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GWs from Cosmic Strings

•  Cosmic strings: 
 A network of 1-dim topological defects: a few long strings +more loops per 
horizon size; strong motivations (U(1)’ breaking, superstring theory, axion…)


•  A leading cosmological/BSM source of GWs (SGWB, bursts), potentially 
strong signal, primary targets of LIGO, LISA
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 — General/basic aspects on cosmic strings see earlier talks by 
David, Kai, + later by Sungwoo, Seth…

— Resonates with Anson’s talk yesterday



                                       Outline

• Cosmic archaeology with GWs from (NG) cosmic strings:

‣Probe pre-BBN Hubble expansion history with f-spectrum of 
SGWB from cosmic strings: test the standard model of 
cosmology/particle physics, e.g. new eq. of state, new d.o.f

‣GW bursts as signals of cosmic strings diluted by inflation

• Probe ALP DM models with GWs from global (axion) strings

• Conclusion/Outlook
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I. Cosmic archaeology with GWs 
from (NG) cosmic strings
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Pre-BBN Cosmology

-what we do not “know”

⁇

• The horizon of

 confidence: BBN 
(∼1s-3 min after Big Bang)

• CMB light: a direct 

window back to ∼400k yrs 

after the Big Bang
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• What happened before BBN? 

Standard cosmology theory: assumptions 

to be tested, many unknowns!

(scale of inflation/reheating?

 early matter domination/kination?

early phase transitions? new d.o.f?…)
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A Different View of the Gap

Pre-BBN Cosmology?

The gap amplified 

on Log scale of 

temperature T (∝a-1)! ☞

The Universe is RD with SM content from Teq all the way back to the end of inflation: up to 24 
orders of magnitudes on T scale! — IS IT??

— the Primordial Dark Age

(Boyle and Steinhardt 2005, Boyle and Buonanno 2007)

What happened within 

the first ∼1 sec?
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-what we do not “know”

⁇

• The horizon of

 confidence: BBN 
(∼1s-3 min after Big Bang)

• CMB light: a direct 

window back to ∼400k yrs 

after the Big Bang

GW: the window of 
hope?
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• What happened before BBN? 
Standard cosmology theory: assumptions to 
be tested, many unknowns!


(scale of inflation/reheating?

 early matter domination? early 
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• Direct observational probe? 
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GW Signatures from Cosmic Strings
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• Gravitational waves emitted from oscillating string loops 

    ➜ Relic stochastic GW background: continuous emission throughout the 
string network history ★ (c.f. 1st order PT)

Credit: Matt DePies/UW.

⟹ SGWB spectrum spanning a wide
 frequency range



Stochastic GW Background

 from Cosmic Strings


arxiv: 1711.03104, 1808.08968, YC with Lewicki, Morrissey and Wells
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‣  We use a simplified loop size distribution (at formation) justified by 
recent simulation results（e.g. Blanco-Pillado and Olum 2017）:

Cosmic String network

We use a simplified loop distribution

li = ↵ti, ↵ ⇡ 0.1

After its creation each loop radiates energy at a constant rate

dE

dt
= ��Gµ

2
, � ⇡ 50

The loop size decreases as

l = ↵ti � �Gµ (t� ti)

The final loop density reads

n(l, t) =
Ce↵(ti)

↵2t4
i

a
3
(ti)

a3(t)

where the factor Ce↵ depends on the background evolution.

‣  The loop formation rate per unit V per unit time (t):

Cosmic String network

We use a simplified loop distribution

li = ↵ti, ↵ ⇡ 0.1

After its creation each loop radiates energy at a constant rate

dE

dt
= ��Gµ

2
, � ⇡ 50

The loop size decreases as

l = ↵ti � �Gµ (t� ti)

The final loop density reads

n(l, t) =
Ce↵(ti)

↵2t4
i

a
3
(ti)

a3(t)

where the factor Ce↵ depends on the background evolution.‣  After its creation, each loop radiates GW energy at a constant rate:

Cosmic String network

We use a simplified loop distribution

li = ↵ti, ↵ ⇡ 0.1

After its creation each loop radiates energy at a constant rate

dE

dt
= ��Gµ

2
, � ⇡ 50

The loop size decreases as

l = ↵ti � �Gµ (t� ti)

The final loop density reads

n(l, t) =
Ce↵(ti)

↵2t4
i

a
3
(ti)

a3(t)

where the factor Ce↵ depends on the background evolution.
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Stochastic GW Background

 from Cosmic Strings

‣  Consequently, the loop size decreases as 

Cosmic String network

We use a simplified loop distribution

li = ↵ti, ↵ ⇡ 0.1

After its creation each loop radiates energy at a constant rate

dE

dt
= ��Gµ

2
, � ⇡ 50

The loop size decreases as

l = ↵ti � �Gµ (t� ti)

The final loop density reads

n(l, t) =
Ce↵(ti)

↵2t4
i

a
3
(ti)

a3(t)

where the factor Ce↵ depends on the background evolution.

‣  The observed GW frequency today from a loop of size 𝑙  

k: oscillation mode

L = Dµ�D
µ�†

�
1

4
Fµ⌫F

µ⌫
� �(�†�� v2/2)2 (21)

� !
v

2
exp(iN✓)

Aµ ! �ie1@µ
h
ln(

p
2�/v)

i

h|�|i = v/
p
2 (22)

� =
v

2
[1� exp(�r/r1)] exp(�i✓)

A✓ =
1

er
[1� exp(�r/r2)]

2

r1, r2 / v�1 (23)

µ ⇠ v2 (24)

at r ! 1 approximate solution at finite r:
h�i = 0 at the origin

⇢1
⇢bkg

/ Gµ (25)

Gµ . 10�7 � = 8⇡Gµ ↵ ⌧ 1 H2
/ a�n (n = 3, 4 for MD, RD)

a(t̃) T ⇠ eV till today

f� / T�↵
�1 (26)

↵ ⌧ Gµ : ↵ � Gµ : f� / T� n: determined by the state eq. of the dominating
energy component V (�) / �N , n = 6N/(N + 2) H2 = ( ȧ

a
)2 = 8⇡G

3
⇢

H2
/ a�n (n = 3, 4 for MD, RD)
n > 4 in H2

/ a�n

f =
a(t̃)

a(t0)

2k

l
(27)

7
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Stochastic GW Background

 from Cosmic Strings

‣GW density per unit frequency seen today:

2

time and test the evolutionary history of the universe.
For each frequency band of the background observed to-
day, the emission was dominated by strings in a particu-
lar era of the early universe [30]. The standard thermal
picture for the evolution of the cosmos is primordial in-
flation followed by reheating to a high temperature, and
a subsequent long period in which the expansion of the
universe is driven by a dominant energy density of ra-
diation until the more recent transitions to matter and
then dark energy domination. Evidence for this stan-
dard cosmology comes primarily from observations of the
CMB [32] and the successful predictions of Big Bang Nu-
cleosynthesis (BBN), corresponding to cosmic tempera-
tures below T ' 5 MeV [33]. Measurements of the GW
frequency spectrum from cosmic strings by current and
planned detectors could test the standard cosmology at
even earlier times and possibly reveal deviations from it.

To demonstrate the power of GWs from cosmic strings
to probe the very early universe, we study the frequency
spectrum emitted by a string network in the standard
cosmology and in two well-motivated variations. We fo-
cus on an ideal Nambu-Goto (NG) cosmic string network
and apply the results of recent simulations of string net-
works to compute the GW spectrum. We show that a
combination of current and planned GW detectors with
di↵erent frequency sensitivities may enable us to recon-
struct a timeline of cosmic history well beyond the BBN
epoch.

GW FROM COSMIC STRINGS

Oscillating closed string loops are typically the domi-
nant source of GWs from a cosmic string network in the
scaling regime. The length ` of a string loop created by
the network at time ti evolves according to

` = ↵ti � �Gµ(t� ti) . (1)

The first term is the initial loop size as a fraction ↵

of the formation time ti, i.e., a fraction of the horizon
size. Recent cosmic string simulations find that about
10% of the energy released by the long string network
goes to ↵ ' 10�1 large loops, with the remaining 90%
going to the kinetic energies of highly-boosted smaller
loops [34–40]. The kinetic energy redshifts away and is
not transferred to GWs. The second term above de-
scribes the shortening of the loop as it emits gravita-
tional radiation, characterized by the dimensionless con-
stant � ' 50 [23, 25, 39–41].

String loops emit GWs from normal mode oscillations
at frequencies femit = 2k/`, k 2 Z+. After emission, the
frequency of the GW redshifts as a

�1, where a(t) is the
cosmological scale factor. For a given GW frequency f

observed today from mode k, this implies the emission

time t̃ is related to the loop formation time by

f =
a(t̃)

a(t0)

2k

↵ti � �Gµ(t̃� ti)
, (2)

where t0 is the current time.
The stochastic GW background depends on the rate

of loop production by the cosmic string network. We
model this using the velocity-dependent one-scale (VOS)
model [42–44], with a loop chopping e�ciency of c̄ =
0.23 [44]. Applying local energy conservation and con-
sidering only large loops, this yields a loop formation
rate per unit volume at time ti of

dnloop

dti
= (0.1)

Ceff (ti)

↵
t
�4
i , (3)

where the first factor accounts for the 10% of the network
energy going to large loops discussed earlier [39, 40]. The
function Ceff (ti) depends on the redshift scaling of the
dominant energy density ⇢ of the universe. We also as-
sumed that the intercommutation probability is equal to
one. For a network coming from string theory this prob-
ability can be much lower leading to an increased abun-
dance of strings [18] When ⇢ is dominated by a single
source, it scales approximately as

⇢ / a
�n

. (4)

For n = 3 (matter domination), 4 (radiation domina-
tion), and 6 (kination – to be explained later), the VOS
model predicts Ceff = 0.41, 5.5, 30, respectively.
Summing over all harmonic modes, the GW density

per unit frequency seen today is

⌦GW (f) =
f

⇢c

d⇢GW

df
=

X

k

⌦(k)
GW (f) , (5)

with

⌦(k)
GW (f) =

1

⇢c

2k

f

(0.1)�kGµ
2

↵(↵+ �Gµ)
(6)

