r) and p(r) are the shear forces and pressure distributions, respectively.

Can relate these densities to the D-term Schweitzer, Polyakov (2018)

𝑠 𝑟 = −
1

4𝑚
𝑟
𝑑

𝑑𝑟

1

𝑟

𝑑

𝑑𝑟
෩𝐷 𝑟 , p 𝑟 =

1

6𝑚

1

𝑟2
𝑑

𝑑𝑟
𝑟2

𝑑

𝑑𝑟
෩𝐷 𝑟 , ෩𝐷 𝑟 = ∫

𝑑3Δ

2𝜋 3 𝑒
−Δ𝑟𝐷(−Δ2)

D-Term Describes
Pressure and Shear

Stress inside of Nucleon!

Goeke et al, PRD75 (2007) 094021
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EMT for 𝝓𝟑-Theory

Free Field contribution to the EMT is known.

For this theory, we obtain no contributions
to the EMT at 𝒪 𝜆 . That is,

< 𝑝′ 𝑇𝒪(𝜆)
𝜇𝜈

𝑥, 𝑦 𝑝 > = 0

Must go to 𝓞(𝝀𝟐) !

Execute 𝒪(𝝀𝟐)

Motivated by
Non-minimal coupling.
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Relevant Diagrams

NOT a Tadpole

Tadpole

The possible 1-loop Diagrams in 𝜙3 Theory are:

“Loops” “Tadpoles”

Can Insert EMT Into:
• Propagators
• Vertices

𝑞 = Δ

𝑞 = 0
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Calculational Insight
• All 𝒪(𝜆2) contributions to 𝑝′ 𝑇𝜇𝜈 𝑝

calculated (“17” total diagrams).
• Improvement Term Θ𝜇𝜈 renders 

𝑝′ 𝑇𝜇𝜈 𝑝 finite (Hooray!)
• “Loop” Contributions made finite 

through mass renormalization.
• Not all tadpoles created equal. (see 

backup slides)
• A-term defined from first principles, 

not modified by Improvement term.
• Parameter integrals make factoring out 

Form Factors very challenging.
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This is where
my D-term plot
would go

IF I HAD ONE



Summary

The D-term is related to how pressure is distributed inside of particles. Linked to the 
stability of particles.

Future: 
• After extracting FF’s, → investigate behavior in position space, perhaps in IMF for 2-D 

interpretation. 
• Replicate calculation using GPD’s / Compton Form Factor Dispersion relations.

FF’s Into to EMT 𝜙3 TheoryFF’s of EMT
Insight/Future 

Plans

Imagine how much physics we’d miss out on if we never investigated spin, and then how much 
we’re currently missing by not understanding the D-term. The pressure is on☺

𝜙3 Theory - surprisingly insightful! Know what subtleties to expect when going to a 
model like Scalar-Diquark.
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Diagrams (jaxodraw in progress)



How These Form Factors May Be
Extracted Experimentally

1) Graviton scattering

Direct access, and completely analogous to probing
𝐹1 and 𝐹2, but practically impossible…

2) Generalized Parton Distributions (GPD’s)

𝐻, 𝐸(𝑥, 𝜉, 𝑡)

෩𝐻, ෨𝐸(𝑥, 𝜉, 𝑡)

𝑇𝜇𝜈

Indirect access and non-trivial to extract, 
but more practical. Describes the 
transverse position of the partons and
their longitudinal momentum.

Questions in 
Nuclear Physics
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Relating GPD’s to the Form Factors
GPD’s are not directly observable, but are related to many measurable quantities:

We also have

Ji’s Sum Rule: ∫ 𝑑𝑥𝑥 𝐻 𝑥, 𝜉, 𝑡 + 𝐸 𝑥, 𝜉, 𝑡 = 2𝐽(𝑡)

𝐻𝑞 𝑥, 0,0 = 𝑞 𝑥
෩𝐻 𝑥, 0,0 = Δ𝑞(𝑥)

Momentum and Angular Momentum Distributions

EMT Form Factors

Questions in 
Nuclear Physics
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Relating GPD’s to the Form Factors

1. Calculate the Compton Form Factor (CFF) from GPD H

2. Relate real and imaginary parts of CFF through dispersion relation:

3. Subtraction “constant” proportional to D-term

Questions in 
Nuclear Physics
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Phys. Rev. D 75, 094021



Projection Operators
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Priorities in Nuclear Physics

Overarching Theme: Where Do Properties
Of The Nucleon Come From, And How Are They
Distributed?

That information is contained in Form Factors (FF’s) (et. al)

Form Factors: Parameterize our ignorance on how the conserved current
relates to other available tensors. This parameterization depends on
the momentum transfer t.
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