
YONG ZHAO 
JUN 16, 2022

Lattice QCD Determination of the 
x-dependence of PDFs at NNLO

1

TMD Collaboration Meeting 
Hilton Santa Fe Historic Plaza 
June 15–17, 2022

Based on work with Xiang Gao, Andrew Hanlon, Swagato Mukherjee, 
Peter Petreczky, Philipp Scior, Sergey Syritsyn, PRL 128 (2022), 142003.



YONG ZHAO, TMD 2022

3D Tomography of the Proton (Hadrons)
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Large-Momentum Effective Theory (LaMET)
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• Quasi-PDF: ;


• PDF: implying .

Pz ≪ Λ
Pz = ∞, Pz ≫ Λ

Large-Momentum Effective Theory (LaMET)
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• The limits  and  are not usually exchangeable;


• For , the infrared (nonperturbative) physics is not affected, 
which allows for an EFT matching.

Pz ≪ Λ Pz ≫ Λ
Pz ≫ ΛQCD

: the ultraviolet cutoff, Λ ∼ 1/a
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• Large-momentum expansion and perturbative matching:

Large-Momentum Effective Theory (LaMET)
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Systematics: 

• Lattice: excited states, spacing a→0 (renormalization), physical mπ, 
lattice size L→∞, etc.;


• Perturbative matching: currently available at NNLO; resummation at 
small and large x. Only NLO has been used in calculations so far;


• Power corrections, controllable within [xmin, xmax] at a given finite Pz.

f(x, μ) = ∫
∞

−∞

dy
|y |

C̄ ( x
y

,
μ

yPz
,

μ̃
μ ) f̃(y, Pz, μ̃) + 𝒪 (

Λ2
QCD

(xPz)2
,

Λ2
QCD

((1 − x)Pz)2 )

• L.-B. Chen, R.-L. Zhu and W. Wang, PRL126 (2021); 
• Z.-Y. Li, Y.-Q. Ma and J.-W. Qiu, PRL126 (2021); 
• X. Gao, K. Lee, S. Mukherjee, C. Shugert and YZ, PRD103 (2021).
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Systematic procedure in lattice calculation

f(x, μ)

Pz ≫ ΛQCD

f̃(x, Pz, μ̃)

✘

Lattice 
renormalization

a → 0

⃗P
h̃(z, Pz, a)

a

Perturbative matching 
and power corrections

6
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For example, the isovector (u-d) PDFs of the proton, with RI/
MOM lattice renormalization and NLO matching:

Encouraging results have been obtained:
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However, RI/MOM renormalization at long distance is problematic as 
it introduces uncontrolled nonperturbative effects.
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Lattice renormalization
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• Ji, Zhang and YZ, PRL 120 (2018); 
• Ishikawa, Ma, Qiu and Yoshida, PRD 96 (2017); 
• Green, Jansen and Steffens, PRL 121 (2018).

OΓ
B(z, a) = ψ̄0(z)ΓW0[z,0]ψ0(0) = e−δm(a)|z| ZO(a)OΓ

R(z)

f̃X(x, Pz, μ̃) = ∫
∞

−∞

dz
2π

eiz(xPz) h̃X(z, Pz, μ̃)

= ∫
∞

−∞

dz
2π

eiz(xPz) lim
a→0

h̃(z, Pz, a)
ZX(z, μ̃, a)

= δm(a) |z | ∝
|z |
a0z
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Lattice renormalization
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• Ji, Zhang and YZ, PRL 120 (2018); 
• Ishikawa, Ma, Qiu and Yoshida, PRD 96 (2017); 
• Green, Jansen and Steffens, PRL 121 (2018).

OΓ
B(z, a) = ψ̄0(z)ΓW0[z,0]ψ0(0) = e−δm(a)|z| ZO(a)OΓ

R(z)

f̃X(x, Pz, μ̃) = ∫
∞

−∞

dz
2π

eiz(xPz) h̃X(z, Pz, μ̃)

= ∫
∞

−∞

dz
2π

eiz(xPz) lim
a→0

h̃(z, Pz, a)
ZX(z, μ̃, a)

Ratio-type schemes: 
• RIMOM


• Hadron matrix 
elements


• Vacuum expectation 
value

ZX = ⟨q |OΓ(z) |q⟩

ZX = ⟨Pz
0 |OΓ(z) |Pz

0⟩

ZX = ⟨Ω |OΓ(z) |Ω⟩
See X. Ji, YZ, et al., NPB 964 (2021) and references therein.

= δm(a) |z | ∝
|z |
a0z
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Lattice renormalization
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• For , ratio-type schemes cancel cutoff effects; 🙂 

• But for , ratio-type schemes introduce uncontrolled 
nonperturbative effects. 🙁

z ∼ a

z ∼ Λ−1
QCD

• Ji, Zhang and YZ, PRL 120 (2018); 
• Ishikawa, Ma, Qiu and Yoshida, PRD 96 (2017); 
• Green, Jansen and Steffens, PRL 121 (2018).
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Hybrid renormalization scheme
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X. Ji, YZ, et al., NPB 964 (2021).

h̃(z, Pz)

zzS zL0

Ratio schemes, e.g.,

a ≪ zS ≪ Λ−1
QCD

A “minimal” subtraction: 

h̃R(z, Pz, μR) = eδm(a)(z−zS) h̃(z, Pz, a)
h̃(zS,0,a)

Exponential decay

zL ∼ Λ−1
QCD

h̃(z, Pz, a)
h̃(z,0,a)

Orginos et al., PRD 96 (2017).

OΓ
B(z, a) = ψ̄0(z)ΓW0[z,0]ψ0(0) = e−δm(a)|z| ZO(a)OΓ

R(z)

e−Λ̄|z|
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• Wilson-clover fermion on 2+1 flavor HISQ configurations.