⇥
Z t0

tF

dt̃
Ceff (ti)

t
4
i


a(t̃)

a(t0)

�5
a(ti)

a(t̃)

�3
⇥(ti � tF ) ,

where ⇢c = 3H2
0/8⇡G is the critical density, �k =

�/(3.60 ·k4/3) [39, 40], ti is obtained by inverting Eq. (2)
and tF is the formation time of the string network.
In Fig. 1 we show the frequency spectrum of GWs

⌦GWh
2 from cosmic strings for Gµ = 5 ⇥ 10�12, ↵ =

10�1, and a standard cosmological history. Also shown
are the current sensitivity bands of LIGO [1, 3, 45], and
the projected sensitivities of LISA [46], DECIGO, and
BBO [6]. The upper left solid triangle indicates the cur-
rent limit from timing measurements by the European
Pulsar Timing Array (EPTA) [47], with the expected sen-
sitivity of the future Square Kilometre Array (SKA) [48]
shown below. The EPTA limit implies Gµ . 10�11 giv-
ing the strongest current bound on the cosmic string net-
work. Our results are consistent with the recent calcula-
tions of Refs. [49, 50].
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day, the emission was dominated by strings in a particu-
lar era of the early universe [33]. The standard thermal
picture for the evolution of the cosmos is primordial infla-
tion followed by reheating to a high temperature, and a
subsequent long period in which the expansion of the uni-
verse is driven by a dominant energy density of radiation
until the more recent transitions to matter and then dark
energy domination. Evidence for this standard cosmol-
ogy comes primarily from observations of the CMB [34]
and the successful predictions of Big Bang Nucleosyn-
thesis (BBN), corresponding to cosmic temperatures up
to T ' 5 MeV [35]. Measurements of the GW frequency
spectrum from cosmic strings by current and planned de-
tectors could test the standard cosmology at even earlier
times and possibly reveal deviations from it.

To demonstrate the power of GWs from cosmic strings
to probe the very early universe, we study the frequency
spectrum emitted by a string network in the standard
cosmology and in two well-motivated variations. We fo-
cus on an ideal Nambu-Goto (NG) cosmic string network
with unit reconnection probability and loops that radi-
ate exclusively into GWs, and we apply the results of re-
cent simulations of string networks to compute the GW
spectrum. We show that a combination of current and
planned GW detectors with di↵erent frequency sensitiv-
ities may enable us to reconstruct a timeline of cosmic
history well beyond the BBN epoch.

GW FROM COSMIC STRINGS

Oscillating closed string loops are typically the domi-
nant source of GWs from a cosmic string network in the
scaling regime. The length ` of a string loop created by
the network at time ti evolves according to

` = ↵ti � �Gµ(t� ti) . (1)

The first term is the initial loop size as a fraction ↵ of
the formation time ti, i.e., a fraction of the horizon size.
Recent cosmic string simulations find that about 10% of
the energy released by the long string network goes to
↵ ' 10�1 large loops, with the remaining 90% going to
the kinetic energies of highly-boosted smaller loops [36–
42]. The kinetic energy redshifts away and is not trans-
ferred to GWs. The second term above describes the
shortening of the loop as it emits gravitational radiation,
assumed to be the only radiation emitted, and character-
ized by the dimensionless constant � ' 50 [26, 28, 41–43].

String loops emit GWs from normal mode oscillations
at frequencies femit = 2k/`, k 2 Z+. After emission, the
frequency of the GW redshifts as a

�1, where a(t) is the
cosmological scale factor. For a given GW frequency f

observed today from mode k, this implies the emission
time t̃ is related to the loop formation time by

f =
a(t̃)

a(t0)

2k

↵ti � �Gµ(t̃� ti)
, (2)

where t0 is the current time.
The stochastic GW background depends on the rate

of loop production by the cosmic string network. We
model this using the velocity-dependent one-scale (VOS)
model [44–46], with a loop chopping e�ciency of c̄ =
0.23 [46]. Applying local energy conservation and con-
sidering only large loops, this yields a loop formation
rate per unit volume at time ti of

dnloop

dti
= (0.1)

Ceff (ti)

↵
t
�4
i , (3)

where the first factor accounts for the 10% of the network
energy going to large loops discussed earlier [41, 42]. The
function Ceff (ti) depends on the redshift scaling of the
dominant energy density ⇢ of the universe. When ⇢ is
dominated by a single source, it scales approximately as

⇢ / a
�n

. (4)

For n = 3 (matter domination), 4 (radiation domina-
tion), and 6 (kination – to be explained later), the VOS
model predicts Ceff = 0.41, 5.5, 30, respectively.
Summing over all harmonic modes, the GW density

per unit frequency seen today is

⌦GW (f) =
f

⇢c

d⇢GW

df
=

X

k

⌦(k)
GW (f) , (5)

with

⌦(k)
GW (f) =

1

⇢c

2k

f

(0.1)�kGµ
2

↵(↵+ �Gµ)
(6)

⇥
Z t0
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dt̃
Ceff (ti)

t
4
i


a(t̃)

a(t0)

�5
a(ti)

a(t̃)

�3
⇥(ti � tF ) ,

where ⇢c = 3H2
0/8⇡G is the critical density, �k =

�/(3.60 ·k4/3) [41, 42], ti is obtained by inverting Eq. (2),
and tF is the formation time of the string network.
In Fig. 1 we show the frequency spectrum of GWs

⌦GWh
2 from cosmic strings for Gµ = 5 ⇥ 10�12, ↵ =

10�1, and a standard cosmological history. Also shown
are the current sensitivity bands of LIGO [1, 3, 47],
and the projected sensitivities of LISA [48] and DE-
CIGO/BBO [6]. The upper left solid triangle indicates
the current limit from timing measurements by the Eu-
ropean Pulsar Timing Array (EPTA) [49], with the ex-
pected sensitivity of the future Square Kilometre Ar-
ray (SKA) [50] shown below. The EPTA limit implies
Gµ . 10�11 giving the strongest current bound on the
cosmic string network. Our results are consistent with
the recent calculations of Refs. [51, 52].
Fig. 1 illustrates the key relationship between the GW

frequency spectrum and the cosmological era at which a
given frequency today was produced. At higher frequen-
cies, where the relic GW spectrum would normally be
dominated by loops produced in the radiation era, the

expansion parameter

-Cosmic expansion history  is encoded ( )! H(t) ≡ ·a/a a(t̃)

Putting things together:
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☞A long (nearly) flat plateau:

emission during RD epoch,

deviation could be easy to see!


☞GW with a given f was dominantly 
contributed by loops formed at a certain

t/T (higher f ↔︎ earlier time)

(next slide…)

 Features of the GW spectrum:

Testing Standard Cosmology w/GW 
Spectrum from Cosmic Strings 

Looking back in time!

• An example: G𝜇 = 2×10-11, 𝛼=0.1 (in standard cosmology)
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The GW Frequency-Time (Temperature) 
Correspondence


arxiv: 1711.03104, 1808.08968, YC with Lewicki, Morrissey and Wells

•  Quantify/utilize the f-T correspondence

Stochastic GW background from Cosmic Strings

Figure: GWs spectrum with Gµ = 5⇥ 10�12 and ↵ = 10�1.

GW frequency $ temperature

f� / T�↵
� 1

2 (Gµ)
� 1

2GW with a given f was dominantly contributed by

 loops formed at a certain t/T

similar) is dominated by radiation, followed by a period of matter domination, and very

recently entering a phase of accelerated expansion driven by a constant dark energy. This

evolution (after inflation) is encapsulated in the first Friedmann equation describing the

expansion rate of the scale factor a(t):

H
2 ⌘

✓
ȧ

a

◆2

= H
2
0

"
�R(a)⌦R

✓
a

a0

◆�4

+ ⌦M

✓
a

a0

◆�3

+ ⌦⇤

#
, (3.1)

where H0 ' 1.44⇥ 10�42 GeV is the expansion rate measured today, ⌦R ' 9.2⇥ 10�5 for

radiation, ⌦M ' 0.31 for matter, and ⌦⇤ ' 0.69 for dark energy [81]. The correction factor

�R(a) =
g⇤(a)

g⇤(a0)

✓
g⇤S(a0)

g⇤S(a)

◆4/3

(3.2)

accounts for the deviation from T / a
�1 dictated by entropy conservation, and depends on

the e↵ective number of energy density (g⇤) and entropy (g⇤S) degrees of freedom for which

we use the SM parametrization in micrOMEGAs 3.6.9.2 [82].

An early period of domination by something other than radiation would show up in

the GW frequency spectrum as a significant deviation from flatness. For given values of Gµ

and ↵, the frequency f� at which such a deviation would appear is determined by the cos-

mological time t� when the (most recent) radiation era began.1 Based on Eqs. (2.18, 2.21)

and the analysis in Sec. 2.3, the frequency spectrum is first modified significantly when

the dominant emission time t̃M comes from loops created at t
(k=1)
i ' t�. This gives an

approximate transition frequency f� as the solution of

ti(t̃M (f�)) = t� . (3.3)

Approximating a(t) / t
1/2 during the radiation era, this gives

f� '
r

8 zeq
↵�Gµ

✓
teq

t�

◆1/2

t
�1
0 (3.4)

'

s
8

zeq↵�Gµ


g⇤(T�)

g⇤(T0)

�1/4✓
T�

T0

◆
t
�1
0

where zeq ' 3387 is the redshift at matter-radiation equality, and T0 = 2.725K is the

temperature today. A more accurate dependence obtained by fitting to a full numerical

calculation that properly accounts for variations in g⇤ gives

f� = (8.67⇥ 10�3Hz)

✓
T�

GeV

◆✓
0.1⇥ 50⇥ 10�11

↵�Gµ

◆1/2✓
g⇤(T�)

g⇤(T0)

◆ 8
6
✓
g⇤S(T0)

g⇤S(T�)

◆� 7
6

,

(3.5)

which we find to be accurate to about 10%.

