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LIGO

Exciting time for gravity waves



Stochastic Gravitational Waves

CMB of Gravitational Waves

Produced in the early universe and free streamed to us

Anything the CMB taught us, GWs can teach us too



CMB : Frequency spectrum



1. Black body radiation with a temperature of 2.7 K
• Universe was in thermal equilibrium 
• CMB emitted as black body radiation

2. Small distortions, e.g. 21 cm
• Propagation effects
• Tells us about the universe between surface of last 

scattering and now

CMB : Frequency spectrum



CMB : Angular dependencesPlanck Collaboration: Planck likelihoods
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Fig. 57: Planck 2018 temperature power spectrum. At multipoles `� 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assum-
ing the base-⇤CDM cosmology. In the multipole range 2 ` 29, we plot the power-spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky (see Sect. 2.1.1). The base-⇤CDM theoretical spectrum best fit to
the likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in the middle panel. The
vertical scale changes at `= 30, where the horizontal axis switches from logarithmic to linear. The error bars show ±1� diagonal
uncertainties, including cosmic variance (approximated as Gaussian) and not including uncertainties in the foreground model at
`� 30. The 1� region in the middle panel corresponds to the errors of the unbinned data points (which are in grey). The bottom
panel displays the di↵erence between the 2015 and 2018 coadded high-multipole spectra (green points). The 1� region corresponds
to the binned data errors. The vertical scale di↵ers from the one of the middle panel. The trend seen for `< 300 corresponds to the
change in the dust correction model described in Sect. 3.3.2.

of this agreement. In the figures, the best-fit cosmology is the
baseline Planck result that uses the Planck TT,TE,EE+lowE
+lensing likelihood combination. Di↵erences with the 2015 re-
sult are highlighted at `� 30 in the bottom panel of each figure.
Di↵erences at larger scales in TT have already been discussed
in Sect. 2.1. The large-scale polarization results have evolved
significantly since 2015. As discussed in Sect. 2.2, while those
were based exclusively on the LFI data in 2015, the remarkable
improvements in data processing have enabled us to now rely
entirely on the HFI 100- and 143-GHz data and to use LFI as
validation.

For the high-` likelihood, the main di↵erence in the tem-
perature results between 2015 and 2018 is on the largest scales,
30 ` 400. The di↵erence is always smaller than 10 µK2 and
corresponds to a change in the dust correction template, as dis-
cussed in Sect. 3.3.2. Comparison with the data model in Fig. 33
shows that the amplitude of the change corresponds to about a

third of the 100 ⇥ 100 or the 143 ⇥ 143 dust correction, in line
with the template shape change shown in Fig. 38.

In polarization, the main di↵erences originate from the
beam-leakage correction (for T E) and from the polarization-
e�ciency (PE) correction (for EE). These corrections were dis-
cussed in Sects. 3.3.5 and 3.3.4, respectively.

3.6.1. Goodness of fit

We start the discussion of the data and model consistency by
looking at the goodness of fit of the ⇤CDM model. In all cases,
the reference model will be the best ⇤CDM fit from the Planck
TT,TE,EE+lowE+lensing likelihoods. We find that the general
agreement of the data with the cosmological model is reason-
able. Values of �2 and PTEs are presented in Table 20. The
statistics are computed using the same best-fit reference model
(Planck TT,TE,EE+lowE+lensing). We report both the values
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CMB : Angular dependences

1. Uniform temperature
• Acausal physics, e.g. Inflation

2. Scale invariance and small deviations
• Inflationary parameters
• Propagation effects



CMB

1. Frequency
• Black Body - Production mechanism
• Deviation From Black Body - Propagation

2. Anisotropies
• Scale Invariance - Inflation
• Deviation From Scale Invariance - Propagation 



Stochastic Gravitational Waves

1. Frequency
• Spectrum - Production mechanism
• Deviation From Spectrum - Propagation

2. Anisotropies
• Scale Invariance - Inflation
• Deviation From Scale Invariance - Propagation 



Stochastic Gravitational Waves

1. Frequency
• Spectrum - Production mechanism
• Deviation From Spectrum - Propagation

2. Anisotropies
• Scale Invariance - Inflation
• Deviation From Scale Invariance - Propagation 



To Study Deviations…
We need to know the spectrum very very accurately 
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Figure 4. Gravitational wave spectra generated in the U(1)B�L model for mZ0 = 3.2⇥ 105 GeV and
the range of indicated values of gB�L. This range is chosen to exhibit the transition between the bubble
collision signals and plasma signals as the gauge coupling increases.

We illustrate the rapid transition from GW signals sourced by plasma motion to scalar
field gradients in Fig. 4. To this end we set the U(1)B�L boson mass to mZ0 = 3.2⇥105GeV,
and show results for several values of the gauge coupling in the range 0.262  gB�L  0.269.
This narrow range is enough to switch from signals dominated by plasma sources to a signal
produced predominantly by bubble collisions. We also show the sensitivity of LIGO [63–65],
as well as the projections for the future laser interferometers LISA [66, 67] and Einstein
Telescope (ET) [72, 73] and the terrestrial atom interferometer experiment AION [68], its
twin project MAGIS [69, 70], and their proposed satellite version AEDGE [71].