Lattice data for the pion valence PDF

10

3

ensemble mqa m⇡Lt nz z range #cfgs (#ex,#sl)

a, Lt ⇥ L3

a = 0.06 fm, -0.0388 5.85 0,1 [0,15] 100 (1, 32)

64⇥ 483 2,3,4,5 [0,8] 525 (1, 32)

[9,15] 416 (1, 32)

[16,24] 364 (1, 32)

a = 0.04 fm, -0.033 3.90 0,1 [0,32] 314 (3, 96)

64⇥ 643 2,3 [0,32] 314 (4, 128)

4,5 [0,32] 564 (4, 128)

TABLE I. Details of the measurements on two lattice ensem-
bles used in this paper. For each ensemble, we have specified
the bare Wilson fermion quark mass mqa corresponding to
a 300 MeV pion mass m⇡, the temporal extent Lt of the
lattice in m⇡ units. We specify the number of gauge config-
urations used (#cfgs) and the number of exact and sloppy
inversions per configurations (#ex,#sl) for di↵erent Wilson-
line lengths z used in three-point functions and the pion mo-
mentum Pz = 2⇡nz/(La).

tadpole improved Wilson-Clover valence quarks. That
is, we used the Wilson-Clover quark propagator in the
Wick contractions required in the computations of the
three-point and two-point functions, and the gauge links
that went into the construction of the propagator were
smoothened using 1 step of HYP smearing [57]. We set

the clover coe�cient csw = u�3/4

0
, where u0 is the average

plaquette with 1-HYP smearing; we used csw = 1.02868
and 1.0336 for a = 0.06 fm and 0.04 fm respectively.
We tuned the Wilson-Clover quark mass mqa in both
the ensembles so that the valence pion mass, m⇡, is 300
MeV. Through an initial set of tuning runs we determined
mqa = �0.0388 for a = 0.06 fm and mqa = �0.033 for
a = 0.04 fm lattices. For this pion mass, the values of
m⇡Lt on the a = 0.06 fm and 0.04 fm lattices are 5.85
and 3.89 respectively. Thus it would be more important
to take care of wrap around e↵ects in the finer lattice
and we do so in the analysis. With the usage of 1-HYP
smeared gauge links in the Wilson-Clover operator, we
did not find any exceptional configurations at both the
lattice spacings, as noted by absence of any anomaly in
the convergence of the Dirac operator inversions. We
used the a = 0.06 fm ensemble in our previous analysis
of the valence PDF of pion [42]. With this work, we have
increased the statistics used in this ensemble by more
than two times.

The most basic element of this computation is the
Wilson-Dirac quark propagator inverted over boost
smeared sources and sinks [58] as we discuss more in the
next section on two-point functions. We used the multi-
grid algorithm [59] for the Wilson-Dirac operator inver-
sions to get the quark propagators. These calculations
were performed on GPU using the QUDA suite [60–62].

We used boosted quark source [58] and sink with Gaus-
sian profile, as we discussed in detail in [42]. Instead of
using the gauge-covariant Wuppertal smearing [63] to im-

nz Pz (GeV) ⇣

a = 0.06 fm a = 0.04 fm

0 0 0 0

1 0.43 0.48 0

2 0.86 0.97 1

3 1.29 1.45 2/3

4 1.72 1.93 3/4

5 2.15 2.42 3/5

TABLE II. Table of momenta Pz in GeV at the two lattice
spacings. The values of the ⇣ used in the boosted Gaussian
sources used for each Pz is also shown.

plement the Gaussian profiled quark sources, we gauge-
fixed the configurations in the Coulomb gauge to con-
struct the sources as we found it to be computationally
less expensive. We fixed the radius of the Gaussian pro-
file on a = 0.06 fm and a = 0.04 fm ensembles to be
0.312 fm and 0.208 fm respectively. We discussed the de-
tails of tuning the Gaussian smearing parameters in the
Appendix of [42]. Using these quark propagators, we are
able to compute hadron two-point and three-point func-
tions in hadrons boosted to momentum Pz = 2⇡nz/(La).
We tabulate the details of the statistics used in the

two ensembles in Table I. We increased the statistics in
two ways (a) using statistically uncorrelated gauge field
configurations, which are labeled as #cfg in Table I, and
(b) by using All Mode Averaging (AMA) [64] on each
gauge configuration. In order to mitigate the reduction in
the signal-to-noise ratio in both the three-point and two-
point functions as one increases Pz / nz, we used more
gauge field configurations for larger nz than at smaller
ones. In a = 0.06 fm ensemble, we e↵ectively increased
the statistics 32 times by using 1 exact Dirac operator
inversion and 32 sloppy inversions in the AMA per con-
figuration. In the a = 0.04 fm ensemble, we increased the
number of exact and sloppy solves for nz = 2, 3 and more
for nz = 4, 5. We used a stopping criterion of 10�10 and
10�4 for the exact and sloppy inversions respectively.

III. ANALYSIS OF EXCITED STATES IN THE
TWO-POINT FUNCTION OF BOOSTED PION

In this section, we discuss the computation of boosted
pion correlators and the extraction of the excited state
contributions. Using a smeared (s) pion source ⇡s(P, t)

⇡s(P, t) =
X

x

ds(x, t)�5us(x, t)e
�iP.x, (3)

for pion ⇡+ that is moving with spatial momentum P =
(0, 0, Pz) along the z-direction, we computed the two-
point function of pions

Css
0

2pt
(ts;Pz) =

⌦
⇡s0(P, ts)⇡

†
s
(P, 0)

↵
. (4)

mπ = 300 MeV

483 × 64 643 × 64

• X. Gao, YZ, et al., PRD102 (2020). 
• X. Gao, YZ, et al., PRD103 (2021).

