Lattice-to-continuum
factorization for TMDs

Stella Schindler

TMD Collaboration Meeting, Santa Fe
Thursday, June 16, 2022

Collaborators: Support: - Based on:

Yong Zhao (Argonne) 3 2004.14831
Iain Stewart (MIT) 2201.08401
Markus Ebert (Industry) 2205.12369




You’ve already seen many TMD talks...

So I can breeze through the usual ntro.



The parton model...

Figure: People magazine.



Introduction to lattice

Figure: Martha Stewart’s website.




What “TMD” means

uRrbaN

DICTIONARY

T™MD

TMD

CENSORED in Chinese. In the phonetic system it is spelled "ta ma

de". That's where the TMD comes from.

1. Aw, TMD! She didn't pickup and | have called her 5,000 times already.

2. Stop TMDing with me. It ain't cool bro.

by UrbanPerson June 13,2015

D

Get the TMD mug.

Figure: Urban Dictionary.




Motivation:

Non-perturbative contributions to TMDs,
from first principles



You can’t put a TMD on the lattice directly

Defined by lightcone Wilson lines:

» Dependent on time variable

> Naive discretization —
real-time “sign problem”

> Prohibitive computational cost!

Instead, calculate TMDs indirectly:
1. Projection: time-dependent = equal-time Wilson line

2. Factorization: formula relating physical & lattice TMDs



Three key ingredients 8

1. Numerically tractable “Lattice TMDs”
2. Precision lattice calculations

3. Connection to physical TMDs



TMD factorization ’

Experimental data do =H f fXRf

(e.g. Drell-Yan process)

B
Renormalized continuum QCD f=Zyy —

VS

Lattice-regularized QCD [ =CX flattice

Collins, Foundations of Perturbative QCD. Ebert, Schindler, Stewart, and Zhao (JHEP 2022).
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Historical overview of lattice TMDs

2013 First lattice TMD proposed: MHENS scheme
Musch, Hégler, Engelhardt, Negele, and Schifer
2014 New lattice scheme proposed (quasi), 1-loop calculations
Xiangdong Ji
- Lattice calculations of MHENS beam functions
® MHENS and collaborators

2018 Theory of quasi-TMDs put on firmer footing

Ebert, Stewart, and Zhao

2019 Proposal for lattice calculation of quasi-soft function
J1, Liu, and Liu

2020-22 First lattice results for CS kernel & quasi-soft function
MIT, LPC, ETMC, and Regensburg lattice groups

A 4



Two main lattice approaches

MHENS scheme l

> Pioneered lattice TMDs

> Focused on x-moments

» Renormalization, soft function
not fully known

Quasi-TMDs

» Newer; fewer results for proton
» Focused on full TMD

» Renormalization, soft function
have been proposed



MHENS on the lattice

Example: sign change of the Sivers function in SIDIS & Drell-Yan:
[Yoon, Engelhardt, Gupta, et al. (PRD 2017).]
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Quasi-TMDs on the lattice

Recent first calculations of all TMD components!

CS Kernel
[Shanahan, Wagman, & Zhao (PRD 2021).]
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Reduced soft function
[LPC collaboration (PRL 2020).]
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Reduced soft function
[Li et al. (PRL 2022).]
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Three key ingredients

1. Numerically tractable “Lattice TMDs”

2. Precision lattice calculations T

3. Connection to physical TMDs?



A plethora of TMD definitions...

