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2You’ve already seen many TMD talks… 2

So I can breeze through the usual intro.



3The parton model… 3

Figure: People magazine. 



4Introduction to lattice 4

Figure: Martha Stewart’s website. 

q

q



5What “TMD” means 5

CENSORED

Figure: Urban Dictionary.
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Motivation:

Non-perturbative contributions to TMDs, 
from first principles



7You can’t put a TMD on the lattice directly 7

Defined by lightcone Wilson lines:

Ø Dependent on time variable

Ø Naïve discretization → 
real-time “sign problem”

Ø Prohibitive computational cost!

Instead, calculate TMDs indirectly: 

1. Projection: time-dependent ➔ equal-time Wilson line 

2. Factorization: formula relating physical & lattice TMDs

t

z



8Three key ingredients 8

1. Numerically tractable “Lattice TMDs”  

2. Precision lattice calculations

3. Connection to physical TMDs



9TMD factorization 9

Experimental data 𝒅𝝈 = 𝑯%𝒇⊗ 𝒇
(e.g. Drell-Yan process)

Renormalized continuum QCD 𝒇 = 𝒁𝑼𝑽
𝑩
𝑺

Lattice-regularized QCD 𝒇 = 𝑪 × -𝒇𝒍𝒂𝒕𝒕𝒊𝒄𝒆

Goal

Collins, Foundations of Perturbative QCD. Ebert, Schindler, Stewart, and Zhao (JHEP 2022). 



1010Outline of today’s lecture

Me You

I.     Historical overview 🤔 🙂
II.    New notation 🤓 🥱
III.   Factorization 😎 😱
IV.   Outlook 👀 🥳



11Historical overview of lattice TMDs 11

First lattice TMD proposed: MHENS scheme
Musch, Hägler, Engelhardt, Negele, and Schäfer

New lattice scheme proposed (quasi), 1-loop calculations
Xiangdong Ji

Lattice calculations of MHENS beam functions

Theory of quasi-TMDs put on firmer footing
Ebert, Stewart, and Zhao

Proposal for lattice calculation of quasi-soft function
Ji, Liu, and Liu

First lattice results for CS kernel & quasi-soft function
MIT, LPC, ETMC, and Regensburg lattice groups

MHENS and collaborators

2013

2014

2018

2019

2020-22



12Two main lattice approaches 12

MHENS scheme Quasi-TMDs

! !"#$%%&%'()*++",%(-./0

! 1#,20%'(#$(! 34#4%$+0
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13MHENS on the lattice 13

[Yoon, Engelhardt, Gupta, et al. (PRD 2017).]
Example: sign change of the Sivers function in SIDIS & Drell-Yan:

Many observables have been studied!



14Quasi-TMDs on the lattice 14

Recent first calculations of all TMD components! 

CS Kernel Reduced soft function

Reduced soft function

[Shanahan, Wagman, & Zhao (PRD 2021).] [LPC collaboration (PRL 2020).]

[Li et al. (PRL 2022).]



15Three key ingredients 15

1. Numerically tractable “Lattice TMDs” !

2. Precision lattice calculations "

3. Connection to physical TMDs? 



16A plethora of TMD definitions… 16

!"#$%&'("))*&+

,-.$/0%%*01'2#*)3*1'4-*5$5*

(.*61'70*&1'8$*))1'9":.+:$*&

;$-.$%'<'8$63$%:

7*1'!01'=60&

Etc!

!"#$%&%'(#&#)*%&+,,&'-#.
TMD Handbook Ch. 2. 



17General structure of a TMD 17

! " #$%&!"

' #!$%
&

( 'lightcone,
renormalization

Soft factor:Beam function:

! "! # $ "$#



18Unifying notation in the literature 18

) " #$%&!"

' #!$%
& * +, +- +./ +0

( ' * +- +./ +1. 2/lightcone,
renormalization

Can describe lattice & continuum off-lightcone schemes 
using the same generic beam function & soft factor

Quasi-TMD

Collins TMD

JMY scheme

Etc.

Each scheme is characterized by a distinct set of arguments & limits

Ebert, Schindler, Stewart, and Zhao (JHEP 2022). 



19

!"#$ % & '( !
)
*

+ " , -./ -0 ( ! &

Structure of the correlators 19

1234%
5

6#
7 89 : $ , -./ -;. ;/ 7

! bμ, ηvμ, δμ:
parametrize Wilson lines

! Length ! : finite (lattice) or 
infinite (physical TMD)

! " %# $%&%&%&'( ! ) for quasi
# $%&%&%&%) for MHENS

Ebert, Schindler, Stewart, and Zhao (JHEP 2022). 



20Neat & tidy charts! 20

Schindler, Stewart, and Zhao (2022). 



2121Outline of today’s lecture

Me You

I.     Historical overview 🤔 🙂
II.    New notation 🤓 🥱
III.   Factorization 😎 😱
IV.   Outlook 👀 🥳



22Unified notation → straightforward to see relationships 22

Ebert, Schindler, Stewart, and Zhao (JHEP 2022). 