Why studying the pion? 

• Pseudo Nambu-Goldstone boson of QCD 

• First excited state π(1300) much higher than 
ground state π(~140), good for control of 
excited-state contamination 
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• Wilson-line mass renormalization


Normalization scheme for the static 
quark-antiquark potential :Vlat(r, a)

Hybrid scheme renormalization

11

Vlat(r, a)
r=r0

+ 2δm(a) = 0.95/r0

δm(a) =
1
a ∑

n

cnαn
s (1/a) + m lat

0

C. Bauer, G. Bali and A. Pineda, PRL108 (2012).

aδm(a = 0.04 fm) = 0.1508(12)

m lat
0 ∼

1
a

(aΛQCD) + scheme dependent constant

aδm(a = 0.06 fm) = 0.1586(8)
A. Bazavov et al., TUMQCD, PRD98 (2018).

Renormalon ambiguity:

r0 = 0.469 fm

⟨Ω | |Ω⟩
T → ∞

R ∝ exp[−V(R)T ]
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• Check of continuum limit

Wilson-line mass renormalization

12

lim
a→0

eδm(z−z0)
h̃(z, a, Pz = 0)
h̃(z0, a, Pz = 0)

= finite

OΓ
B(z, a) = e−δm|z| ZO(a)OΓ

R(z)

z, z0 ≫ a
Renormalization-group invariant

6

a static quark, FQ(T ), at non-zero temperature T
with the normalization condition in Eq. (4). Re-
cently FQ has been calculated using one step of
HYP smearing [63], and it was found that HYP
smearing does not a↵ect the temperature depen-
dence of FQ(T ), but only shifts it by an additive

constant. Therefore, we have FB,1
Q (T ) + �m(a) =

FB,0
Q (T ) + cQ(a) with superscripts 0 and 1 refer-

ring to the number of HYP smearing steps in the
bare free energy of the static quark. Using the lat-
tice results for FB,0

Q (T ) and FB,1
Q (T ) obtained on

N⌧ = 12 lattices and temperatures corresponding
to a = 0.04 fm and a = 0.06 fm (where cuto↵ e↵ects
can be neglected), as well as the values of cQ from
Table X of Ref. [54] for � = 7.825 (a = 0.04 fm)
and � = 7.373 (a = 0.06 fm), we obtain �m(a).
The results are a�m(a = 0.06 fm) = 0.1586(8)
and a�m(a = 0.04 fm) = 0.1508(12). The renor-
malization factor ZO(a) is determined by requiring
that h̃R(z, P z) be equal to the ratio in Eq. (A1) at
z = zS , which leads to

ZO(a) = e�m(a)|zS |h̃(zS , 0, a) . (A3)

First of all, to test how well the subtraction of �m(a)
can remove the linear divergences in h̃(z, P z, a), we con-
struct the ratio in Eq. (5),

R̃(z, z0, a) ⌘ e�m(a)(z�z0) h̃(z, 0, a)

h̃(z0, 0, a)
, (A4)

where z0 = 0.24 fm for both lattice spacings. Accord-
ing to Eq. (2), the renormalization factor ZO(a) cancels
out in the ratio, so if �m(a) includes all the linear diver-
gences, then R̃(z, z0, a) should have a well-defined con-
tinuum limit.

Our lattice results for the above ratio with z0 = 0.24 fm
is shown in Fig. 5. As one can see, the di↵erences between
the ratios at a = 0.04 fm and 0.06 fm are at sub-percent
level, which clearly shows that the linear divergences have
been su�ciently subtracted by �m(a).

In the continuum limit,

lim
a!0

R̃(z, z0, a) = R̃(z, z0) , (A5)

which is related to the MS scheme through

R̃(z, z0) = e��m0|z|R̃MS(z, z0) , (A6)

where �m0 is finite and cancels the subtraction-scheme-
dependence in R̃(z, z0). The MS scheme ratio

R̃MS(z, z0) =
h̃MS(z, 0, µ)

h̃MS(z0, 0, µ)
(A7)

is also RG invariant, although the matrix elements in the
ratio depend on the MS scale µ respectively.
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FIG. 5. Upper panel: ratios of bare lattice matrix elements
without the Wilson-line mass subtraction. Lower panel: the
ratio in Eq. (A4) with Wilson-line mass subtraction. The red
and blue points are for a = 0.04 fm and 0.06 fm. The red and
blue bands are interpolations of the points, and the gray band
is the continuum extrapolation of them with a2-dependence.

When z, z0 ⌧ ⇤�1

QCD
, the MS matrix element can have

an operator product expansion (OPE) that goes as

h̃MS(z, 0, µ) = e�mMS
0 |z|

⇥
C0(z

2µ2)

+z2C2(z
2µ2)hP |Otw4(µ)|P i+ . . .

⇤
, (A8)

where mMS
0

is the O(⇤QCD) renormalon ambiguity
from the Wilson line self-energy renormalization [20],
Otw4(µ) is a twist-four operator (for example,  ̄D2 
or g ̄�µ⌫Fµ⌫ ), C0 and C2 are perturbative coe�cient
functions, and “. . .” denotes contributions at higher
twists. Since P z = 0, C0 is the only Wilson coef-
ficient that contributes at leading-twist. The leading-
twist contribution is proportional to hP | ̄�t |P i/(2P t)
which is trivially one due to vector current conserva-
tion. Since h̃MS(z, 0, µ) is multiplicatively renormaliz-
able, both C0(z2µ2) and C2(z2µ2)hP |Otw4(µ)|P i must
satisfy RG equations with the same anomalous dimen-
sion, which is known to next-to-next-to-next-to-leading
order (N3LO) [64].