Modern Collins
J;,'(}}(,u)(xrbT;G,yB/prr)
fip(x,r, . ©) = lim Zuw(u, ¢ €) im B Echevarria, Idilbi, Scimemni
L fl/p )(x,br,€,8%/(xP*))
Chiu, Jain, Neill, Rothstein firp(x, 1,18, C) = Lh_rfg) Zl,(u,Ce)

\/SEIS(bT' €,0t e Yn)

f,/p(x br,u, Q) = hm Zl‘“(y,C e)f/ )(x br,€,n,xP™) \/S JNR(bT,e n)

Becher & Neubert
7)—)0
o m [f MOBN(x1, br, €, @, X,P i PO BN (s, br, €, a, 2P )]
6—)
. a—0
Jl’ Ma’ Yuan (2N2\ —Vi(u,br) . ;
- x2,br, u, C = b?/b?
. . . £ (xs,br, €,9,%P*) ez bk & = o T)]
fi/p(xa,bT/ [J, xaCa} P) = g—%ZLV(H, p, e) = +0(v+, 7-)_)
V3%, €, p) Etc!

[.et’s sort this all out!

TMD Handbook Ch. 2.



General structure of a TMD

ri
B[
f =lim Z,, —L*
— uv
lightcone,
renormalization

Beam function:



Unifying notation in the literature

Can describe lattice & continuum off-lightcone schemes
using the same generic beam function &

Quasi-TMD
Collins TMD \

. H
\ f — llm Z Uv ql/
IMY scheme | — ~ lightcone,
/ renormalization
| Etc.

Each scheme 1s characterized by a distinct set of arguments & limits

(b,P,€,nv, d)

Ebert, Schindler, Stewart, and Zhao (JHEP 2022).



Structure of the correlators

P)

r
Beam = <P ‘qi > W (b,nv, 8)q;

> bH, vt, oM
parametrize Wilson lines

» Length n: finite (lattice) or
infinite (physical TMD)

» o = (0,0,0, EZ) for quasi
= (0,0,0,0) for MHENS

Ebert, Schindler, Stewart, and Zhao (JHEP 2022).



Neat & tidy charts!

Collins TMD (continuum)

Quasi-TMD (lattice)

TMD lim 2%, lm oLt lim Z5, DL
e—0 UVyB—)—oo S"‘i a—0 Uv /S’rm

Beam function

Qi/n [b, Pye, —oonp(ys), b~ ns)

Qi/h(l;a Pa a, ﬁ27 522)

Soft function

S%i[by,e,—oona(ya), —oons(ys)]

Ki G —F na(ya) - na(ya)
S Nl Mnaa)[nalya)]

%(eyp , e—’!JP,O_L)

b (0,b7,b1) (0, b%, b%., b*)
vk (—e*¥5,1,0,) (0,0,0,—1)
S (0,67,0.) (0,0,0,b°)
PH

mp(coshyp,0,0,sinhyps)

Schindler, Stewart, and Zhao (2022).
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Unified notation — straightforward to see relationships

Lattice schemes

Quasi MHENS
Continuum
limits
P; large, N \ /
LR

Switch order of
eE0,Y >

Change Wilson lines

Matching
relations

Collins @y  JMY

Continuum schemes

Ebert, Schindler, Stewart, and Zhao (JHEP 2022).



Our target

Lattice schemes

Quasi

Continuum
N limit
P, large, N — © %

Switch order of
e0,Y

Collins

Continuum schemes

Ebert, Schindler, Stewart, and Zhao (JHEP 2022).



Factorization derivation steps

Lattice
Quasi Step 1: same at large rapidity P* >> Ay
i * » Expand & relate their variables
» Take Wilson line length || — oo

LR

ﬁ— Step 2: need a matching coefficient
» Different UV renormalizations

Collins > Nontrivial relationship

Continuum

Focus on beams: quasi-soft function is chosen to reproduce the Collins soft function




Step 1: Quasi to Large Rapidity

Compare Lorentz invariants
formed from beam function
arguments b*, P, 6¥, nvH

Use boosts to show quasi = LR
as | — o & P*>> Agcp

Quasi LR
b2 —b% — (b°)? —bz
(nv)? —if’ —2n°e™”
P-b —mhgz sinh Yp %b_eyp
b- (1v) b* b e’
n sgn(n)| - sgn(1)
IRl | [y + 62 V2br
P - (nv . :
P2(|7777'u)| = sinh y 5 sgn(n) sinh(yp —yB) sgn(n)
ﬁ (52)2 0
b2 by + (b*)?
b6 e 0
b2 b2 + (b*)?
P-.6
P-b ! :
J-
(mv) 1 1
b- (nv)
p? mi, i