The power of current and future GW detectors to look back in time using GWs from

cosmic strings comes down to their sensitivity to f� for given values of ↵ and �Gµ. Mea-

suring an approximately flat frequency spectrum out to f� would provide strong evidence

1Equivalently, radiation domination occurred for t� < t < teq with something else for t < t�.
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cosmological picture further back in time than the best current limits based on primordial

Big Bang Nucleosynthesis (BBN). We also study how deviations from the standard picture

would imprint themselves on the spectrum.

3.1 Testing the standard cosmological history

Current observations provide strong evidence for the standard ⇤CDM model of cosmol-
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similar) is dominated by radiation, followed by a period of matter domination, and very

recently entering a phase of accelerated expansion driven by a constant dark energy. This

evolution (after inflation) is encapsulated in the first Friedmann equation describing the

expansion rate of the scale factor a(t):

H
2 ⌘

✓
ȧ

a

◆2

= H
2
0

"
�R(a)⌦R

✓
a

a0

◆�4

+ ⌦M

✓
a

a0

◆�3

+ ⌦⇤

#
, (3.1)

where H0 ' 1.44⇥ 10�42 GeV is the expansion rate measured today, ⌦R ' 9.2⇥ 10�5 for

radiation, ⌦M ' 0.31 for matter, and ⌦⇤ ' 0.69 for dark energy [83]. The correction factor

�R(a) =
g⇤(a)

g⇤(a0)

✓
g⇤S(a0)

g⇤S(a)

◆4/3

(3.2)

accounts for the deviation from T / a
�1 dictated by entropy conservation, and depends on

the e↵ective number of energy density (g⇤) and entropy (g⇤S) degrees of freedom for which

we use the SM parametrization in micrOMEGAs 3.6.9.2 [84].

An early period of domination by something other than radiation would show up in

the GW frequency spectrum as a significant deviation from flatness. For given values of Gµ

and ↵, the frequency f� at which such a deviation would appear is determined by the cos-

mological time t� when the (most recent) radiation era began.1 Based on Eqs. (2.18, 2.21)

and the analysis in Sec. 2.3, the frequency spectrum is first modified significantly when

the dominant emission time t̃M comes from loops created at t
(k=1)
i ' t�. This gives an

approximate transition frequency f� as the solution of

ti(t̃M (f�)) = t� . (3.3)

Approximating a(t) / t
1/2 during the radiation era, this gives

f� '
r

8 zeq
↵�Gµ

✓
teq

t�

◆1/2

t
�1
0 (3.4)

'

s
8

zeq↵�Gµ


g⇤(T�)

g⇤(T0)

�1/4✓
T�

T0

◆
t
�1
0

where zeq ' 3387 is the redshift at matter-radiation equality, and T0 = 2.725K is the

temperature today. A more accurate dependence obtained by fitting to a full numerical

1Equivalently, radiation domination occurred for t� < t < teq with something else for t < t�.

– 10 –

Numerical fit:
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Experimental Detection Prospects

(f-T correspondence)

• Fig.: fΔ  required to test the standard cosmology up to radiation TΔ for a 
range of G𝜇, 𝛼=0.1. Shaded regions: signal within detection sensitivity by 
the corresponding GW detector.

 Sensitivity to TΔ :


 from BBN 

all the way back to

∼104 GeV !

-24

-22

-20

-18

-16

-14

-12

Figure 4. Frequency f� required to test the standard cosmology up to radiation temperature
T� for a range of values of Gµ with ↵ = 0.1. The shaded regions indicate where the signal could
be detected by the corresponding planned future GW detector. [yc - I don’t feel strongly about it,
but is it clearer to list the color-experiment correspondence here?]

Approximating a(t) / t
1/2 during the radiation era, this gives

f� '
r

8 zeq
↵�Gµ

✓
teq

t�

◆1/2

t
�1
0 (3.4)

'

s
8

zeq↵�Gµ


g⇤(T�)

g⇤(T0)

�1/4✓
T�

T0

◆
t
�1
0

[yc - good with this eq. now?] where zeq = 3387 is the redshift at matter-radiation equality,

and T0 = 2.725K is the temperature today. A more accurate dependence obtained by fitting

to a full numerical calculation that properly accounts for variations in g⇤ gives

f� = (8.67⇥ 10�3Hz)

✓
T�

GeV

◆✓
0.1⇥ 50⇥ 10�11

↵�Gµ

◆1/2✓
g⇤(T�)

g⇤(T0)

◆ 8
6
✓
g⇤S(T0)

g⇤S(T�)

◆� 7
6

(3.5)

which we find to be accurate to about 10%.

The power of current and future GW detectors to look back in time using GWs from

cosmic strings comes down to their sensitivity to f� for given values of ↵ and �Gµ. Mea-

suring an approximately flat frequency spectrum out to f� would provide strong evidence

for radiation domination up to the corresponding temperature T�. Thus, f� can be rein-

terpreted as the frequency needed to test standard cosmology up to temperature T�. In

Fig. 4 we show f� as a function of T� for a range of values of Gµ with ↵ = 0.1 and

� = 50. Also shown in this figure are the expected sensitivity ranges of LISA, BBO, ET,

and CE. All four planned GW detectors could potentially probe the standard cosmology

much further back in time than BBN, corresponding to temperatures T� > 5 MeV. Note

– 11 –



Probing New Phases (Equation of States) in

 Cosmological Evolution

15

 Non-standard cosmology (new e.o.s) well-motivated, e.g.

•  Early matter domination ( ): baryogenesis, moduli…

•  Kination ( ): DE, axion, inflation…

ρ ∝ a−3

ρ ∝ a−6

Impact on SGWB spectrum from cosmic strings:

H2 =
8π
3

ρ, H2 ∝ a−n

— Take a break from the “boring” RD era (  ) ! ρ ∝ a−4
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• n=4: RD (standard, 
flat)

Assume a transition 
at TΔ = 5, 200 GeV:


• n=6: kination (rise)

• n=3: early MD (fall)

Stochastic GW background from Cosmic Strings

Figure: GWs spectrum with Gµ = 5⇥ 10�12 and ↵ = 10�1.

GW frequency $ temperature

f� / T�↵
� 1

2 (Gµ)
� 1

2

Stochastic GW background from Cosmic Strings

Figure: GWs spectrum with Gµ = 5⇥ 10�12 and ↵ = 10�1.

GW frequency $ temperature

f� / T�↵
� 1

2 (Gµ)
� 1

2Looking back in time!

☞Dramatic departure 
from RD flatness!

Probing New Phases in Cosmic History 
with Cosmic String GWs



Probing New (Massive) 

Degrees of Freedom

17



Cosmological Probe for

 (Massive) BSM Degrees of Freedom

Figure 5. Left panel: modification of the number of degrees of freedom with T� = 1GeV and
�g = 10, 102, 103. Right panel shows the corresponding modification of the GW spectra of our
string network with Gµ = 10�11, while colored regions represent experimental sensitivities as in
the previous plots. The modification here. is with respect to expected GW spectrum from cosmic
string evolution in standard cosmology.

Figure 6. Modification of amplitude of the gravitational wave signal (3.4) at the high frequency
plateau due to a modification of the number of degrees of freedom by �g. The modification here is
with respect to expected GW spectrum from cosmic string evolution in standard cosmology. [yc -
we should add the plot showing e↵ect of varying ↵]

There are many scenarios that can be described in this way. We will focus on two

particular ones which are not only well motivated but also form an envelope of how much

the expansion of the early universe can reasonably be modified. Our first example is

– 14 –
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• Additional d.o.f’s: ubiquitous in BSM theories, maybe hundreds of 
them!(GUT, DM, SUSY, RS, hidden valley, twin Higgs, NNaturalness…)


• Massive d.o.f’s: radiation in the early Universe (g*), later 
freezeout/decay☞can’t be traced by CMB ΔNeff (unlike massless d.o.f)

— GW spectrum may provide a way! ( )H2 ∝ g*T4

L: loop size
D ⇠ ML2: the quadrupole moment
M ⇠ µL: the loop’s mass

vDM/c ⌧ 1 �X = mDM/mX h�viann
⇠ ⌘ TDM/TSM  1 ⌦� / (h�vi/⇠)�1 H2

/ g⇤T 4 T� = 100 GeV

8



Gravitational Wave Bursts as Harbingers of 
Cosmic Strings Diluted by Inflation


(arxiv: 1912.08832 PRL, YC with Marek Lewicki and David 
Morrissey)

Inflation buries all 
relics before it 

 (or shortly after it 
starts)?

A counter-example!
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Inflation and Cosmic String Regrowth
• How is it possible?

2

larger string tensions Gµ to be consistent with existing
bounds [47–49].

In this Letter we study the regrowth of cosmic strings
after inflationary dilution and we investigate ways to dis-
cover them. We demonstrate that individual resolved
bursts of GWs can be the leading signal of such strings,
and that such bursts could potentially be observed
in the current LIGO experiment [50–52], or planned
future experiments such as LISA [53], ET [54, 55],
AION/MAGIS [56–58], and AEDGE [59]. This is also
true in cases where the SGWB is significantly suppressed
at frequencies relevant to pulsar timing and thus reduc-
ing the limits from PPTA [46] and the future reach of the
planned SKA [60].

INFLATION AND STRING REGROWTH

To estimate the dilution of cosmic strings formed in
the early stages of inflation and their subsequent evolu-
tion, we use a simplified picture of inflation and reheat-
ing together with the velocity-dependent one-scale (VOS)
model to describe the long-string network [61–65]. We
expect this treatment to capture the essential behaviour
of more specific models of inflation and cosmic strings.

During inflation we assume a constant Hubble param-
eter HI = VI/3M2

Pl with VI ⌘ M
4 describing the infla-

tionary energy density from initial time tI to end time
tE . Current observations limitM <⇠ 1016 GeV [2] and we
note that GM

2 ' 7 ⇥ 10�7. The cosmological scale fac-
tor grows as a(t) / e

HIt. After inflation, we assume a re-
heating period that initiates a radiation-dominated phase
with temperature TRH  (30/⇡2

g⇤)1/4M . We assume
further that the temperature during reheating remains
low enough to avoid the destruction of the pre-existing
cosmic strings by thermal processes such as symmetry
restoration.