Note that mMS
0

is analogous to the mass renormaliza-
tion in heavy-quark e↵ective theory (HQET) [56], which
is of UV origin and cannot be attributed to any short-
distance condensate. Instead, it appears as a resid-
ual mass term in the HQET Lagrangian and exists in

6
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without the Wilson-line mass subtraction. Lower panel: the
ratio in Eq. (A4) with Wilson-line mass subtraction. The red
and blue points are for a = 0.04 fm and 0.06 fm. The red and
blue bands are interpolations of the points, and the gray band
is the continuum extrapolation of them with a2-dependence.

When z, z0 ⌧ ⇤�1

QCD
, the MS matrix element can have

an operator product expansion (OPE) that goes as

h̃MS(z, 0, µ) = e�mMS
0 |z|

⇥
C0(z

2µ2)

+z2C2(z
2µ2)hP |Otw4(µ)|P i+ . . .

⇤
, (A8)

where mMS
0

is the O(⇤QCD) renormalon ambiguity
from the Wilson line self-energy renormalization [20],
Otw4(µ) is a twist-four operator (for example,  ̄D2 
or g ̄�µ⌫Fµ⌫ ), C0 and C2 are perturbative coe�cient
functions, and “. . .” denotes contributions at higher
twists. Since P z = 0, C0 is the only Wilson coef-
ficient that contributes at leading-twist. The leading-
twist contribution is proportional to hP | ̄�t |P i/(2P t)
which is trivially one due to vector current conserva-
tion. Since h̃MS(z, 0, µ) is multiplicatively renormaliz-
able, both C0(z2µ2) and C2(z2µ2)hP |Otw4(µ)|P i must
satisfy RG equations with the same anomalous dimen-
sion, which is known to next-to-next-to-next-to-leading
order (N3LO) [64].

Note that mMS
0

is analogous to the mass renormaliza-
tion in heavy-quark e↵ective theory (HQET) [56], which
is of UV origin and cannot be attributed to any short-
distance condensate. Instead, it appears as a resid-
ual mass term in the HQET Lagrangian and exists in

Before mass subtraction After mass subtraction

Sub-precent level agreement!
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• OPE of MSbar matrix element

Matching the Wilson-line mass to MSbar

13

h̃MS(z, Pz = 0, μ) = e−mMS
0 |z| h̃MS

0 (z,0,μ)
z≪1/ΛQCD= e−mMS

0 (z−z0) [C0(αs(μ), z2μ2) + 𝒪(z2Λ2
QCD)]
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• OPE of MSbar matrix element

Matching the Wilson-line mass to MSbar

13

h̃MS(z, Pz = 0, μ) = e−mMS
0 |z| h̃MS

0 (z,0,μ)

Wilson coefficient: 
Known to NNLO with 3-loop 
anomalous dimension

• L.-B. Chen, R.-L. Zhu and W. Wang, PRL126 (2021); 
• Z.-Y. Li, Y.-Q. Ma and J.-W. Qiu, PRL126 (2021); 
• V. Braun and K. G. Chetyrkin, JHEP 07 (2020).

z≪1/ΛQCD= e−mMS
0 (z−z0) [C0(αs(μ), z2μ2) + 𝒪(z2Λ2

QCD)]
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• OPE of MSbar matrix element

Matching the Wilson-line mass to MSbar

13

h̃MS(z, Pz = 0, μ) = e−mMS
0 |z| h̃MS

0 (z,0,μ)

Wilson coefficient: 
Known to NNLO with 3-loop 
anomalous dimension

• L.-B. Chen, R.-L. Zhu and W. Wang, PRL126 (2021); 
• Z.-Y. Li, Y.-Q. Ma and J.-W. Qiu, PRL126 (2021); 
• V. Braun and K. G. Chetyrkin, JHEP 07 (2020).

IR renormalon
V. Braun, A. Vladimirov and 
J.-H. Zhang, PRD99 (2019).

z≪1/ΛQCD= e−mMS
0 (z−z0) [C0(αs(μ), z2μ2) + 𝒪(z2Λ2

QCD)]
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• OPE of MSbar matrix element

Matching the Wilson-line mass to MSbar

13

h̃MS(z, Pz = 0, μ) = e−mMS
0 |z| h̃MS

0 (z,0,μ)

Wilson coefficient: 
Known to NNLO with 3-loop 
anomalous dimension

• L.-B. Chen, R.-L. Zhu and W. Wang, PRL126 (2021); 
• Z.-Y. Li, Y.-Q. Ma and J.-W. Qiu, PRL126 (2021); 
• V. Braun and K. G. Chetyrkin, JHEP 07 (2020).

IR renormalon
V. Braun, A. Vladimirov and 
J.-H. Zhang, PRD99 (2019).

z≪1/ΛQCD= e−mMS
0 (z−z0) [C0(αs(μ), z2μ2) + 𝒪(z2Λ2

QCD)]
UV renormalon, 
similar to HQET

M. Beneke and V. Braun, 
NPB 426 (1994).

mMS
0 ∼ ΛQCD



YONG ZHAO, TMD 2022

• OPE of MSbar matrix element


• Matching to the MSbar OPE ratio

Matching the Wilson-line mass to MSbar

14

lim
a→0

eδm(z−z0)
h̃(z, a, Pz = 0)
h̃(z0, a, Pz = 0)

= e−m̄0(z−z0)
C0(αs(μ), z2μ2) + Λz2

C0(αs(μ), z2
0 μ2) + Λz2

0

a ≪ z, z0 ≪ 1/Λ−1
QCD

m̄0 = − m lat
0 + mMS

0

h̃MS(z, Pz = 0, μ) = e−mMS
0 |z| h̃MS

0 (z,0,μ)
z≪1/ΛQCD= e−mMS

0 (z−z0) [C0(αs(μ), z2μ2) + 𝒪(z2Λ2
QCD)]