Step 1: Quasi to Large Rapidity

Examlpe all. 10 Lorentz Quasi e
Invariants:
b? —b% — (b°)? —b
Need 7] = V2 e¥2n (m)? 7 s
P-b —mpb®sinhy 5 %b_ e¥r
b- (nv) b* b~ eYB
sgn(n)| - sgn(n)
VIP®l| o | Vb

Need yp —yp = ¥p

As yp & —0, by > b,

Quasi = LR after
large rapidity expansion




Step 2: Large Rapidity to Collins

TMD Beam function Soft function

Qi /n
Collins lim lim Z{;V Y Qh+] [b,P, e,—oonB(yB),b_nb] SR [b1,€,—oona(ya), —oong(ys)]

€-0 yp—»>—© ﬂ/SR q/h
0.
LR lim lim Z8, —2& | qbr']

-yp>1 €-0 \/SR q/h

[b, P, e, —conp(ys),bny| | ST[by, e —ocona(ya), —ocons(ys)]

Fundamental principle of EFT (here, LaMET):
» Flipping an order of UV limits does not affect IR physics

» However, it can induce a perturbative matching coefficient

fir = C; (xp'z, .u) f coltins




Steps 1 + 2 — Factorization

Quasi-.TMD Matching RGE for Collln.s ™MD
(lattice) (continuum)

~ — o - 1 . 7 .
7l (x, By, 1§, xP?) = C; (xP2, 1) exp liyé(u' br) 1n§] fish (2, by, 1, 0)

/ Power corrections

1 Ajep
(xﬁZbT)z , (xﬁz)z

Z — (prZ)ZQZ(yB—yn)

x{l-l—(?

}

Note that this formula connects physical continuum TMDs
to the renormalized continuum limit of lattice calculations.

Ebert, Schindler, Stewart, and Zhao (JHEP 2022).



Matching coefficient?

~ - .~ _ 1 . 4 N
70 (B, 1, ¢, xP%) = €; (xP%, 1) exp [Eyé(,u, br) In g] fi (2, br, 11,

NLO:

Ci(uwxP?) =1+

u? u?

asCp , (2xP%)?  2In(2xP?)?
i | In + —

TL'Z

N"LL:

faS(ZxISZ) da fas(u) da'

Blal),  Bla']

o (@Lhupla’) + L)
as(U

C(xP7, ) = Cilas ()] exp [

Etc.

Focus on general features, not calculations... ‘

Ebert, Schindler, Stewart, and Zhao (JHEP 2022). Schindler, Stewart, and Zhao (2022).



Gluon matching coefficient at NLO

Focus on general features, not calculations...

k k
Gy (-8 Go(b) G (=% Go(d) k k Gy (-t AT b v (_bY S aqnp N (PR
s - : oo — . G50 (—3) Yesmmy GRH(3)  GPY(—3) 7o, GE#(3)
G- arh) | G- G k@p-’igik . %&g‘& Gy (—%)%@ Gg*(-4) ¥y Gor(3) . %? o %’?%9@
ol l» sy e Ll I s el
P P pT% glp PT p—k E|P 3 S € P N
€
L (o) Qov(_by @er(b)y  @ov(—b) qen(b © Gg (-%) Gor(b) Ggr(-%) Ger(s

Gr-h G erh e Grh  ar) erh e (-2 O Gi-g) G(3) i(2) GI(g) bégz) @)

IS - &% B Y o %, %, ¢ A

M J 5 S1E Eh S e I it . HI% 2 P, E Ik

|§2.n»99§y E P : P iﬁ’-&iugv + %Q /:;?99 %ﬁ\g;;;y “k p p l * T %@\ / 357?