6 Impact of matter domination on the GW signal

We turn now to a discussion of the redshift of the GW signal. We pay special attention
to the case in which the very strong transition with ↵ � 1 is accompanied by very small
field decay rate. This causes the field to oscillate around its minimum after the transition,
before the Hubble rate drops below the field decay rate to finally allow reheating. If plasma
e↵ects can be neglected, these oscillations will dominate the energy density at the end of the
transition. If instead the bubble walls reach a terminal velocity before collisions, the energy
density after the transition is dominated by the plasma and scales as radiation. However,
also in this case the field oscillations can become the dominant energy density component
prior to their decay, causing a matter-dominated period.

Accounting for a fraction 1 � col of the total released vacuum energy to go into the
plasma during the expansion of the bubbles, the energy densities of the scalar field ' and
radiation at the time of the transition, t = t⇤ are

⇢'⇤ = 3M2
pH

2
⇤
col↵

1 + ↵
, ⇢R⇤ = 3M2

pH
2
⇤
(1� col)↵
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. (6.1)

The subsequent decay of the scalar field oscillations into radiation is governed by the ' decay
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Signal at LISA
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to the case in which the very strong transition with ↵ � 1 is accompanied by very small
field decay rate. This causes the field to oscillate around its minimum after the transition,
before the Hubble rate drops below the field decay rate to finally allow reheating. If plasma
e↵ects can be neglected, these oscillations will dominate the energy density at the end of the
transition. If instead the bubble walls reach a terminal velocity before collisions, the energy
density after the transition is dominated by the plasma and scales as radiation. However,
also in this case the field oscillations can become the dominant energy density component
prior to their decay, causing a matter-dominated period.
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Model Dependent

Universal f3 scaling



Low frequency signatures

f3 behavior is model independent so we know the 
“background”, which means we can look for a “signal”

Only things that change the propagation of gravity 
waves can create a signal

Equation of state of the universe

Free streaming particles



Today

• What is the physical reason behind the low 
frequency behavior?

• Propagation effects
• Equation of state of the universe
• Free streaming particles

• LISA Sensitivity to Propagation effects
• Equation of state of the universe
• Free streaming particles



Low frequency behavior

White noise behavior induced by causality

Wavelengths longer than the 
correlation length, source becomes 

independent of frequency

Causality-limited GWs

The scaling as f3 at low frequencies is a universal feature (assuming RD).
[Caprini+ ’09]

What is the physical origin of this general behaviour?

Causality prevents local phenomena from being correlated beyond H
�1.

�source

H
�1
?

Source ⇧ij(x) of GWs has a correlation length
�source ⌧ H

�1
? :

h⇧(0) ⇧(d � �source)i = 0 )

he⇧(k) e⇧(�k)i
k⌧��1

source
�! constant

The spectral tilt at low f does not depend on
the source.

Wavelengths which were super-horizon are not
sensitive to the details of the generation, but
only to the universe expansion and the GW
propagation.

Davide Racco Utilizing the causal spectrum of GWs 9 / 28



Low frequency behavior

Derivatives

⌦GW =
1

⇢c

d⇢GW

d log k
/ k

dk
< ḣij(x)ḣij(x) >

<latexit sha1_base64="gz8Y1dFq5OrnX73wyx94iu20+Ds="></latexit><latexit sha1_base64="gz8Y1dFq5OrnX73wyx94iu20+Ds="></latexit><latexit sha1_base64="gz8Y1dFq5OrnX73wyx94iu20+Ds="></latexit><latexit sha1_base64="gz8Y1dFq5OrnX73wyx94iu20+Ds="></latexit>

Phase space

⇠ k

dk
d3k k2 < hij(k)h

⇤
ij(k) >
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Low frequency behavior

⌦GW ⇠ k5 < hij(k)h
⇤
ij(k) >
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Low frequency behavior

⌦GW ⇠ k5 < hij(k)h
⇤
ij(k) >
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hij(k) ⇠ G(t, t0, k)⇧(t0, k)
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Low frequency behavior
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2 point function of the source in 
momentum space

How does the graviton propagate to us



Regions are uncorrelated beyond correlation length

x & �P⇧(x) = h⇧(x)⇧(0)i = 0

The observable relevant for GW detectors such as LISA is d⌦gw/d log k. This is obtained

using

⇢gw(x, ⌧) =
X

r,s=+,⇥

1

32⇡Ga2

⌦
h
0 r

ij (x, ⌧)h
0 s

ij (x, ⌧)
↵
, (2.5)

which holds only when the relevant modes have entered the horizon at late times and started

oscillating. We will also take

⌦
h(k, ⌧)h(k0, ⌧)

↵
⌘ (2⇡)3 �3(k � k

0)Ph(k, ⌧) , (2.6)

with Ph(k, ⌧) the dimensionful power spectrum of GWs. Fourier transforming gives

d⌦gw

d log k
=

1

⇢c

d⇢gw
d log k

=
1

⇢c

k
5
Ph(k, ⌧)

2 (2⇡)3 a2G
, (2.7)

where ⇢c = 3H2
/(8⇡G) is the critical energy density. In the second equality we use the

simplification valid at late times that h
0 = k h, and where an additional k3 comes from the

phase space factor. We can then obtain the k scaling of d⌦gw/d log k by taking k
5 and

multiplying by the k scaling of h2.