For related methods, see 
• J. Green, K. Jansen, and F. Steffans, PRD 101 (2020); 
• Y. Huo et al. (LPC), NPB 969 (2021).
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Renormalized and matched matrix elements

15
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Renormalized and matched matrix elements

15

At small λ (small z), the perturbative region, the matrix elements 
have mild Pz dependence due to slow QCD evolution.
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zmax = 1.0 fm
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Renormalized and matched matrix elements

15
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Renormalized and matched matrix elements

15

At large λ (large z), non-perturbative effects 
dominate, so dependence on Pz is stronger.
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Renormalized and matched matrix elements

15
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Asymptotic behavior at large z

16

�� � Pz /�QCD , 0 < Pz
1 < Pz

2 < Pz
3

h(�, Pz)

��

��

��

Pz
1

Pz
2

Pz
3

Pz = �

�0
Figure 2: Qualitative behavior of the quasi-LF correlation in � space at different P z

. For

finite P z
, at short � the correlation is approximated by the leading-twist contribution

and evolves slowly in P z
. At large �, the correlation starts to exhibit the exponential

decay behavior, and both the starting point and correlation length ⇠� increase with

respect to P z
. In the P z

! 1 limit, ⇠� approaches infinity and the quasi-LF correlation

only includes leading-twist contribution which decays algebraically.

which may obscure the result. Namely, one may fit to different values of the
correlation length ⇠� with different choices of the fitting range. Nevertheless,
the variation in ⇠� will mainly affect the region with very small x, which
are anyway less predictive due to power corrections. Therefore, it is not a
prerequisite to fit ⇠� precisely. Instead, one should utilize this property by
varying the fitting range, e.g., within zL�5a  z  zL, and test the stability
of the final result with different ⇠�.

Last but not the least, the Fourier transform of an exponentially decaying
correlation always leads to a finite quasi-PDF at x = 0, which is different
from the Regge behavior of PDFs at small x. Besides, since the PDF at large

20

h̃(λ = zPz, Pz)
|z|→∞
⟶ ∝ g(p ⋅ z) e− Λ̄

Pz |λ| ξλ ≡ Pz /Λ̄

x10

f̃(x, Pz)

Correlation length

Fourier transform converges fast 
in z (or λ)
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Physical extrapolation and Fourier transform (FT)

17

Extrapolation forms :

Discrete FT (DFT)

exp :
Ae−meff|z|

λd
pow :

A
λd

2p−exp : A Re [ Γ(1 + a)
(−i |λ | )a+1

+ eiλ Γ(1 + b)
(i |λ | )b+1 ] e−meff|z|

2p : A Re [ Γ(1 + a)
(−i |λ | )a+1

+ eiλ Γ(1 + b)
(i |λ | )b+1 ]

zS = 0.24 fm , zL = 0.92 fm

Extrapolation 
• Removes unphysical oscillation;  
• Moderate to large x regions are 

insensitive to the extrapolation form.
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Perturbative matching at NNLO

18
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• Matching drives the quasi-PDF to smaller x;

• Good convergence at moderate x;

• Large corrections in end-point regions, need resummation;

• Surprisingly small corrections at x as small as 0.05.

∫
1

x

dy
|y |

C( x
y

,
μ

yPz )f̃ (y, Pz, μ) x→0⟶ αs ∫
1

x

dy
|y | [Pqq( x

y )ln
μ2

4x2P2
z ]

+

f̃ (y, Pz, μ)
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Extrapolation-model dependence further reduced:

Perturbative matching at NNLO

19

Agreement among different extrapolation models extends to smaller x region.
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Factorization scale variation uncertainty:

• Calculate the PDF at different  GeV;


• Evolve the results to  with NLO DGLAP kernel.

μ = 1.4, 2.0

μ = 2.0 GeV

Perturbative matching at NNLO

20
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(Only the mean values are shown.)

Scale uncertainty reduced at NNLO 🙂

• Improved perturbation theory 
uncertainty;  

• Uncertainty from matching 
δm(a) to MSbar under control.
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Momentum-dependence significantly reduced:

Perturbative matching at NNLO

21

Convergence at Pz > 1.45 GeV (Lorentz boost factor ~ 5.0) and at moderate x.

Pz = nz × 0.48 GeV



YONG ZHAO, TMD 2022

• Statistical uncertainty: bootstrap resampling.


• Scale variation: error band covers results from , 
which are all evolved to  with NLO DGLAP kernel.


• Truncation point : extremely small.

• Extrapolation model dependence: extremely small for the x of interest.

• Higher-order perturbative corrections:


• Requiring N3LO/LO  NLO/LO and NNLO/LO ;


• .


• Power corrections:

• Use Pz=2.42 GeV result as final prediction;


• Fit Pz≥1.45 GeV results with  at each x;


• .

μ = 1.4, 2.0, 2.8 GeV
μ = 2.0 GeV

zL

≤ 5 % ⇒ ≤ 37 % ≤ 14 %

0.03 ≤ x ≤ 0.88

fv(x) + α(x)/P2
z

α(x)/[P2
z fv(x)] ≤ 10 % , ⇒ 0.01 ≤ x ≤ 0.80

Systematic uncertainties

22

0.03 ≤ x ≤ 0.80
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Final prediction

23
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Global fits at NLO 
• JAM21nlo, P. C. Barry, C.-R. Ji, N. Sato, 

and W. Melnitchouk, PRL 127 (2021); 
• xFitter, I. Novikov et al., PRD 102 (2020); 
• ASV, Aicher, A. Schafer, and W. 

Vogelsang, PRL 105 (2010); 
• GRVPI1, M. Gluck, E. Reya, and A. Vogt, 

Z. Phys. C 53 (1992).

Short-distance 
factorization at NLO, with 
same lattice data: 
BNL20, X. Gao, YZ, et al., PRD102 (2020).