In the VOS model that we use to describe horizon-
length long strings during and after inflation [45], the
long string energy is characterized by a correlation length
parameter L and velocity parameter v̄ such that the en-
ergy density of long strings is given by [13]

⇢1 ⌘ µ

L2
. (1)

These parameters evolve according to [62, 63]

dL

dt
= (1 + v̄

2)HL+
c̃v̄

2
(2)

dv̄

dt
= (1� v̄

2)


k(v̄)

L
� 2H v̄

�
, (3)

where

k(v̄) =
2
p
2

⇡
(1� v̄

2)(1 + 2
p
2v̄3)

✓
1� 8v̄6

1 + 8v̄6

◆
, (4)

and c̃ ' 0.23 describes closed loop formation [63].

As initial condition, we take

L(tF ) ⌘ LF =
1

⇣HI

, (5)

where tF is the greater of the beginning of inflation or
the network formation time, and ⇣

2 corresponds approx-
imately to the number of long strings within the Hubble
volume at time tF . After tF , the string network param-
eters quickly reach an attractor solution during inflation
(independent of the value of v̄ at tF ) given by

L(t) = LF e
HI(t�tF )

, v̄(t) =
2
p
2

⇡

1

HIL(t)
. (6)

This solution reflects the dilution of the long string net-
work, with HL � 1 and v̄ ⌧ 1 by the end of inflation.
While HL � 1 after inflation, The subsequent evolution
of the string network after inflation takes a very simple
form while HL � 1 with (L/a) approximately constant.
It follows that HL decreases after inflation, correspond-
ing to the gradual regrowth of the string network. If the
network is to produce a potentially observable signal in
GWs, at least a few strings are needed within our current
Hubble volume corresponding to HL <⇠ 1 today.
To determine the conditions under which there is

enough string regrowth for HL ! 1 while also maintain-
ing a su�cient amount of inflation, it is useful to compare
the evolution of L prior to scaling to that of the curvature
radius R = 1/H

p
|⌦�1| which evolves in precisely the

same way, independently of the details of inflation or re-
heating. In the absence of strong tuning of the curvature
radius at the start of inflation, the current 95% limit on
curvature |⌦�1| = 0.0007± 0.0037 [1] puts the strongest
lower bound on the total number of e-foldings of inflation-
ary expansion [2]. Defining �N � 0 to be the number
of e-foldings between tI and tF , the total number of in-
flationary e-foldings is Ntot = HI(tE � tI) ⌘ NF +�N .
Note that �N = 0 corresponds to the string forming be-
fore or at the start of inflation. Applying the curvature
limit on Ntot, we find

�N + ln ⇣ � 2.7 +
1

2
ln(|⌦I�1|) (7)

+
1

2
ln

⇥
⌦⇤(1 + z̃)�2 + ⌦m(1 + z̃) + ⌦r(1 + z̃)2

⇤

where z̃ is the redshift at which HL ! 1, ⌦a are the
fractional energy densities in dark energy, matter, and
radiation relative to critical today, and |⌦I � 1| is the
deviation from flatness at the start of inflation.
In Fig. 1 we show the minimal value of �N + ln ⇣

needed for the network to reach HL = 1 by redshift z̃

for three values of the curvature at the start of inflation:
|⌦I�1| = 1, 0.1, 0.01. The flattening of the curves at low
z̃ reflects the recent onset of dark energy domination.
This figure shows that HL ! 1 requires that the net-
work must either have been formed �N e-folds after the
start of inflation, or the initial number of long strings
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larger string tensions Gµ to be consistent with existing
bounds [47–49].

In this Letter we study the regrowth of cosmic strings
after inflationary dilution and we investigate ways to dis-
cover them. We demonstrate that individual resolved
bursts of GWs can be the leading signal of such strings,
and that such bursts could potentially be observed
in the current LIGO experiment [50–52], or planned
future experiments such as LISA [53], ET [54, 55],
AION/MAGIS [56–58], and AEDGE [59]. This is also
true in cases where the SGWB is significantly suppressed
at frequencies relevant to pulsar timing and thus reduc-
ing the limits from PPTA [46] and the future reach of the
planned SKA [60].

INFLATION AND STRING REGROWTH

To estimate the dilution of cosmic strings formed in
the early stages of inflation and their subsequent evolu-
tion, we use a simplified picture of inflation and reheat-
ing together with the velocity-dependent one-scale (VOS)
model to describe the long-string network [61–65]. We
expect this treatment to capture the essential behaviour
of more specific models of inflation and cosmic strings.

During inflation we assume a constant Hubble param-
eter HI = VI/3M2

Pl with VI ⌘ M
4 describing the infla-

tionary energy density from initial time tI to end time
tE . Current observations limitM <⇠ 1016 GeV [2] and we
note that GM

2 ' 7 ⇥ 10�7. The cosmological scale fac-
tor grows as a(t) / e

HIt. After inflation, we assume a re-
heating period that initiates a radiation-dominated phase
with temperature TRH  (30/⇡2

g⇤)1/4M . We assume
further that the temperature during reheating remains
low enough to avoid the destruction of the pre-existing
cosmic strings by thermal processes such as symmetry
restoration.

In the VOS model that we use to describe horizon-
length long strings during and after inflation [45], the
long string energy is characterized by a correlation length
parameter L and velocity parameter v̄ such that the en-
ergy density of long strings is given by [13]

⇢1 ⌘ µ

L2
. (1)

These parameters evolve according to [62, 63]
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2)HL+
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2
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2
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2
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1� 8v̄6
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, (4)

and c̃ ' 0.23 describes closed loop formation [63].

As initial condition, we take

L(tF ) ⌘ LF =
1

⇣HI

, (5)

where tF is the greater of the beginning of inflation or
the network formation time, and ⇣

2 corresponds approx-
imately to the number of long strings within the Hubble
volume at time tF . After tF , the string network param-
eters quickly reach an attractor solution during inflation
(independent of the value of v̄ at tF ) given by

L(t) = LF e
HI(t�tF )

, v̄(t) =
2
p
2

⇡

1

HIL(t)
. (6)

This solution reflects the dilution of the long string net-
work, with HL � 1 and v̄ ⌧ 1 by the end of inflation.
While HL � 1 after inflation, The subsequent evolution
of the string network after inflation takes a very simple
form while HL � 1 with (L/a) approximately constant.
It follows that HL decreases after inflation, correspond-
ing to the gradual regrowth of the string network. If the
network is to produce a potentially observable signal in
GWs, at least a few strings are needed within our current
Hubble volume corresponding to HL <⇠ 1 today.
To determine the conditions under which there is

enough string regrowth for HL ! 1 while also maintain-
ing a su�cient amount of inflation, it is useful to compare
the evolution of L prior to scaling to that of the curvature
radius R = 1/H

p
|⌦�1| which evolves in precisely the

same way, independently of the details of inflation or re-
heating. In the absence of strong tuning of the curvature
radius at the start of inflation, the current 95% limit on
curvature |⌦�1| = 0.0007± 0.0037 [1] puts the strongest
lower bound on the total number of e-foldings of inflation-
ary expansion [2]. Defining �N � 0 to be the number
of e-foldings between tI and tF , the total number of in-
flationary e-foldings is Ntot = HI(tE � tI) ⌘ NF +�N .
Note that �N = 0 corresponds to the string forming be-
fore or at the start of inflation. Applying the curvature
limit on Ntot, we find

�N + ln ⇣ � 2.7 +
1

2
ln(|⌦I�1|) (7)

+
1

2
ln

⇥
⌦⇤(1 + z̃)�2 + ⌦m(1 + z̃) + ⌦r(1 + z̃)2

⇤

where z̃ is the redshift at which HL ! 1, ⌦a are the
fractional energy densities in dark energy, matter, and
radiation relative to critical today, and |⌦I � 1| is the
deviation from flatness at the start of inflation.
In Fig. 1 we show the minimal value of �N + ln ⇣

needed for the network to reach HL = 1 by redshift z̃

for three values of the curvature at the start of inflation:
|⌦I�1| = 1, 0.1, 0.01. The flattening of the curves at low
z̃ reflects the recent onset of dark energy domination.
This figure shows that HL ! 1 requires that the net-
work must either have been formed �N e-folds after the
start of inflation, or the initial number of long strings

2

larger string tensions Gµ to be consistent with existing
bounds [47–49].

In this Letter we study the regrowth of cosmic strings
after inflationary dilution and we investigate ways to dis-
cover them. We demonstrate that individual resolved
bursts of GWs can be the leading signal of such strings,
and that such bursts could potentially be observed
in the current LIGO experiment [50–52], or planned
future experiments such as LISA [53], ET [54, 55],
AION/MAGIS [56–58], and AEDGE [59]. This is also
true in cases where the SGWB is significantly suppressed
at frequencies relevant to pulsar timing and thus reduc-
ing the limits from PPTA [46] and the future reach of the
planned SKA [60].

INFLATION AND STRING REGROWTH

To estimate the dilution of cosmic strings formed in
the early stages of inflation and their subsequent evolu-
tion, we use a simplified picture of inflation and reheat-
ing together with the velocity-dependent one-scale (VOS)
model to describe the long-string network [61–65]. We
expect this treatment to capture the essential behaviour
of more specific models of inflation and cosmic strings.

During inflation we assume a constant Hubble param-
eter HI = VI/3M2

Pl with VI ⌘ M
4 describing the infla-

tionary energy density from initial time tI to end time
tE . Current observations limitM <⇠ 1016 GeV [2] and we
note that GM

2 ' 7 ⇥ 10�7. The cosmological scale fac-
tor grows as a(t) / e

HIt. After inflation, we assume a re-
heating period that initiates a radiation-dominated phase
with temperature TRH  (30/⇡2

g⇤)1/4M . We assume
further that the temperature during reheating remains
low enough to avoid the destruction of the pre-existing
cosmic strings by thermal processes such as symmetry
restoration.