Quasi MHENS

Collins JMY

LR

Lattice schemes

Continuum schemes

Change Wilson lines

Pz large, !  !  "

Switch order of  
# !  0, Y !  "

Matching 
relations

Continuum  
limits



Our target

New!

>

23

Ebert, Schindler, Stewart, and Zhao (JHEP 2022). 



24Factorization derivation steps 24

Step 1: same at large rapidity P! >> Λ"#$

! BC>*$'(D(&%)*+%(+?%"&(@*&"*A)%0

! -*:%(E")0#$()"$%()%$F+?(GHG(I(J

Step 2: need a matching coefficient

! /"88%&%$+(KL(&%$#&4*)"6*+"#$0

! <#$+&"@"*)(&%)*+"#$0?">

?"-6+'"&'3$05+@'A60+*B+"C:'C6&-:*"&'*+'-."+$&':"'%$D%"#6-$':.$'("))*&+'+"C:'C6&-:*"&



25Step 1: Quasi to Large Rapidity 25

Compare Lorentz invariants 
formed from beam function 

arguments bμ, Pμ, * μ, ηvμ

Use boosts to show quasi = LR 
as |η| → ∞ & Pz >> ΛQCD



26Step 1: Quasi to Large Rapidity 26

Need +" , +# # +$"

Need  -. # / 0%! .

As +$" 1 , 2 , 3& 4 53'

Quasi = LR after 
large rapidity expansion !

Examine all 10 Lorentz 
invariants:



27Step 2: Large Rapidity to Collins 27

6() # 7* 8 '9 ! &: 6+,--./0

Fundamental principle of EFT (here, LaMET): 

! Flipping an order of UV limits does not affect IR physics

! However, it can induce a perturbative matching coefficient

"#$
! " ! # $

"#$
%& '

%()
*

&+, -

' *

"#$
%& '

"#$
" ! & ! .
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*
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28Steps 1 + 2 → Factorization 28

!"#$%&'()*
(lattice)

+,--%.$*'()
(continuum)RGE for ζ Matching
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Power corrections

Note that this formula connects physical continuum TMDs 
to the renormalized !"#$%#&&'()%'%$(of lattice calculations.

Ebert, Schindler, Stewart, and Zhao (JHEP 2022). 



29Matching coefficient? 29
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Focus on general features, not calculations…
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Ebert, Schindler, Stewart, and Zhao (JHEP 2022). Schindler, Stewart, and Zhao (2022). 



30Gluon matching coefficient at NLO 30
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Focus on general features, not calculations…

(Key simplification: only rapidity-divergent pieces can contribute.)

Schindler, Stewart, and Zhao (2022). 



31Matching coefficient 31

; . is independent of 
spin and quark flavor

Two coefficients ; 9 & ; : : 
no quark-gluon mixing

Ebert, Schindler, Stewart, and Zhao (JHEP 2020, JHEP 2022). 



32TMD ratios 32

#$%
PQRS

! #!$T
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" #$%

PQRS

3' #!$T

5L"

3' ##$T$

5&%

4U567
8
9

: V
U;<

=>
>

! #!$%
& " =! #!$%

& " #$%?WX

3' #!$%
&

( '

?0-:"%*E0:*"&'"C'0')0::*-$'F!G'
*&:"'50:%*H'$)$5$&:+

I0::*-$B:" B-"&:*&665'F!G'
C0-:"%*E0:*"&

Can extract TMD spin/flavor/hadron ratios from lattice beam functions:

Can see from factorization formulas:



33MHENS-to-Collins factorization 33

Ebert, Schindler, Stewart, and Zhao (JHEP 2022). 



34MHENS-to-Collins at 𝑃 ⋅ 𝑏 = 0 34

This case was the focus of the MHENS authors. Equivalent soft 
function, renormalization, etc. as quasi-TMDs:

So, factorization is straightforward, involves a convolution:

Thus, our factorization derivation implies that all MHENS scheme 
calculations carried out so far have a rigorous connection to 
physical TMDs.



35MHENS at %&' ( ) (! dependence) 35

Complications:

! Renormalization & soft function would be bz-dependent

! These won’t cancel out in ratios at finite !

<#$+&"@"*)(cusp angles7(%@%$(*0(P Q RM

A!3'%>%$'%$+(Wilson line lengthM

!

Length of a four-vector:



36Summary of results 36

!" #$%&'()*)$+&(,-.-),(

/" #$%&012$3$&4567

3. Continuum-to-lattice factorization

8" 9.-12)(:&1,$**)1)$(-;&1,(<$()$(-=



37Take-home messages 37

Balancing analytic & numerical challenges…

! Computational cost

! Relationship with physical observable

! Proper definition (renormalization, soft function, finiteness)

There is much to pursue on the lattice!

When constructing a lattice observable, it is helpful to 
consider the full phase space of options. 



38Proposal to rebrand quasi-TMDs 38

Lattice TMDs: MHENS and LADIEZ

LaMET

Approach

Developed (in part) by

Iain, 

Ebert, and

Zhao