4

FIG. 3. The PDFs obtained from the qPDFs with NNLO
matching at di↵erent P z = nz ⇥ 0.48 GeV.

for 0.01 < x < 0.80. It is surprising that the results
are insensitive to P z for x as small as 0.01, nor do they
show dependence on the extrapolation form in the FT as
we have checked. This can be explained by that, under
matching, the qPDF contributes to the PDF at larger x
which has less dependence on P z or the extrapolation.
Nevertheless, it must be pointed out that the smallness
here is only relative, as ↵(x)/P 2

z still diverges as x ! 0.

Our final prediction for the pion valence quark PDF
(BNL-ANL21) is shown in Fig. 4, which is obtained from
the qPDF at a = 0.04 fm, zS = 0.24 fm, zL = 0.92
fm, µ = 2.0 GeV and P z = 2.42 GeV with exponential
extrapolation and NNLO matching. The red band repre-
sents the statistical error, and the light purple band in-
cludes the error from scale variations, which is obtained
by repeating the same analysis for µ = 1.4 GeV and
2.8 GeV and evolving the PDFs to µ = 2.0 GeV with
the NLO DGLAP kernel. Since the hybrid-scheme pa-
rameter m̄0 depends on µ, the small scale-variation in
the final result demonstrates that the renormalization
uncertainty is well under control. We require that the
O(↵3

s) matching correction at µ = 2.0 GeV be smaller
than 5%, which propagates geometrically to < 37% at
NLO and < 14% at NNLO, thus excluding x < 0.03 and
x > 0.88. A list of the above uncertainties at selected x
is shown in Table I. (See also App. D). We neglect the
FT uncertainty as it is extremely small. As for m⇡ de-
pendence, our associated calculation of the second PDF
moment at m⇡ = 140 MeV [61] shows consistency within
5% statistical uncertainty. Previous studies [62, 63] also
suggest that the finite volume correction is less than 1%
for our lattice setup. At last, by limiting the estimated
power corrections to be less than 10%, we determine the
PDF at 0.03 . x . 0.80 with 5–20% uncertainties. Our
result is in great agreement with the recent global fits
by xFitter [31] and JAM21nlo [32] for 0.2 < x < 0.6,
but deviates from the earlier GRVPI1 [30] and ASV [33]
fits. When compared to a previous analysis of the same
lattice data (BNL20) [26], which used a short-distance
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FIG. 4. Comparison of our prediction of fv(x) to global fits
and BNL20. The shaded regions x < 0.03 and x > 0.8 are
excluded by requiring that the estimates of O(↵3

s) and power
corrections be smaller than 5% and 10%, respectively.

x Statistical Scale O(↵3
s) Power corrections O(a2P 2

z )
0.03 0.10 0.04 < 0.05 < 0.01 < 0.01
0.40 0.07 < 0.01 < 0.05 0.04 < 0.01
0.80 0.15 0.03 < 0.05 0.10 < 0.01

TABLE I. Statistical and systematic uncertainties at given x.

factorization of the matrix elements at NLO, and a pa-
rameterization of the PDF, our new result has shifted
central values and considerably reduced uncertainties at
moderate x, but still agrees within errors. With finite P z

and statistics, lattice QCD can only make predictions for
x 2 [xmin, xmax]. The PDF parameterization correlates
the information at all x 2 [0, 1], so the larger uncertain-
ties at moderate x in BNL20 could be propagated from
the uncontrolled errors in the end-point regions. Besides,
there is no practical estimate of the model uncertainty in
the parameterization. Therefore, the LaMET calculation
for x 2 [xmin, xmax] is more reliable as it does the power
expansion and matching directly in x-space.
In summary, we have performed a state-of-the-art lat-

tice QCD calculation of the x-dependence of pion valence
quark PDF, where we developed a procedure to renor-
malize the qPDF in the hybrid scheme and match it to
the MS PDF at NNLO. The final results show reduced
perturbation theory uncertainty and converge at moder-
ate x with pion momenta greater than 1.45 GeV, which
allows us to reliably estimate the systematic errors. The
precision of this calculation can be improved with higher
statistics for the matrix elements at long distances and
at larger boost momenta.
Our renormalization procedure can also be incorpo-

rated into the lattice calculations of gluon PDFs, distri-
bution amplitudes, generalized parton distributions and
transverse momentum distributions. With the systemat-
ics under control, we can expect lattice QCD to provide
reliable predictions for these quantities in the future.

The uncertainties are 
5-20% for 0.03<x<0.80, 
not including pion mass 
dependence and finite 

volume effects.
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Comparison to short-distance factorization

24

h̃(λ, z2μ2) = ⟨P |Oγ0(z, μ) |P⟩/(2P0)

=
∞

∑
n=0

Cn(z2μ2)
(−iλ)n

n!
an(μ) + 𝒪(z2Λ2

QCD) ,

Can calculate the lowest moments within finite λmax=zmax pzmax.
zmax must be small (0.2–0.3 fm?)

h̃(λ, z2μ2) = ∫
1

0
dα 𝒞(α, z2μ2) h(αλ, μ) + 𝒪(z2Λ2

QCD) ,

f(x, μ) = ∫
∞

−∞

dλ
2π

e−ixλ h(λ, μ)

• Power-law decrease at large λ: needs very large λ for controlled FT; 


• With not very large λmax, needs assumptions, e.g., .f(x) ∝ xa(1 − x)b(1 + c x + …)

Operator product expansion:

Reduce Ioffe-time pseudo distribution:

T. Izubuchi, X. Ji, L. Jin, I. Stewart, and YZ, PRD98 (2018)

• A. Radyushkin, PRD 96 (2017); 
• K. Orginos et al., PRD 96 (2017),

λ = zPz
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Comparison with short-distance factorization approach

25
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��� Comparison to BNL20: 
• Better agreement with 

xFitter (2020) and 
JAM21nlo (2021); 

• Reduced uncertainties.