In the VOS model that we use to describe horizon-
length long strings during and after inflation [45], the
long string energy is characterized by a correlation length
parameter L and velocity parameter v̄ such that the en-
ergy density of long strings is given by [13]
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and c̃ ' 0.23 describes closed loop formation [63].

As initial condition, we take

L(tF ) ⌘ LF =
1

⇣HI

, (5)

where tF is the greater of the beginning of inflation or
the network formation time, and ⇣

2 corresponds approx-
imately to the number of long strings within the Hubble
volume at time tF . After tF , the string network param-
eters quickly reach an attractor solution during inflation
(independent of the value of v̄ at tF ) given by

L(t) = LF e
HI(t�tF )

, v̄(t) =
2
p
2

⇡

1

HIL(t)
. (6)

This solution reflects the dilution of the long string net-
work, with HL � 1 and v̄ ⌧ 1 by the end of inflation.
While HL � 1 after inflation, The subsequent evolution
of the string network after inflation takes a very simple
form while HL � 1 with (L/a) approximately constant.
It follows that HL decreases after inflation, correspond-
ing to the gradual regrowth of the string network. If the
network is to produce a potentially observable signal in
GWs, at least a few strings are needed within our current
Hubble volume corresponding to HL <⇠ 1 today.
To determine the conditions under which there is

enough string regrowth for HL ! 1 while also maintain-
ing a su�cient amount of inflation, it is useful to compare
the evolution of L prior to scaling to that of the curvature
radius R = 1/H

p
|⌦�1| which evolves in precisely the

same way, independently of the details of inflation or re-
heating. In the absence of strong tuning of the curvature
radius at the start of inflation, the current 95% limit on
curvature |⌦�1| = 0.0007± 0.0037 [1] puts the strongest
lower bound on the total number of e-foldings of inflation-
ary expansion [2]. Defining �N � 0 to be the number
of e-foldings between tI and tF , the total number of in-
flationary e-foldings is Ntot = HI(tE � tI) ⌘ NF +�N .
Note that �N = 0 corresponds to the string forming be-
fore or at the start of inflation. Applying the curvature
limit on Ntot, we find
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2
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where z̃ is the redshift at which HL ! 1, ⌦a are the
fractional energy densities in dark energy, matter, and
radiation relative to critical today, and |⌦I � 1| is the
deviation from flatness at the start of inflation.
In Fig. 1 we show the minimal value of �N + ln ⇣

needed for the network to reach HL = 1 by redshift z̃

for three values of the curvature at the start of inflation:
|⌦I�1| = 1, 0.1, 0.01. The flattening of the curves at low
z̃ reflects the recent onset of dark energy domination.
This figure shows that HL ! 1 requires that the net-
work must either have been formed �N e-folds after the
start of inflation, or the initial number of long strings
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Inflation and Cosmic String Regrowth
• How is it possible?

2

larger string tensions Gµ to be consistent with existing
bounds [47–49].

In this Letter we study the regrowth of cosmic strings
after inflationary dilution and we investigate ways to dis-
cover them. We demonstrate that individual resolved
bursts of GWs can be the leading signal of such strings,
and that such bursts could potentially be observed
in the current LIGO experiment [50–52], or planned
future experiments such as LISA [53], ET [54, 55],
AION/MAGIS [56–58], and AEDGE [59]. This is also
true in cases where the SGWB is significantly suppressed
at frequencies relevant to pulsar timing and thus reduc-
ing the limits from PPTA [46] and the future reach of the
planned SKA [60].

INFLATION AND STRING REGROWTH

To estimate the dilution of cosmic strings formed in
the early stages of inflation and their subsequent evolu-
tion, we use a simplified picture of inflation and reheat-
ing together with the velocity-dependent one-scale (VOS)
model to describe the long-string network [61–65]. We
expect this treatment to capture the essential behaviour
of more specific models of inflation and cosmic strings.

During inflation we assume a constant Hubble param-
eter HI = VI/3M2

Pl with VI ⌘ M
4 describing the infla-

tionary energy density from initial time tI to end time
tE . Current observations limitM <⇠ 1016 GeV [2] and we
note that GM

2 ' 7 ⇥ 10�7. The cosmological scale fac-
tor grows as a(t) / e

HIt. After inflation, we assume a re-
heating period that initiates a radiation-dominated phase
with temperature TRH  (30/⇡2

g⇤)1/4M . We assume
further that the temperature during reheating remains
low enough to avoid the destruction of the pre-existing
cosmic strings by thermal processes such as symmetry
restoration.

In the VOS model that we use to describe horizon-
length long strings during and after inflation [45], the
long string energy is characterized by a correlation length
parameter L and velocity parameter v̄ such that the en-
ergy density of long strings is given by [13]
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and c̃ ' 0.23 describes closed loop formation [63].

As initial condition, we take

L(tF ) ⌘ LF =
1

⇣HI

, (5)

where tF is the greater of the beginning of inflation or
the network formation time, and ⇣

2 corresponds approx-
imately to the number of long strings within the Hubble
volume at time tF . After tF , the string network param-
eters quickly reach an attractor solution during inflation
(independent of the value of v̄ at tF ) given by

L(t) = LF e
HI(t�tF )

, v̄(t) =
2
p
2

⇡

1

HIL(t)
. (6)

This solution reflects the dilution of the long string net-
work, with HL � 1 and v̄ ⌧ 1 by the end of inflation.
While HL � 1 after inflation, The subsequent evolution
of the string network after inflation takes a very simple
form while HL � 1 with (L/a) approximately constant.
It follows that HL decreases after inflation, correspond-
ing to the gradual regrowth of the string network. If the
network is to produce a potentially observable signal in
GWs, at least a few strings are needed within our current
Hubble volume corresponding to HL <⇠ 1 today.
To determine the conditions under which there is

enough string regrowth for HL ! 1 while also maintain-
ing a su�cient amount of inflation, it is useful to compare
the evolution of L prior to scaling to that of the curvature
radius R = 1/H

p
|⌦�1| which evolves in precisely the

same way, independently of the details of inflation or re-
heating. In the absence of strong tuning of the curvature
radius at the start of inflation, the current 95% limit on
curvature |⌦�1| = 0.0007± 0.0037 [1] puts the strongest
lower bound on the total number of e-foldings of inflation-
ary expansion [2]. Defining �N � 0 to be the number
of e-foldings between tI and tF , the total number of in-
flationary e-foldings is Ntot = HI(tE � tI) ⌘ NF +�N .
Note that �N = 0 corresponds to the string forming be-
fore or at the start of inflation. Applying the curvature
limit on Ntot, we find

�N + ln ⇣ � 2.7 +
1

2
ln(|⌦I�1|) (7)

+
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where z̃ is the redshift at which HL ! 1, ⌦a are the
fractional energy densities in dark energy, matter, and
radiation relative to critical today, and |⌦I � 1| is the
deviation from flatness at the start of inflation.
In Fig. 1 we show the minimal value of �N + ln ⇣

needed for the network to reach HL = 1 by redshift z̃

for three values of the curvature at the start of inflation:
|⌦I�1| = 1, 0.1, 0.01. The flattening of the curves at low
z̃ reflects the recent onset of dark energy domination.
This figure shows that HL ! 1 requires that the net-
work must either have been formed �N e-folds after the
start of inflation, or the initial number of long strings
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larger string tensions Gµ to be consistent with existing
bounds [47–49].

In this Letter we study the regrowth of cosmic strings
after inflationary dilution and we investigate ways to dis-
cover them. We demonstrate that individual resolved
bursts of GWs can be the leading signal of such strings,
and that such bursts could potentially be observed
in the current LIGO experiment [50–52], or planned
future experiments such as LISA [53], ET [54, 55],
AION/MAGIS [56–58], and AEDGE [59]. This is also
true in cases where the SGWB is significantly suppressed
at frequencies relevant to pulsar timing and thus reduc-
ing the limits from PPTA [46] and the future reach of the
planned SKA [60].

INFLATION AND STRING REGROWTH

To estimate the dilution of cosmic strings formed in
the early stages of inflation and their subsequent evolu-
tion, we use a simplified picture of inflation and reheat-
ing together with the velocity-dependent one-scale (VOS)
model to describe the long-string network [61–65]. We
expect this treatment to capture the essential behaviour
of more specific models of inflation and cosmic strings.

During inflation we assume a constant Hubble param-
eter HI = VI/3M2

Pl with VI ⌘ M
4 describing the infla-

tionary energy density from initial time tI to end time
tE . Current observations limitM <⇠ 1016 GeV [2] and we
note that GM

2 ' 7 ⇥ 10�7. The cosmological scale fac-
tor grows as a(t) / e

HIt. After inflation, we assume a re-
heating period that initiates a radiation-dominated phase
with temperature TRH  (30/⇡2

g⇤)1/4M . We assume
further that the temperature during reheating remains
low enough to avoid the destruction of the pre-existing
cosmic strings by thermal processes such as symmetry
restoration.

In the VOS model that we use to describe horizon-
length long strings during and after inflation [45], the
long string energy is characterized by a correlation length
parameter L and velocity parameter v̄ such that the en-
ergy density of long strings is given by [13]
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L2
. (1)

These parameters evolve according to [62, 63]
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and c̃ ' 0.23 describes closed loop formation [63].