The observable of interest depends on h(k, ⌧), which comes from solving Eq. (2.4). From

that we can see that there are two contributions to the k scaling of hhhi, the k dependence

of the source J?(k) and propagation e↵ects. Here is where causality plays a central role: as

long as we are interested in wavelengths much longer than the typical spatial correlation of

the sources, the Fourier transformed source J? ⇡ constant (see e.g. [46]), and hence the k de-

pendence coming from the source is trivial for long wavelength modes.2 Assuming correlation

lengths for the source, k�1
source, that are small compared to the horizon size, we can separate

the solutions of the causality-limited modes into two regimes, ksource � k � H? (sub-horizon)

and k ⌧ H? (super-horizon). Note that in the case of the phase transitions, the existence of

a causal sub-horizon regime depends on whether all the sources of GWs (including in partic-

ular the sound wave contribution) have a short duration compared to the Hubble time (see

e.g. [52–55] for recent studies on this topic).

Sub-horizon regime k � H? : These modes are under-damped by definition. Thus, the

standard approximation is that of a frictionless solution rescaled by a(⌧?)/a(⌧) to take care

of Hubble friction as can be seen by using the WKB approximation. This is easily shown to

be

h ⇡ a(⌧?)

a(⌧)

J?

k
sin k (⌧ � ⌧?) , (k � H?) . (2.8)

2More explicitly, if for separations x larger than a length scale � the two-point function P⇧(x) of the source

vanishes, then its Fourier transform P⇧(k) =
R
d3xeik·xP⇧(x) =

R �

0
dx 4⇡x sin(kx)

k P⇧(x) ⇡
R �

0
dx 4⇡x2 P⇧(x)

is a constant independent of k when k ⌧ ��1.
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Source is frequency independent at low frequencies

Low frequency behavior



Low frequency behavior

Low frequency scaling determined entirely due 
to propagation from production to now

⌦GW ⇠ k5 G2(t, t0, k)
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Free-streaming particles

Effect on gravity waves in equation form

Ref. [51], GWs are a↵ected by the presence of particles whose free-streaming length is larger

than the Hubble radius. In this case, the propagation of the free-streaming particles along

geodesics is a↵ected by and a↵ects the propagation of GWs.

It is well known that during BBN and CMB a large fraction of the energy density in

radiation was free-streaming, since neutrino interactions freeze out at temperatures below

approximately 2MeV. Little is known about our Universe prior to this era, and therefore the

existence of other relativistic free-streaming species at earlier times remains an interesting

possibility in the early Universe. In fact, since GWs themselves are free-streaming, the high

frequency part of the GW spectrum itself is an irreducible contribution to the population of

free streaming particles. We will see that if such particles were present during the generation

of GWs, they would lead to striking features in the causality-limited part of the spectrum.

The equation of motion for GWs in this scenario is [51]

u
2
@
2
uh(u) + 2u@uh(u) + u

2
h(u) =

� 24ffs

Z
u

u?

dx

✓
�sin(u� x)

(u� x)3
� 3

cos(u� x)

(u� x)4
+ 3

sin(u� x)

(u� x)5

◆
@xh(x) , (3.1)

where u = k⌧ . As indicated before, we are interested in causality-limited GWs. Thus, we are

solving these equations subject to the boundary condition

h(k, ⌧?) = 0 , @⌧h(k, ⌧?) = J? . (3.2)

There are two important e↵ects that free-streaming particles have on GWs: post-pro-

duction dynamics and horizon entry. The e↵ects of free-streaming particles on horizon entry

is the standard e↵ect emphasized in the case of neutrinos. Note that the LHS of Eq. (3.1) is

larger than the RHS by a factor of u2 and hence the largest e↵ect is expected to be at early

times when u = k⌧ . 1. From this we see that sub-horizon modes are completely una↵ected

by free-streaming particles. Conversely, super-horizon modes are hit by a uniform frequency

independent suppression when they enter the horizon, e.g. GW amplitudes are suppressed

by a factor of 0.8 when f = 0.4, as originally shown in Ref. [51]. Amusingly, we will see that

for GWs generated by phase transitions, this frequency-independent suppression is in fact a

subdominant e↵ect.

The novel e↵ect here is that free-streaming particles also cause a suppression in the

production of GWs. What we mean by this is that the transition of super-horizon GWs from

a large velocity with a small amplitude to a large amplitude with no velocity discussed in

Eq. (2.11) is significantly a↵ected by the presence of free-streaming particles. The suppressed

production can be computed analytically using the techniques of the previous sections.