”T§ E, : B Pl ;&3& P ?| lp pT § >lp

(©) (f)
ov(_b b ov(_b b ov(_b i3y Gov(=b) Gen(b )
Gé‘é}f) i L GELD S Sn) G5 (8) o, S8 (8) G (D), CPG) Gp(-h) o) | G- G
e, 6 P + ( 5
k o = 4 o
R M I _— ;7 PSS S 1 NS I T o
ZPT ’ lp P /p % 3 1 LN
~a
<43
(8) (h)

(@
(Key simplification: only rapidity-divergent pieces can contribute.)

NLOQO: Casimir scaling for quarks and gluons

a,Cp , (2xP#)?  2In(2xP%)? T2 ,
pym —In ‘uz + ‘le —4+? +0(a5)

C;(pxP?) =1+

Schindler, Stewart, and Zhao (2022).




Matching coefficient

C; 1s independent of Two coetficients C,; & Cy
spin and quark flavor no quark-gluon mixing
Quark polarization

U L T
8lu / i
§ unpolarized Boer-Mulders
.LE L g1L }"ill, (0)  GPH( Gov(0)  GPr(
2‘ helicity worm-gear 1 1
Elpl A gir hy, hip 2l B
q . ‘ : p p
s Sivers worm-gear | transversity, pretzelosity

Ebert, Schindler, Stewart, and Zhao (JHEP 2020, JHEP 2022).



TMD ratios

Can extract TMD spin/flavor/hadron ratios from lattice beam functions:

[T1] B’[fﬂ
lim —Z2% = Jim —Z2"
7j—00 f[rz] oo |I2]

qj/h’ qj/h’

Can see from factorization formulas:

1,08 B gyn
1 r il : qi
C; exp [Ey‘(lnz] folw = Fom = limZyy N

Lattice-to-continuum TMD Factorization of a lattice TMD
factorization into matrix elements



MHENS-to-Collins factorization

Lattice schemes

Switch order of

eE0,Y > -
Matching
relations

Collins

Continuum schemes

Ebert, Schindler, Stewart, and Zhao (JHEP 2022).

Continuum
limits /

MHENS




MHENS-to-Collinsat P - b =0

This case was the focus of the MHENS authors. Equivalent soft
function, renormalization, etc. as quasi-TMDs:

3 7 ;o DZ 5 S z D2 ~
/dm f(g‘/]h(x7bT>“7C7$P 1) = fg‘/]hMHEN (b =0,br,u, P 7yn_yBa77)

So, factorization 1s straightforward, involves a convolution:

] r S/12 T > ~ 2 7
ﬁli)ﬂ;lo fg‘/]hMHEN (b — 07 bT7ﬂ'a P7 Yn — van) - /diL’ Cq(ajp 7:“) f(g‘/]h(mabTvl'l'a C)

Thus, our factorization derivation implies that all MHENS scheme

calculations carried out so far have a rigorous connection to
physical TMDs.




MHENS at P - b # 0 (x dependence)

b*-dependent Wilson line length:

MHENS ~
Lstaple — 2|7TU| + |b|

Nontrivial cusp angles, even as 7 — oo:

v-b
cosh|y(v,b)| = +——
[v(v,0)] ol[b]

Length of a four-vector: |X| = /| X?|

Complications:

» Renormalization & soft function would be b*-dependent

» These won’t cancel out in ratios at finite n




Summary of results

1. New unified notation
2. New scheme (LR)
3. Continuum-to-lattice factorization

4. Matching coefficient: convenient!



Take-home messages

When constructing a lattice observable, it 1s helpful to
consider the full phase space of options.

Balancing analytic & numerical challenges...

» Computational cost
» Relationship with physical observable

» Proper definition (renormalization, soft function, finiteness)

There 1s much to pursue on the lattice!




Proposal to rebrand quasi-TMDs

Lattice TMDs: MHENS and LADIEZ

LaMET

Approach
Developed (in part) by
lLain,

Ebert, and -| ‘ l

Zhao