As initial condition, we take

L(tF ) ⌘ LF =
1

⇣HI

, (5)

where tF is the greater of the beginning of inflation or
the network formation time, and ⇣

2 corresponds approx-
imately to the number of long strings within the Hubble
volume at time tF . After tF , the string network param-
eters quickly reach an attractor solution during inflation
(independent of the value of v̄ at tF ) given by

L(t) = LF e
HI(t�tF )

, v̄(t) =
2
p
2

⇡

1

HIL(t)
. (6)

This solution reflects the dilution of the long string net-
work, with HL � 1 and v̄ ⌧ 1 by the end of inflation.
While HL � 1 after inflation, The subsequent evolution
of the string network after inflation takes a very simple
form while HL � 1 with (L/a) approximately constant.
It follows that HL decreases after inflation, correspond-
ing to the gradual regrowth of the string network. If the
network is to produce a potentially observable signal in
GWs, at least a few strings are needed within our current
Hubble volume corresponding to HL <⇠ 1 today.
To determine the conditions under which there is

enough string regrowth for HL ! 1 while also maintain-
ing a su�cient amount of inflation, it is useful to compare
the evolution of L prior to scaling to that of the curvature
radius R = 1/H

p
|⌦�1| which evolves in precisely the

same way, independently of the details of inflation or re-
heating. In the absence of strong tuning of the curvature
radius at the start of inflation, the current 95% limit on
curvature |⌦�1| = 0.0007± 0.0037 [1] puts the strongest
lower bound on the total number of e-foldings of inflation-
ary expansion [2]. Defining �N � 0 to be the number
of e-foldings between tI and tF , the total number of in-
flationary e-foldings is Ntot = HI(tE � tI) ⌘ NF +�N .
Note that �N = 0 corresponds to the string forming be-
fore or at the start of inflation. Applying the curvature
limit on Ntot, we find

�N + ln ⇣ � 2.7 +
1

2
ln(|⌦I�1|) (7)

+
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where z̃ is the redshift at which HL ! 1, ⌦a are the
fractional energy densities in dark energy, matter, and
radiation relative to critical today, and |⌦I � 1| is the
deviation from flatness at the start of inflation.
In Fig. 1 we show the minimal value of �N + ln ⇣

needed for the network to reach HL = 1 by redshift z̃

for three values of the curvature at the start of inflation:
|⌦I�1| = 1, 0.1, 0.01. The flattening of the curves at low
z̃ reflects the recent onset of dark energy domination.
This figure shows that HL ! 1 requires that the net-
work must either have been formed �N e-folds after the
start of inflation, or the initial number of long strings
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larger string tensions Gµ to be consistent with existing
bounds [47–49].

In this Letter we study the regrowth of cosmic strings
after inflationary dilution and we investigate ways to dis-
cover them. We demonstrate that individual resolved
bursts of GWs can be the leading signal of such strings,
and that such bursts could potentially be observed
in the current LIGO experiment [50–52], or planned
future experiments such as LISA [53], ET [54, 55],
AION/MAGIS [56–58], and AEDGE [59]. This is also
true in cases where the SGWB is significantly suppressed
at frequencies relevant to pulsar timing and thus reduc-
ing the limits from PPTA [46] and the future reach of the
planned SKA [60].

INFLATION AND STRING REGROWTH

To estimate the dilution of cosmic strings formed in
the early stages of inflation and their subsequent evolu-
tion, we use a simplified picture of inflation and reheat-
ing together with the velocity-dependent one-scale (VOS)
model to describe the long-string network [61–65]. We
expect this treatment to capture the essential behaviour
of more specific models of inflation and cosmic strings.

During inflation we assume a constant Hubble param-
eter HI = VI/3M2

Pl with VI ⌘ M
4 describing the infla-

tionary energy density from initial time tI to end time
tE . Current observations limitM <⇠ 1016 GeV [2] and we
note that GM

2 ' 7 ⇥ 10�7. The cosmological scale fac-
tor grows as a(t) / e

HIt. After inflation, we assume a re-
heating period that initiates a radiation-dominated phase
with temperature TRH  (30/⇡2

g⇤)1/4M . We assume
further that the temperature during reheating remains
low enough to avoid the destruction of the pre-existing
cosmic strings by thermal processes such as symmetry
restoration.

In the VOS model that we use to describe horizon-
length long strings during and after inflation [45], the
long string energy is characterized by a correlation length
parameter L and velocity parameter v̄ such that the en-
ergy density of long strings is given by [13]
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and c̃ ' 0.23 describes closed loop formation [63].

As initial condition, we take

L(tF ) ⌘ LF =
1

⇣HI

, (5)

where tF is the greater of the beginning of inflation or
the network formation time, and ⇣

2 corresponds approx-
imately to the number of long strings within the Hubble
volume at time tF . After tF , the string network param-
eters quickly reach an attractor solution during inflation
(independent of the value of v̄ at tF ) given by

L(t) = LF e
HI(t�tF )

, v̄(t) =
2
p
2

⇡

1

HIL(t)
. (6)

This solution reflects the dilution of the long string net-
work, with HL � 1 and v̄ ⌧ 1 by the end of inflation.
While HL � 1 after inflation, The subsequent evolution
of the string network after inflation takes a very simple
form while HL � 1 with (L/a) approximately constant.
It follows that HL decreases after inflation, correspond-
ing to the gradual regrowth of the string network. If the
network is to produce a potentially observable signal in
GWs, at least a few strings are needed within our current
Hubble volume corresponding to HL <⇠ 1 today.
To determine the conditions under which there is

enough string regrowth for HL ! 1 while also maintain-
ing a su�cient amount of inflation, it is useful to compare
the evolution of L prior to scaling to that of the curvature
radius R = 1/H

p
|⌦�1| which evolves in precisely the

same way, independently of the details of inflation or re-
heating. In the absence of strong tuning of the curvature
radius at the start of inflation, the current 95% limit on
curvature |⌦�1| = 0.0007± 0.0037 [1] puts the strongest
lower bound on the total number of e-foldings of inflation-
ary expansion [2]. Defining �N � 0 to be the number
of e-foldings between tI and tF , the total number of in-
flationary e-foldings is Ntot = HI(tE � tI) ⌘ NF +�N .
Note that �N = 0 corresponds to the string forming be-
fore or at the start of inflation. Applying the curvature
limit on Ntot, we find
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where z̃ is the redshift at which HL ! 1, ⌦a are the
fractional energy densities in dark energy, matter, and
radiation relative to critical today, and |⌦I � 1| is the
deviation from flatness at the start of inflation.
In Fig. 1 we show the minimal value of �N + ln ⇣

needed for the network to reach HL = 1 by redshift z̃

for three values of the curvature at the start of inflation:
|⌦I�1| = 1, 0.1, 0.01. The flattening of the curves at low
z̃ reflects the recent onset of dark energy domination.
This figure shows that HL ! 1 requires that the net-
work must either have been formed �N e-folds after the
start of inflation, or the initial number of long strings
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☞ Strings may grow back into horizon after inflation! 
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larger string tensions Gµ to be consistent with existing
bounds [47–49].

In this Letter we study the regrowth of cosmic strings
after inflationary dilution and we investigate ways to dis-
cover them. We demonstrate that individual resolved
bursts of GWs can be the leading signal of such strings,
and that such bursts could potentially be observed
in the current LIGO experiment [50–52], or planned
future experiments such as LISA [53], ET [54, 55],
AION/MAGIS [56–58], and AEDGE [59]. This is also
true in cases where the SGWB is significantly suppressed
at frequencies relevant to pulsar timing and thus reduc-
ing the limits from PPTA [46] and the future reach of the
planned SKA [60].

INFLATION AND STRING REGROWTH

To estimate the dilution of cosmic strings formed in
the early stages of inflation and their subsequent evolu-
tion, we use a simplified picture of inflation and reheat-
ing together with the velocity-dependent one-scale (VOS)
model to describe the long-string network [61–65]. We
expect this treatment to capture the essential behaviour
of more specific models of inflation and cosmic strings.

During inflation we assume a constant Hubble param-
eter HI = VI/3M2

Pl with VI ⌘ M
4 describing the infla-

tionary energy density from initial time tI to end time
tE . Current observations limitM <⇠ 1016 GeV [2] and we
note that GM

2 ' 7 ⇥ 10�7. The cosmological scale fac-
tor grows as a(t) / e

HIt. After inflation, we assume a re-
heating period that initiates a radiation-dominated phase
with temperature TRH  (30/⇡2

g⇤)1/4M . We assume
further that the temperature during reheating remains
low enough to avoid the destruction of the pre-existing
cosmic strings by thermal processes such as symmetry
restoration.

In the VOS model that we use to describe horizon-
length long strings during and after inflation [45], the
long string energy is characterized by a correlation length
parameter L and velocity parameter v̄ such that the en-
ergy density of long strings is given by [13]
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and c̃ ' 0.23 describes closed loop formation [63].
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This solution reflects the dilution of the long string net-
work, with HL � 1 and v̄ ⌧ 1 by the end of inflation.
While HL � 1 after inflation, The subsequent evolution
of the string network after inflation takes a very simple
form while HL � 1 with (L/a) approximately constant.
It follows that HL decreases after inflation, correspond-
ing to the gradual regrowth of the string network. If the
network is to produce a potentially observable signal in
GWs, at least a few strings are needed within our current
Hubble volume corresponding to HL <⇠ 1 today.
To determine the conditions under which there is
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ing a su�cient amount of inflation, it is useful to compare
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same way, independently of the details of inflation or re-
heating. In the absence of strong tuning of the curvature
radius at the start of inflation, the current 95% limit on
curvature |⌦�1| = 0.0007± 0.0037 [1] puts the strongest
lower bound on the total number of e-foldings of inflation-
ary expansion [2]. Defining �N � 0 to be the number
of e-foldings between tI and tF , the total number of in-
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Note that �N = 0 corresponds to the string forming be-
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where z̃ is the redshift at which HL ! 1, ⌦a are the
fractional energy densities in dark energy, matter, and
radiation relative to critical today, and |⌦I � 1| is the
deviation from flatness at the start of inflation.
In Fig. 1 we show the minimal value of �N + ln ⇣
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for three values of the curvature at the start of inflation:
|⌦I�1| = 1, 0.1, 0.01. The flattening of the curves at low
z̃ reflects the recent onset of dark energy domination.
This figure shows that HL ! 1 requires that the net-
work must either have been formed �N e-folds after the
start of inflation, or the initial number of long strings
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Bursts emitted by a cosmic string network over its cosmic
history that are not resolved contribute to the character-
istic stochastic gravitational wave background (SGWB)
of the network. More recent bursts can also potentially
be observed as distinct, individual events. In this section
we calculate the GW burst signal following the meth-
ods of Refs. [41–43] together with the refinements of
Refs. [32, 34, 44].