We first consider the limit u = k⌧ ⌧ 1, where the modes are very super-horizon. In this

limit, Eq. (3.1) can be simplified to

u
2
@
2
uh(u) + 2u@uh(u) + u

2
h(u) = �ffs

⇣
h(u)� h(u?)

⌘
, ffs =

8ffs
5

. (3.3)
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where

we take the late time limit of Eq. (2.18) and find

h(k, ⌧) ⇡ J?⌧?

⇣
⌧?

⌧

⌘
n
h
jn�1(k⌧?) sin

⇣
k⌧ � n⇡

2

⌘
� yn�1(k⌧?) cos

⇣
k⌧ � n⇡

2

⌘i
. (2.26)

From the equation above we quickly see that

|h|2 = J
2
? ⌧

2
?

⇣
⌧?

⌧

⌘2n �
|jn�1(k⌧?)|2 + |yn�1(k⌧?)|2

�
sin2(k⌧ + �) , (2.27)

where � is a constant phase factor. Finally, we arrive at an exact expression for the energy

in GWs (after averaging over the oscillations)

d⌦gw

d log k
/ k

5hh2i / k
5
�
|jn�1(k⌧?)|2 + |yn�1(k⌧?)|2

�
(2.28)

where we have neglected unimportant proportionality constants. In Fig. 1 we use these exact

analytic results to show how sub-horizon scaling becomes super-horizon scaling for various

equations of state.

Figure 1. Plot of the scaling of d⌦gw/d log k versus k for di↵erent equations of state w. The
di↵erent cosmologies are all normalized so that their sub-horizon modes are of the same size in order
to emphasize their super-horizon di↵erences.

3 The e↵ect of free-streaming particles

In this section, we show how free-streaming relativistic particles induce not only a dampening

of GWs at horizon crossing but also change the shape of the causality-limited part of the

GW spectrum. We specialize to the case of a radiation-dominated universe with a fraction

ffs = ⇢fs/⇢total in free-streaming relativistic particles since for other equations of state the

fraction ffs changes significantly with the expansion of the universe. As was derived in
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<latexit sha1_base64="kfTbJWSu/HoR+B/ZtiIg5oUwH1g=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRNCNUBTEZUX7gDaEyXTSDp1MwsxEKCEbf8WNC0Xc+hnu/BunaRfaeuDC4Zx75849QcKZ0o7zbZWWlldW18rrlY3Nre0de3evpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdD3x249UKhaLBz1OqBfhgWAhI1gbybcPesUbWcBTmqPQz27uc3SJHN+uOjWnAFok7oxUYYaGb3/1+jFJIyo04Viprusk2suw1Ixwmld6qaIJJiM8oF1DBY6o8rJieY6OjdJHYSxNCY0K9fdEhiOlxlFgOiOsh2rem4j/ed1UhxdexkSSairIdFGYcqRjNEkD9ZmkRPOxIZhIZv6KyBBLTLTJrGJCcOdPXiSt05rr1Ny7s2r9ahZHGQ7hCE7AhXOowy00oAkEcniGV3iznqwX6936mLaWrNnMPvyB9fkDuimVzw==</latexit><latexit sha1_base64="kfTbJWSu/HoR+B/ZtiIg5oUwH1g=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRNCNUBTEZUX7gDaEyXTSDp1MwsxEKCEbf8WNC0Xc+hnu/BunaRfaeuDC4Zx75849QcKZ0o7zbZWWlldW18rrlY3Nre0de3evpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdD3x249UKhaLBz1OqBfhgWAhI1gbybcPesUbWcBTmqPQz27uc3SJHN+uOjWnAFok7oxUYYaGb3/1+jFJIyo04Viprusk2suw1Ixwmld6qaIJJiM8oF1DBY6o8rJieY6OjdJHYSxNCY0K9fdEhiOlxlFgOiOsh2rem4j/ed1UhxdexkSSairIdFGYcqRjNEkD9ZmkRPOxIZhIZv6KyBBLTLTJrGJCcOdPXiSt05rr1Ny7s2r9ahZHGQ7hCE7AhXOowy00oAkEcniGV3iznqwX6936mLaWrNnMPvyB9fkDuimVzw==</latexit><latexit sha1_base64="kfTbJWSu/HoR+B/ZtiIg5oUwH1g=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRNCNUBTEZUX7gDaEyXTSDp1MwsxEKCEbf8WNC0Xc+hnu/BunaRfaeuDC4Zx75849QcKZ0o7zbZWWlldW18rrlY3Nre0de3evpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdD3x249UKhaLBz1OqBfhgWAhI1gbybcPesUbWcBTmqPQz27uc3SJHN+uOjWnAFok7oxUYYaGb3/1+jFJIyo04Viprusk2suw1Ixwmld6qaIJJiM8oF1DBY6o8rJieY6OjdJHYSxNCY0K9fdEhiOlxlFgOiOsh2rem4j/ed1UhxdexkSSairIdFGYcqRjNEkD9ZmkRPOxIZhIZv6KyBBLTLTJrGJCcOdPXiSt05rr1Ny7s2r9ahZHGQ7hCE7AhXOowy00oAkEcniGV3iznqwX6936mLaWrNnMPvyB9fkDuimVzw==</latexit><latexit sha1_base64="kfTbJWSu/HoR+B/ZtiIg5oUwH1g=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRNCNUBTEZUX7gDaEyXTSDp1MwsxEKCEbf8WNC0Xc+hnu/BunaRfaeuDC4Zx75849QcKZ0o7zbZWWlldW18rrlY3Nre0de3evpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdD3x249UKhaLBz1OqBfhgWAhI1gbybcPesUbWcBTmqPQz27uc3SJHN+uOjWnAFok7oxUYYaGb3/1+jFJIyo04Viprusk2suw1Ixwmld6qaIJJiM8oF1DBY6o8rJieY6OjdJHYSxNCY0K9fdEhiOlxlFgOiOsh2rem4j/ed1UhxdexkSSairIdFGYcqRjNEkD9ZmkRPOxIZhIZv6KyBBLTLTJrGJCcOdPXiSt05rr1Ny7s2r9ahZHGQ7hCE7AhXOowy00oAkEcniGV3iznqwX6936mLaWrNnMPvyB9fkDuimVzw==</latexit>