• With finite Pz and statistics, lattice QCD can only reliably predict ;


• In short-distance factorization analysis, modeling the PDF correlates all ;

• There can be bias from the model choice.

x ∈ [xmin, xmax]
x ∈ [0,1]

Short-distance 
factorization at NLO, with 
same lattice data: 
BNL20, X. Gao, YZ, et al., PRD102 (2020).
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• We have carried out a lattice calculation of the x-dependence of pion 
valence PDF with an adapted hybrid renormalization scheme;


• The Wilson-line mass correction can be well determined from lattice 
and matched to the MSbar scheme, with the uncertainty under control;


• NNLO matching shows good perturbative convergence and reduced 
scale-variation uncertainty;


• We demonstrate that we can predict the x-dependence with controlled 
systematic uncertainties within [xmin, xmax];


• Systematics to be analyzed: physical pion mass, lattice spacing 
dependence, finite volume effect, etc.


• Same renormalization method can also be used to calculate gluon 
PDFs, GPDs and TMDs. 

Conclusions

26
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Matching the Wilson-line mass to MSbar

27

lim
a→0

eδm(a)(z−z0)
h̃(z, Pz = 0,a)
h̃(z0, Pz = 0,a)

= e−m̄0(μ)(z−z0)
C0(αs(μ), z2μ2)+Λ(μ)z2

C0(αs(μ), z2
0 μ2)+Λ(μ)z2

0

How small should z be?

μ = 2 GeV

8

In our analysis, we scan µ within [0.9, 2.0] GeV for
CNLO

0
and [1.4, 3.2] GeV for CNNLO

0
to study the scale

dependence.

2. Fitting of m̄0 and ⇤(µ)

Currently, the Wilson coe�cient C0(µ2z2) is known to
NNLO [21, 29] and its anomalous dimension has been
calculated at three-loop order [64],

C0

�
µ2z2,↵s(µ)

�
= as

✓
2L+

10

3

◆

+a2s


13

2
L2+

1461+28⇡2

54
L+

38127�824⇡2
�4032⇣(3)

648

�

+ a3s


143

6
L3 +

⇣6127
36

+
91⇡2

27

⌘
L2

+
690939 + 760⇡4

� 8976⇡2
� 94068⇣(3)

972
L+ 400

�

+O(a4s) , (A16)

where as = ↵s/(2⇡), L = ln(µ2z2/b2
0
), and b0 = 2e��E ,.

The factor 400 in the last square bracket is a simple guess
by assuming that the constant part of the perturbative
correction grows as a geometric series in the order of as.

We also consider the RG improved (RGI) Wilson co-
e�cient [40]

CRGI

0

�
µ2, z2

�
= C0

�
1,↵s(b0/z)

�
(A17)

⇥ exp
h Z µ

b0/z
d↵s(µ

0)
�O(↵(µ0))

�(↵s(µ0))

i
,

where �O is the anomalous dimension of the operator
O�(z, µ), and �(↵s(µ)) = d↵s(µ)/d lnµ2. In this way, we
can first factor out the evolution factor in Eq. (A10) as it

must be satisfied by the full matrix element h̃MS(z, 0, µ),
and therefore construct the ratio R̃(z, z0) in an explicitly
µ-independent way.

NLO
NLO+RGI
NNLO
NNLO+RGI
N3LO
N3LO+RGI

0.0 0.1 0.2 0.3 0.4

1.0

1.5

2.0

2.5

3.0

FIG. 6. The fixed-order and RGI Wilson coe�cients C0(z
2µ2)

up to N3LO.

We compare C0 and CRGI
0

at NLO, NNLO and N3LO
at µ = 2.0 GeV in Fig. 6. The strong coupling con-
stants at each perturbative order are defined by the
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FIG. 7. E↵ective mass m̄e↵
0 (z) (a) and its slope m̄e↵

2 (z) (b)
vs z.

corresponding ⇤MS

QCD
with one-, two- and three- loop �

functions and nf = 3, which are fixed by matching to
↵s(µ = 2 GeV) = 0.293. The latter is obtained from

⇤MS

QCD
= 332 MeV with five-loop �-function and nf = 3,

as has been calculated using the same lattice ensem-
bles [75]. As one can see, at z > 0.2 fm the RGI Wilson
coe�cients start to deviate significantly from the fixed-
order ones, which is mainly due to the large value of ↵s

as in RGI Wilson coe�cients as we evolve from µ to 1/zzz.
This indicates that at z > 0.2 fm, the scale uncertainty
in the perturbative series is significant due to the en-
hancement of non-perturbative e↵ects, and to use OPE
we should work at very short distances (z < 0.2 fm).
However, there will not be enough room for varying z to
satisfy z � a so that discretization e↵ects are suppressed.
Therefore, in our analysis we loosen our requirement for
very small z by only using the ansatz in Eq. (A11) and
not considering the RGI Wilson coe�cients.
In Fig. 7a, we plot an e↵ective mass m̄e↵

0
(z) which is

defined as

m̄e↵

0
(z)(z � z0) ⌘ � ln

h̃(z, 0, a)

h̃(z0, 0, a)
+ ln

CNNLO
0

(z2µ2)

CNNLO
0

(z2
0
µ2)

,

(A18)

where µ = 2.0 GeV. If the twist-four condensate is neg-
ligible, then we should expect a plateau in z, but Fig. 7a
shows that it has an almost constant nonzero slope at z

CRGI
0 (μ2, z2) = C0(αs(2e−γE /z),1)

× exp[∫
μ

2e−γE /z
dαs(μ′ )