The GWs produced by a burst from a cusp or a kink
are mostly collimated within a beaming angle

✓m(l, z, f) = [(1 + z)fl]�
1
3 < 1 , (10)

where f is the GW frequency seen today and z is the
redshift at emission. Within this angular region, the GW
waveform is [41–43]

h(l, z, f) =
f
�q

l
2�q

(1 + z)q�1

Gµ

r(z)
, r(z) =

Z
z

0

dz
0

H(z0)
(11)

where r(z) is the proper distance to the source and q =
4/3 (5/3) for cusps (kinks).

The rate of cusp or kink features per unit volume per
unit string length at emission is [44]

⌫(l, z) =
2

l
Nq n(l, z) , (12)

where Nq is the number of features within an oscillation
period and n(l, z) is the loop density obtained above.
Putting these pieces together, the rate of bursts per vol-
ume per length observed today is [32]

d
2
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dV dl
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It is convenient to use

dV =
4⇡r2(z)

(1 + z)3H(z)
dz , (14)

and Eq. (11) to rewrite Eq. (13) as

d
2
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dz dh
=

23(q�1)
⇡GµNq

(2� q)

r(z)

(1 + z)5H(z)

n(l, z)

h2f2
(15)

where l is now a function of h, f , and z, and the consis-
tency constraints ✓m < 1 and l < ↵L(z) are enforced by
restricting h 2 [hmin, hmax] with

hmin =
1

(1 + z)f2

Gµ

r(z)
, hmax =

[↵L(z)]q�2

fq(1 + z)q�1

Gµ

r(z)
(16)

Since the total GW signal is expected to be dominated by
bursts from cusps [30, 31], we set q = 4/3 and Nq = 2.13
(to match � = 50 [34]) in the analysis to follow.
To compare these GW signals with current and future

detectors, we separate the contributions into more recent
bursts of large amplitude that can be resolved individu-
ally from earlier ones that are not resolved and contribute
to the net stochastic background. If a burst is to be re-
solved in a given frequency band f , it must produce a
strain greater than the experimental sensitivity h > hexp

with rate less than f . The rate of such events is [34, 44]

Rexp(f) =

Z
z⇤

0
dz

Z
hmax

max(hmin,hexp)
dh

d
2
R

dz dh
(h, z, f) (17)

where z⇤ enforces the rate condition and is given by

f =

Z
z⇤

0
dz

Z
hmax

hmin

dh
d
2
R

dz dh
(h, z, f) . (18)

Unresolved bursts contribute to the SGWB as [34, 44]

⌦GW(f) =
4⇡2

f
3

3H2
0

Z 1

z⇤

dz

Z
hmax

hmin

dh h
2 d

2
R

dz dh
(h, z, f)

(19)
with ⌦GW = (f/⇢c) d⇢GW/df for critical density ⇢c.
In Fig. 4 we show the SGWB from unresolved

bursts (top panel) as well as the resolved burst rate
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FIG. 1. Minimum value of (�N+ln ⇣) needed for the network
to reach HL ! 1 by redshift z̃ for |⌦I�1| = 1, 0.1, 0.01.

within the Hubble volume at time tI must have been
much greater than unity. One or both of these features
can arise if the string network was formed in a first-order
phase transition. Such a transition can produce an initial
correlation length much shorter than the Hubble radius,
potentially yielding many strings within the Hubble vol-
ume at formation and thus ⇣ � 1 [66]. Furthermore, a
strong super-cooled transition can be initially slow rela-
tive to tI ⇠ 1/HI , in which case it will not complete until
after several e-folds of expansion to yield �N > 0 [67–
69]. We defer a detailed study of the realization of such
conditions within specific theories of inflation and string
formation to a future work, although we note the previous
studies of string creation in the early stages of inflation
of Refs. [47, 48, 70–74].

STRING SCALING AND LOOP FORMATION

Once HL approaches unity at redshift z̃, the VOS
string length parameter L begins to deviate from the sim-
ple L / a form and evolves together with v̄ toward the
string scaling limit. In general, we find that the net-
work does not reach scaling until considerably later than
z̃. This is shown in Fig. 2 for two representative values
of z̃ = 9 ⇥ 103, 3 ⇥ 104. The physical interpretation is
that z̃ corresponds to the time at which the long string
network begins to interact with itself and create closed
loops. These loops are the primary source of gravita-
tional waves from the network in the scenario under con-
sideration, and their density and length distribution are
needed to calculate the resulting GW signal.

To determine the density distribution of closed string
loops, we use the VOS model described above to find
the total rate of loop production prior to and during the
scaling regime together with the results of simulations to
estimate their initial size. Recent simulations find that
(Nambu-Goto) string scaling networks produce a popu-
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FIG. 2. Evolution of the VOS model string length parameter
HL for diluted strings compared to that of a scaling string
network for two representative values of the transition redshift
z̃ = 9⇥ 103, 3⇥ 104 at which HL ! 1.

lation of larger loops that are moderately non-relativistic
with initial size li = ↵L(ti) with ↵ ⇠ 0.1 as well as a col-
lection of smaller loops that are highly relativistic [28].
Most of the energy transferred to the smaller loops is
in the form of kinetic energy that simply redshifts away,
and thus larger loops are expected to be the dominant
source of GWs and we focus exclusively on them. The
large loops are found to make up a fraction F↵ ⇠ 0.1
of the total energy transferred to loops [28, 30]. After
formation, these large loops oscillate, emit energy in the
form of GWs, and gradually shorten according to

l(t) = ↵L(ti)� �Gµ (t� ti) , (8)

where � ' 50 is the total rate of GW emission [13, 20,
30]. Matching these simulation results to the total rate
of energy loss to loop formation within the VOS model,
corresponding to the c̃v̄/2 term in Eq. (2), the di↵erential
number density of long loops per unit length is [34, 65]

n(l, t) ⌘ F↵p
2

(z(t) + 1)3 / (z(ti) + 1)3

↵ dL/dt|t=ti + �Gµ

c̃ v̄(ti)

↵L4(ti)
, (9)

where ti on the right hand side is to be determined in
terms of l and t through Eq. (8). In Fig. 3 we show the
di↵erential density of loops n(l, t) as a function of redshift
from three loop sizes l = ↵L(t) (left), l = ↵L(t)/10 (mid-
dle), and l = ↵L(t)/100 (right) for an undiluted string
network in the scaling regime as well as for diluted net-
works with z̃ = 9 ⇥ 103, 3 ⇥ 104. The loop density is
clearly suppressed at redshifts z > z̃.

GRAVITATIONAL WAVE SIGNALS FROM
STRING LOOPS

String loops oscillate and lose energy to GWs. Much
of the emission to GWs comes from short, violent, colli-
mated bursts involving cusps or kinks on the string loops.

Solve for string network evolution with VOS model:

L: loop size
D ⇠ ML2: the quadrupole moment
M ⇠ µL: the loop’s mass
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Figure 5. Physical effects by cosmic strings. Kaiser-Stebbins effect, double image, and wake are due to conic
space-time around the cosmic string. Radiation of gravitational waves is a generic phenomenon by the time-
varying fluctuation of the metric, especially around the cusp.
Kaiser-Stebbins effect is explained in the next page in more detail. 
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• Stochastic GW background: suppressed esp. at higher f, strong constraints on G𝜇 based 
on SGWB alleviated (PPTA, LIGO…)

• GW bursts: transient resolvable, late time/nearby events due to cusps/kinks 
on strings; subdominant signal channel to SGWB for standard strings, but can 
be the leading discovery channel now!

Distinct GW signals from a diluted then regrown cosmic string network
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as a function of frequency (bottom panel) for diluted
and undiluted cosmic string networks. In both scenar-
ios we show curves for Gµ = 10�8

, 10�10, while for the
diluted networks we consider the representative values
z̃ = 9 ⇥ 103 for Gµ = 10�8, and z̃ = 3 ⇥ 104 for
Gµ = 10�10. Also shown in these figures are the ex-
pected sensitivity ranges of various GW observatories in-
cluding the current LIGO [52], and planned LISA [53],
ET [54, 55], AION/MAGIS [56–58], and AEDGE [59], as
well as the existing PPTA [46] and planned SKA [60]
pulsar timing arrays. The top panel of Fig. 4 shows
that undiluted string networks with Gµ = 10�8

, 10�10

are already excluded by pulsar timing measurements at
the PPTA [46], but they can be consistent with di-
luted strings [47]. Despite this strong suppression of the
SGWB, the lower panel of Fig. 4 shows that resolved
burst events from diluted string networks could still be
seen in future gravitational wave observatories.

We note that the SGWB for the diluted networks com-
puted using the burst method described above falls o↵ as
f
�1/3 at high frequency, in contrast to the f

�1 behavior
found in Ref. [45] computed with a di↵erent averaged-
loop emission method. These two methods predict very
similar SGWB signals from cosmic strings in the scal-
ing regime [32, 34]. We have confirmed this by explicit
calculation in the present scenario as well as the f

�1

scaling using the averaged-loop method. The origin of
this discrepancy is under further investigation. At higher
frequencies, we also find a sharper drop from the burst
method caused by the subtraction of infrequent bursts
from the SGWB.

To illustrate the potential observability of diluted
strings for more general scenarios, we show in Fig. 5 the
reach of current and future GW with related detectors as
a function of the string tension Gµ and redshift z̃ when
strings grow back into the horizon. The figure demon-
strates that bursts can be the leading discovery channel
for a broad range of string tensions and dilution factors,
with the SGWB signal becoming more prominent for
larger z̃ corresponding to less dilution. For very strong
dilution with z̃ <⇠ 103, the string network may not have
reached scaling even by the present time and the com-
bined GW signal is too weak to be observed in the fore-
seeable future. With such a dilution, other direct bounds
such as the CMB distortion limit of Gµ < 1.1⇥10�7 [75]
are expected to be mitigated as well, although such a low
z̃ regime may still be observable in late-time astrophysi-
cal e↵ects such as gravitational lensing and imprints on
structure formation [49, 76–79].