fFS 6= 0
<latexit sha1_base64="iKtEIXWOVoQZM4DuQItb9eHPGrI=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0WBXFZ0T6gKWUyvWmHTiZhZiKUEDf+ihsXirj1L9z5N07TLLT1wIXDOffOnXv8mDOlHefbKi0tr6yuldcrG5tb2zv27l5LRYmk0KQRj2THJwo4E9DUTHPoxBJI6HNo++Orqd9+AKlYJO71JIZeSIaCBYwSbaS+feDlb6QSBhkO+un1XYY9Adjp21Wn5uTAi8QtSBUVaPTtL28Q0SQEoSknSnVdJ9a9lEjNKIes4iUKYkLHZAhdQwUJQfXSfHuGj40ywEEkTQmNc/X3REpCpSahbzpDokdq3puK/3ndRAcXvZSJONEg6GxRkHCsIzyNAw+YBKr5xBBCJTN/xXREJKHahFYxIbjzJy+S1mnNdWru7Vm1flnEUUaH6AidIBedozq6QQ3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4AsVGWXg==</latexit><latexit sha1_base64="iKtEIXWOVoQZM4DuQItb9eHPGrI=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0WBXFZ0T6gKWUyvWmHTiZhZiKUEDf+ihsXirj1L9z5N07TLLT1wIXDOffOnXv8mDOlHefbKi0tr6yuldcrG5tb2zv27l5LRYmk0KQRj2THJwo4E9DUTHPoxBJI6HNo++Orqd9+AKlYJO71JIZeSIaCBYwSbaS+feDlb6QSBhkO+un1XYY9Adjp21Wn5uTAi8QtSBUVaPTtL28Q0SQEoSknSnVdJ9a9lEjNKIes4iUKYkLHZAhdQwUJQfXSfHuGj40ywEEkTQmNc/X3REpCpSahbzpDokdq3puK/3ndRAcXvZSJONEg6GxRkHCsIzyNAw+YBKr5xBBCJTN/xXREJKHahFYxIbjzJy+S1mnNdWru7Vm1flnEUUaH6AidIBedozq6QQ3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4AsVGWXg==</latexit><latexit sha1_base64="iKtEIXWOVoQZM4DuQItb9eHPGrI=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0WBXFZ0T6gKWUyvWmHTiZhZiKUEDf+ihsXirj1L9z5N07TLLT1wIXDOffOnXv8mDOlHefbKi0tr6yuldcrG5tb2zv27l5LRYmk0KQRj2THJwo4E9DUTHPoxBJI6HNo++Orqd9+AKlYJO71JIZeSIaCBYwSbaS+feDlb6QSBhkO+un1XYY9Adjp21Wn5uTAi8QtSBUVaPTtL28Q0SQEoSknSnVdJ9a9lEjNKIes4iUKYkLHZAhdQwUJQfXSfHuGj40ywEEkTQmNc/X3REpCpSahbzpDokdq3puK/3ndRAcXvZSJONEg6GxRkHCsIzyNAw+YBKr5xBBCJTN/xXREJKHahFYxIbjzJy+S1mnNdWru7Vm1flnEUUaH6AidIBedozq6QQ3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4AsVGWXg==</latexit><latexit sha1_base64="iKtEIXWOVoQZM4DuQItb9eHPGrI=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0WBXFZ0T6gKWUyvWmHTiZhZiKUEDf+ihsXirj1L9z5N07TLLT1wIXDOffOnXv8mDOlHefbKi0tr6yuldcrG5tb2zv27l5LRYmk0KQRj2THJwo4E9DUTHPoxBJI6HNo++Orqd9+AKlYJO71JIZeSIaCBYwSbaS+feDlb6QSBhkO+un1XYY9Adjp21Wn5uTAi8QtSBUVaPTtL28Q0SQEoSknSnVdJ9a9lEjNKIes4iUKYkLHZAhdQwUJQfXSfHuGj40ywEEkTQmNc/X3REpCpSahbzpDokdq3puK/3ndRAcXvZSJONEg6GxRkHCsIzyNAw+YBKr5xBBCJTN/xXREJKHahFYxIbjzJy+S1mnNdWru7Vm1flnEUUaH6AidIBedozq6QQ3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4AsVGWXg==</latexit>
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LISA Sensitivity