γ𝒪(α(μ′ ))
β(αs(μ′ )) ]

z, z0 ≫ a

Resummed coefficient:

• For z ~ 0.2 fm, perturbation theory 
uncertainty is still under control;


• To suppress finite a effects, we choose


• and use NNLO C0,

• and vary μ by a factor of 1/1.4 and 1.4 

to estimate the uncertainty in this 
matching.

z0 = 0.24 fm , z0 ≤ z ≤ 0.4 fm
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Define effective mass and its slope in z:

Matching the Wilson-line mass to MSbar

28
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m̄eff
0 (z) ≡ [−ln

h̃(z,0,a)
h̃(z0,0,a)

+ ln
CNNLO

0 (z2μ2)
CNNLO

0 (z2
0 μ2) ]/(z − z0)

m̄eff
2 (z) =

m̄eff
0 (z) − m̄eff

0 (z − a)
a

μ = 2 GeV μ = 2 GeV
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Matching the Wilson-line mass to MSbar

29

• Both  and  are sensitive to μ because we used fixed-order  at NNLO;

• We vary μ by a factor of 1.4 to estimate the corresponding uncertainties in the 

final result.

m̄0 Λ C0
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Continuum limit:


Matched hybrid-scheme matrix element

30

h̃(z, zS, Pz, μ) =
h̃MS

0 (z, Pz, μ)
C0(z2μ2)

θ(zS − |z | ) +
h̃MS

0 (z, Pz, μ)
C0(z2

S μ2)
θ( |z | − zS)

• Perturbatively matchable to  as long as  !


• After Fourier transform, it preserves the perturbative matching in x-space.

h̃MS
0 (z, Pz, μ) zS ≪ 1/ΛQCD

h̃MS(z, Pz, μ) = e−mMS
0 |z| h̃MS

0 (z, Pz, μ)
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• Current-current correlator in a static hadron:


• Nonlocal quark bilinear  “heavy-to-light” current-current 
correlator, in a boosted hadron:

⇒

Asymptotic behavior at large z

31

⟨π | j0(z)j0(0) |π⟩ = ∑
n

∫
d3pn

(2π)32Epn

⟨π | j0(z) |n⟩⟨n | j0(0) |π⟩

|z|→∞
⟶ ∝ e−M0|z|

Burkardt, Grandy and Negele, Annals of Physics 238 (1995).

⟨π(p) | ψ̄(z)ΓW[z,0]ψ(0) |π(p)⟩ = ⟨π(p) | ψ̄(z)ΓQ(z)Q̄(0)ψ(0) |π(p)⟩Q

|z|→∞
⟶ ∝ e−Λ̄|z|g(p ⋅ z)

Λ̄ = mH − mQ ∼ 0.4 − 0.6 GeV

H. Dorn, Fortsch. Phys. 34 (1986).

Beneke and Braun, Nucl. Phys. B 426(1994).
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zL dependence:

Physical extrapolation and Fourier transform (FT)

32
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FIG. 10. FT with di↵erent zL for model-exp extrapolation (with prior me↵ > 0.1 GeV) of the NNLO-matched h̃(�,�S , P
z, µ, a)

at zS = 0.24 fm.
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FIG. 11. Extrapolation with di↵erent models for the NNLO-matched h̃(�,�S , P
z, µ, a). At P z = 1.94 GeV, we have added the

comparison with the 2p-exp and 2p models.

Appendix C: Perturbative matching

In this section we perform the perturbative matching
to the qPDF. Recall that Eq. (7) relates the qPDF to the
PDF,

fv(x, µ) =

Z
1

�1

dy

|y|
C�1

✓
x

y
,

µ

yP z
, |y|�S

◆
f̃v(y, zS , P

z)

+O

⇣ ⇤2

QCD

(xP z)2
,

⇤2

QCD

((1� x)P z)2

⌘
. (C1)

The matching kernel C can be expanded to O(↵s) as

C

✓
x

y
,

µ

yP z
, |y|�S

◆

= �

✓
x

y
� 1

◆
+ ↵sC

(1)

✓
x

y
,

µ

yP z
, |y|�S

◆

+ ↵2

sC
(2)

✓
x

y
,

µ

yP z
, |y|�S

◆
+O(↵3

s) . (C2)

The inverse matching kernel C�1 can obtained by solving

Z
dz

|z|
C�1

⇣x
z
,

µ

zP z
, |z|�S

⌘
C

✓
z

y
,

µ

yP z
, |y|�S

◆
= �

�x
y
� 1

�

(C3)

order by order in ↵s [59], and the result is

C�1

✓
x

y
,

µ

yP z
, |y|�S

◆

= �

✓
x

y
� 1

◆
� ↵sC

(1)

✓
x

y
,

µ

yP z
, |y|�S

◆

+ ↵2

s

Z
dz

|z|
C(1)

⇣x
z
,

µ

zP z
, |z|�S

⌘
C(1)

✓
z

y
,

µ

yP z
, |y|�S

◆

� ↵2

sC
(2)

✓
x

y
,

µ

yP z
, |y|�S

◆
+O(↵3

s) . (C4)

It has been shown in Ref. [59] that the inverse match-
ing coe�cient satisfies the correct RG and P z-evolution
equations.

1. Numerical implementation of matching

Since in the asymptotic regions,

lim
y!1

C
⇣x
y

⌘
! finite , lim

y!0

C
⇣x
y

⌘
/

y2

x2
, (C5)

and

C

✓
x

y

◆
⌘ Cr

✓
x

y

◆
� �

✓
x

y
� 1

◆Z
1

�1

dy0 Cr(y
0) (C6)

is a plus function (with “r” denotes the x 6= y part)
that regulates the singularity at y = x, the convolution
integral in Eq. (C1) is convergent and insensitive to the