Estimate how accurately LISA can measure the free 
streaming fraction of the universe and its equation of 

state using Fisher Information Matrix

Assume GW source are the sound 
waves from a phase transition



Intuition for Sensitivity

If you make N measurements, sensitive to             effects1/
p
N

<latexit sha1_base64="eyZkR0VSc+Px7+e8acDxIJ9kC54=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qokIeix68SQV7Ae2oWy2m3bpZhN3J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+84lrI2J1j6OE+xHtKxEKRtFKD95pxzxqzG7H3VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6YXj8mxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPQzoZIUuWKzRWEqCcZk8j7pCc0ZypEllGlhbyVsQDVlaEMq2hC8+ZcXSeOs4rkV7+68XL3K4yjAIRzBCXhwAVW4gRrUgYGCZ3iFN8c4L8678zFrXXLymQP4A+fzB01CkKo=</latexit><latexit sha1_base64="eyZkR0VSc+Px7+e8acDxIJ9kC54=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qokIeix68SQV7Ae2oWy2m3bpZhN3J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+84lrI2J1j6OE+xHtKxEKRtFKD95pxzxqzG7H3VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6YXj8mxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPQzoZIUuWKzRWEqCcZk8j7pCc0ZypEllGlhbyVsQDVlaEMq2hC8+ZcXSeOs4rkV7+68XL3K4yjAIRzBCXhwAVW4gRrUgYGCZ3iFN8c4L8678zFrXXLymQP4A+fzB01CkKo=</latexit><latexit sha1_base64="eyZkR0VSc+Px7+e8acDxIJ9kC54=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qokIeix68SQV7Ae2oWy2m3bpZhN3J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+84lrI2J1j6OE+xHtKxEKRtFKD95pxzxqzG7H3VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6YXj8mxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPQzoZIUuWKzRWEqCcZk8j7pCc0ZypEllGlhbyVsQDVlaEMq2hC8+ZcXSeOs4rkV7+68XL3K4yjAIRzBCXhwAVW4gRrUgYGCZ3iFN8c4L8678zFrXXLymQP4A+fzB01CkKo=</latexit><latexit sha1_base64="eyZkR0VSc+Px7+e8acDxIJ9kC54=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qokIeix68SQV7Ae2oWy2m3bpZhN3J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+84lrI2J1j6OE+xHtKxEKRtFKD95pxzxqzG7H3VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6YXj8mxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPQzoZIUuWKzRWEqCcZk8j7pCc0ZypEllGlhbyVsQDVlaEMq2hC8+ZcXSeOs4rkV7+68XL3K4yjAIRzBCXhwAVW4gRrUgYGCZ3iFN8c4L8678zFrXXLymQP4A+fzB01CkKo=</latexit>

N ⇡ f T
<latexit sha1_base64="huW1guZ4tojrRgU9J0d4h4G0fLo=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCBym7Iuix6MWTVOgXdEvJptk2NLsJSbZYlv4TLx4U8eo/8ea/MW33oK0PBh7vzTAzL5ScaeN5305hbX1jc6u4XdrZ3ds/cA+PmlqkitAGEVyodog15SyhDcMMp22pKI5DTlvh6G7mt8ZUaSaSuplI2o3xIGERI9hYqee6DyjAUirxhCIUXKB6zy17FW8OtEr8nJQhR63nfgV9QdKYJoZwrHXH96TpZlgZRjidloJUU4nJCA9ox9IEx1R3s/nlU3RmlT6KhLKVGDRXf09kONZ6Eoe2M8ZmqJe9mfif10lNdNPNWCJTQxOyWBSlHBmBZjGgPlOUGD6xBBPF7K2IDLHCxNiwSjYEf/nlVdK8rPhexX+8Kldv8ziKcAKncA4+XEMV7qEGDSAwhmd4hTcnc16cd+dj0Vpw8plj+APn8weYT5JR</latexit><latexit sha1_base64="huW1guZ4tojrRgU9J0d4h4G0fLo=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCBym7Iuix6MWTVOgXdEvJptk2NLsJSbZYlv4TLx4U8eo/8ea/MW33oK0PBh7vzTAzL5ScaeN5305hbX1jc6u4XdrZ3ds/cA+PmlqkitAGEVyodog15SyhDcMMp22pKI5DTlvh6G7mt8ZUaSaSuplI2o3xIGERI9hYqee6DyjAUirxhCIUXKB6zy17FW8OtEr8nJQhR63nfgV9QdKYJoZwrHXH96TpZlgZRjidloJUU4nJCA9ox9IEx1R3s/nlU3RmlT6KhLKVGDRXf09kONZ6Eoe2M8ZmqJe9mfif10lNdNPNWCJTQxOyWBSlHBmBZjGgPlOUGD6xBBPF7K2IDLHCxNiwSjYEf/nlVdK8rPhexX+8Kldv8ziKcAKncA4+XEMV7qEGDSAwhmd4hTcnc16cd+dj0Vpw8plj+APn8weYT5JR</latexit><latexit sha1_base64="huW1guZ4tojrRgU9J0d4h4G0fLo=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCBym7Iuix6MWTVOgXdEvJptk2NLsJSbZYlv4TLx4U8eo/8ea/MW33oK0PBh7vzTAzL5ScaeN5305hbX1jc6u4XdrZ3ds/cA+PmlqkitAGEVyodog15SyhDcMMp22pKI5DTlvh6G7mt8ZUaSaSuplI2o3xIGERI9hYqee6DyjAUirxhCIUXKB6zy17FW8OtEr8nJQhR63nfgV9QdKYJoZwrHXH96TpZlgZRjidloJUU4nJCA9ox9IEx1R3s/nlU3RmlT6KhLKVGDRXf09kONZ6Eoe2M8ZmqJe9mfif10lNdNPNWCJTQxOyWBSlHBmBZjGgPlOUGD6xBBPF7K2IDLHCxNiwSjYEf/nlVdK8rPhexX+8Kldv8ziKcAKncA4+XEMV7qEGDSAwhmd4hTcnc16cd+dj0Vpw8plj+APn8weYT5JR</latexit><latexit sha1_base64="huW1guZ4tojrRgU9J0d4h4G0fLo=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCBym7Iuix6MWTVOgXdEvJptk2NLsJSbZYlv4TLx4U8eo/8ea/MW33oK0PBh7vzTAzL5ScaeN5305hbX1jc6u4XdrZ3ds/cA+PmlqkitAGEVyodog15SyhDcMMp22pKI5DTlvh6G7mt8ZUaSaSuplI2o3xIGERI9hYqee6DyjAUirxhCIUXKB6zy17FW8OtEr8nJQhR63nfgV9QdKYJoZwrHXH96TpZlgZRjidloJUU4nJCA9ox9IEx1R3s/nlU3RmlT6KhLKVGDRXf09kONZ6Eoe2M8ZmqJe9mfif10lNdNPNWCJTQxOyWBSlHBmBZjGgPlOUGD6xBBPF7K2IDLHCxNiwSjYEf/nlVdK8rPhexX+8Kldv8ziKcAKncA4+XEMV7qEGDSAwhmd4hTcnc16cd+dj0Vpw8plj+APn8weYT5JR</latexit>

N measurements given a frequency f 
and time T

1/
p

mHzyear ⇠ 10
�3

<latexit sha1_base64="c3JRbfx7hHRMDcP8ebbOh1oh/0E=">AAACGXicbVC7TgMxEPSFVwivACWNRYREAeEOkKCMoEkJEgGkXIh8zoZYse8Oew8RTvcbNPwKDQUIUULF3+A8CiCMtNJ4ZlfenSCWwqDrfjm5icmp6Zn8bGFufmFxqbi8cm6iRHOo8UhG+jJgBqQIoYYCJVzGGpgKJFwE3eO+f3EL2ogoPMNeDA3FrkPRFpyhlZpF19vxzY3G1Ee4w1RV7zPqb9HhqwdMZ9QKRijquVfp9l7WLJbcsjsAHSfeiJTICCfN4offiniiIEQumTF1z42xkTKNgkvICn5iIGa8y66hbmnIFJhGOrgsoxtWadF2pG2FSAfqz4mUKWN6KrCdimHH/PX64n9ePcH2YSMVYZwghHz4UTuRFCPaj4m2hAaOsmcJ41rYXSnvMM042jALNgTv78nj5Hy37Lll73S/VDkaxZEna2SdbBKPHJAKqZITUiOcPJAn8kJenUfn2Xlz3oetOWc0s0p+wfn8Bpjwn/8=</latexit><latexit sha1_base64="c3JRbfx7hHRMDcP8ebbOh1oh/0E=">AAACGXicbVC7TgMxEPSFVwivACWNRYREAeEOkKCMoEkJEgGkXIh8zoZYse8Oew8RTvcbNPwKDQUIUULF3+A8CiCMtNJ4ZlfenSCWwqDrfjm5icmp6Zn8bGFufmFxqbi8cm6iRHOo8UhG+jJgBqQIoYYCJVzGGpgKJFwE3eO+f3EL2ogoPMNeDA3FrkPRFpyhlZpF19vxzY3G1Ee4w1RV7zPqb9HhqwdMZ9QKRijquVfp9l7WLJbcsjsAHSfeiJTICCfN4offiniiIEQumTF1z42xkTKNgkvICn5iIGa8y66hbmnIFJhGOrgsoxtWadF2pG2FSAfqz4mUKWN6KrCdimHH/PX64n9ePcH2YSMVYZwghHz4UTuRFCPaj4m2hAaOsmcJ41rYXSnvMM042jALNgTv78nj5Hy37Lll73S/VDkaxZEna2SdbBKPHJAKqZITUiOcPJAn8kJenUfn2Xlz3oetOWc0s0p+wfn8Bpjwn/8=</latexit><latexit sha1_base64="c3JRbfx7hHRMDcP8ebbOh1oh/0E=">AAACGXicbVC7TgMxEPSFVwivACWNRYREAeEOkKCMoEkJEgGkXIh8zoZYse8Oew8RTvcbNPwKDQUIUULF3+A8CiCMtNJ4ZlfenSCWwqDrfjm5icmp6Zn8bGFufmFxqbi8cm6iRHOo8UhG+jJgBqQIoYYCJVzGGpgKJFwE3eO+f3EL2ogoPMNeDA3FrkPRFpyhlZpF19vxzY3G1Ee4w1RV7zPqb9HhqwdMZ9QKRijquVfp9l7WLJbcsjsAHSfeiJTICCfN4offiniiIEQumTF1z42xkTKNgkvICn5iIGa8y66hbmnIFJhGOrgsoxtWadF2pG2FSAfqz4mUKWN6KrCdimHH/PX64n9ePcH2YSMVYZwghHz4UTuRFCPaj4m2hAaOsmcJ41rYXSnvMM042jALNgTv78nj5Hy37Lll73S/VDkaxZEna2SdbBKPHJAKqZITUiOcPJAn8kJenUfn2Xlz3oetOWc0s0p+wfn8Bpjwn/8=</latexit><latexit sha1_base64="c3JRbfx7hHRMDcP8ebbOh1oh/0E=">AAACGXicbVC7TgMxEPSFVwivACWNRYREAeEOkKCMoEkJEgGkXIh8zoZYse8Oew8RTvcbNPwKDQUIUULF3+A8CiCMtNJ4ZlfenSCWwqDrfjm5icmp6Zn8bGFufmFxqbi8cm6iRHOo8UhG+jJgBqQIoYYCJVzGGpgKJFwE3eO+f3EL2ogoPMNeDA3FrkPRFpyhlZpF19vxzY3G1Ee4w1RV7zPqb9HhqwdMZ9QKRijquVfp9l7WLJbcsjsAHSfeiJTICCfN4offiniiIEQumTF1z42xkTKNgkvICn5iIGa8y66hbmnIFJhGOrgsoxtWadF2pG2FSAfqz4mUKWN6KrCdimHH/PX64n9ePcH2YSMVYZwghHz4UTuRFCPaj4m2hAaOsmcJ41rYXSnvMM042jALNgTv78nj5Hy37Lll73S/VDkaxZEna2SdbBKPHJAKqZITUiOcPJAn8kJenUfn2Xlz3oetOWc0s0p+wfn8Bpjwn/8=</latexit>

Expect 10-3 level sensitivity



LISA Sensitivity
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Can measure equation of state to an accuracy of 10-3



LISA Sensitivity
Can measure free streaming fraction to 10-3
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Implications

Can measure free streaming fraction 102 - 103 times better 
than current constraints at T ~ 103 - 106 GeV

Can measure equation of state to an accuracy of 10-3 at T 
~ 105 - 106 GeV

�w ⇠ 10�3 � 10�4
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Is a Game Changer

Reaches some interesting benchmarks such as free streaming axions



Implications

What is the equation of state of the early universe?

Tµ
µ ⇠ ⇢� 3p ⇠ (1� 3w)g? ⇠ �QCD
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Deviations from w = 1/3 give us information about beta 
functions and number of degrees of freedom



Implications

F1 F2 F3

F4 F5

F6 F7 F8

Figure 9. The eight leading order diagrams contributing to the free energy that lead to w(T ) 6= 1/3.
F1,2,3 involve gauge bosons and/or ghosts and are present for any non-abelian gauge theory. F4,5

(F6) are present whenever there is a scalar (fermion) charged under a gauge group. F7 is the leading
diagram for Yukawa couplings while F8 is the leading diagram for quartic couplings.

most easily expressed in terms of

I =
T
2

12
Ĩ = �

T
2

24
. (A.3)

The first three diagrams are present in any non-Abelian gauge theory and evaluate to

F1 = 3g2C2(G)d(G)I2 F2 = �
9

4
g
2
C2(G)d(G)I2 F3 =

1

4
g
2
C2(G)d(G)I2, (A.4)

where d(G) is the dimension of the group and C2(G) is its quadratic casmir. The next two

diagrams are present in any gauge theory with charged scalars

F4 = 4g2C2(R)d(R)I2 F5 = �
3

2
g
2
C2(R)d(R)I2, (A.5)

where as before d(R) (C2(R)) is the dimension (quadratic casmir) of the representation. For

abelian theories C2(R) = Q
2. Diagram F6 is present for theories with charged Weyl fermions
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Implications

�w ⇠ 10�3 � 10�4
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You are O(1) sensitive to changes in the SM values of the 
QCD beta function and g?
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Many BSM models predict changes at this 
order

Any future detector only does better



Conclusion

Low frequency part of a stochastic GW spectrum is 
model independent and sensitive to free streaming 

particles and EOS

LISA can measure

Most interesting case may be seeing a radiation 
dominated universe!
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