CONCLUSIONS

In this Letter we have demonstrated that a network
of cosmic strings formed before or in the early stages of
primordial inflation can regrow to observable levels to-
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FIG. 4. Gravitational wave signals from diluted and undi-
luted cosmic string networks as a function of frequency ob-
served today together with the corresponding sensitivities of
the indicated observatories. The top panel shows the stochas-
tic GW background while the lower panel gives the event
rates of resolved bursts. In both panels we show curves for
Gµ = 10�8

, 10�10 for undiluted networks as well as for two
diluted networks with z̃ = 9 ⇥ 103 for Gµ = 10�8, and
z̃ = 3⇥ 10�4 for Gµ = 10�10.

FIG. 5. Sensitivity of current and future GW experiments
to signals from diluted cosmic strings as a function of ten-
sion Gµ and the redshift z̃ at which loop production resumes.
Solid lines show the sensitivity of the indicated experiments to
stochastic backgrounds (with SNR � 10) while dashed lines
their sensitivity to burst signals (with rate R � 1/yr).
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We note that the SGWB for the diluted networks com-
puted using the burst method described above falls o↵ as
f
�1/3 at high frequency, in contrast to the f

�1 behavior
found in Ref. [45] computed with a di↵erent averaged-
loop emission method. These two methods predict very
similar SGWB signals from cosmic strings in the scal-
ing regime [32, 34]. We have confirmed this by explicit
calculation in the present scenario as well as the f

�1

scaling using the averaged-loop method. The origin of
this discrepancy is under further investigation. At higher
frequencies, we also find a sharper drop from the burst
method caused by the subtraction of infrequent bursts
from the SGWB.

To illustrate the potential observability of diluted
strings for more general scenarios, we show in Fig. 5 the
reach of current and future GW with related detectors as
a function of the string tension Gµ and redshift z̃ when
strings grow back into the horizon. The figure demon-
strates that bursts can be the leading discovery channel
for a broad range of string tensions and dilution factors,
with the SGWB signal becoming more prominent for
larger z̃ corresponding to less dilution. For very strong
dilution with z̃ <⇠ 103, the string network may not have
reached scaling even by the present time and the com-
bined GW signal is too weak to be observed in the fore-
seeable future. With such a dilution, other direct bounds
such as the CMB distortion limit of Gµ < 1.1⇥10�7 [75]
are expected to be mitigated as well, although such a low
z̃ regime may still be observable in late-time astrophysi-
cal e↵ects such as gravitational lensing and imprints on
structure formation [49, 76–79].

CONCLUSIONS

In this Letter we have demonstrated that a network
of cosmic strings formed before or in the early stages of
primordial inflation can regrow to observable levels to-
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FIG. 4. Gravitational wave signals from diluted and undi-
luted cosmic string networks as a function of frequency ob-
served today together with the corresponding sensitivities of
the indicated observatories. The top panel shows the stochas-
tic GW background while the lower panel gives the event
rates of resolved bursts. In both panels we show curves for
Gµ = 10�8

, 10�10 for undiluted networks as well as for two
diluted networks with z̃ = 9 ⇥ 103 for Gµ = 10�8, and
z̃ = 3⇥ 10�4 for Gµ = 10�10.

FIG. 5. Sensitivity of current and future GW experiments
to signals from diluted cosmic strings as a function of ten-
sion Gµ and the redshift z̃ at which loop production resumes.
Solid lines show the sensitivity of the indicated experiments to
stochastic backgrounds (with SNR � 10) while dashed lines
their sensitivity to burst signals (with rate R � 1/yr).

★ SGWB: Standard vs. diluted ★GW bursts: detectable rates
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II. Novel Probes of ALP DM Models 

with GWs from Axion Topological Defects

— An interesting twist/application when switch gear to a global U(1)…
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•  Axion-like particle (ALP) DM: ultra-light (pseudo-)goldstone boson from a global 
U(1)PQ breaking, leading alternative to WIMP paradigm, a lot of interest/effort 
recently; QCD axion, generic (hidden) ALPs also motivated (e.g. string axiverse)

•  A relatively under-developed aspect of ALP studies: implication of ALP topological 
defects ☞ ALP cosmic strings/domain walls: indispensable companion of ALP particles for 
U(1)PQ breaking after inflation

— potentially significant impact on axion DM physics and detection methods; 

Rapidly increasing interest in the past few years (simulations, analytical studies, signals…)

Novel Probes of Axion-like Dark Matter Models 

with GWs from Axion Topological Defects


(arXiv:1910.04781 (PDU), 2106.09746 YC (JHEP) with Chia-Feng Chang)
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•  A relatively under-developed aspect of ALP studies: implication of ALP topological 
defects ☞ ALP cosmic strings/domain walls: indispensable companion of ALP particles for 
U(1)PQ breaking after inflation

— potentially significant impact on axion DM physics and detection methods; 

Rapidly increasing interest in the past few years (simulations, analytical studies, signals…)

      GW signature from axion cosmic strings?

Novel Probes of Axion-like Dark Matter Models 

with GWs from Axion Topological Defects


(arXiv:1910.04781 (PDU), 2106.09746 YC (JHEP) with Chia-Feng Chang)
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Novel Probes of Axion-like Dark Matter Models 

with GWs from Axion Topological Defects


(arXiv:1910.04781 (PDU), 2106.09746 YC (JHEP) with Chia-Feng Chang)

    Our focus:  GW signature from global/axion cosmic strings?
                       — An overlooked, yet potentially discovery channel


Why Overlooked?  “too small” by naive estimate, some earlier literature (few) suggested 
non-detectability 

•Difference from gauge/local/NG strings #1: GW radiation subdominant to Goldstone emission
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•Difference from gauge/local strings #2: Log-divergent, time-dependent string tension:

L: loop size
D ⇠ ML2: the quadrupole moment
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Radiation power:

 —time-dependent parameter (later…)N ≡ log(L/δ)
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Novel Probes of Axion-like Dark Matter Models 

with GWs from Axion Topological Defects


(arXiv:1910.04781 (PDU), 2106.09746 YC (JHEP) with Chia-Feng Chang)
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Radiation power:

• Key motivation: rare decay mode can be discovery mode! (e.g. Higgs discovery, axion/
goldstone search strategy model dependent…) + GW signal universal, GW detector sensitivity 
keep improving…

 —time-dependent parameter (later…)N ≡ log(L/δ)
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Novel Probes of ALP DM Models 

with GWs from Axion Topological Defects

(arXiv:1910.04781, 2106.09746 YC with Chia-Feng Chang)

•  Challenges:
‣ Limited literature (compared to NG/gauge strings)
‣Rapid recent development of global string simulation: not converging, non-

scaling, more to investigate (challenge: cover hierarchical scales)

‣ More complex for axion strings: cosmic strings + domain walls
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Novel Probes of ALP DM Models 

with GWs from Axion Topological Defects

(arXiv:1910.04781, 2106.09746 YC with Chia-Feng Chang)

•  Challenges:
‣ Limited literature (compared to NG/gauge strings)
‣Rapid recent development of global string simulation: not converging, non-

scaling, more to investigate (challenge: cover hierarchical scales)

‣ More complex for axion strings: cosmic strings + domain walls

•  Our approach:
‣ Start with the simple case: SGWB signal from global strings (massless 

goldstone)  (→QCD axion→ALPs)   

‣ Semi-analytical: VOS model (including Goldstone emission) calibrated 

with simulation results (low N)
‣Complement simulations: simple extrapolation of low N data to late time 

evolution vs. solving evolution equation with essential physics encoded
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Figure 4. Gravitational wave spectrum from a global cosmic string network with ↵ = 0.1, F↵ = 0.1
for ⌘ = 1014, 5⇥1014, 1015 GeV. The solid curves shown are the full results with standard cosmology,
dashed lines show the contribution from emission during radiation domination. Exclusion limits or
projected sensitivities with various GW experiments are also shown.

�Ne↵ constraints, which we will explore in future study. In Sec. 3.3, we will discuss the

�Ne↵ bound on Goldstone and GW emissions in detail. Other relevant constraints on the

global U(1) breaking scale ⌘ include inflation scale and CMB anisotropy bound, which were

discussed in [24], also pointing to ⌘ . O(1015) GeV. CMB polarization data potentially

yields stronger bound on GW in the frequency range of 10�17
� 10�14 Hz [115, 124, 125].

Nevertheless, in Sec. 4.1 we will demonstrate that this latter constraint does not apply to

our case following the introduction of the f -T relation.

Comparison with literature:

GW signals from a global string network have also been recently investigated by simulation

approaches based on a Nambu-Goto e↵ective theory [46] or field theory for global defects

[45]. Our results agree with others’ on some general features such as ⌦GW / ⌘4, but di↵er

in details. [46] simulated the global string network in a radiation background during a very

early stage of evolution, i.e. N . 7-8, and extrapolated the linear growth of ⇠ / N to

high N when computing the GW spectrum. They agree with our finding that the global

strings can lead to detectable GW signals, but found that the GW spectrum scales as

⌦GW / ⌘4N4, instead of ⌘4N3 as found in our analysis (see Eq.(3.13) in Sec. 3.3). The N3

dependence we found results from the prediction of the conventional scaling VOS model.

The di↵erence may be resolved if the loop emission factor Ce↵ in the VOS model is not

(nearly) a constant but evolves as Ce↵ / N (see Eq.(2.14). We further discuss the e↵ect

of such a non-scaling behavior or deviation from the conventional VOS in Sec. 5.3. On

the other hand, [45] found that the GW spectrum asymptotes to an exact scale invariant

form, and the amplitude of the signal is below the prediction by both our method and by

[46]. The possible explanations for this discrepancy was suggested in [24, 46], while further

investigation is certainly needed to fully resolve this issue.

– 15 –
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SGWB Spectrum from Global Cosmic Strings

With standard cosmology (YC and Chang 2019, updated in 2021):

• Detectable with upcoming GW 
experiments! Supported by 
recent simulation findings 
(details differ) (Gorghetto, Hardy 
and Nicholaescu 2021; 

Figueroa, Hindmarsh, Lizarraga and 
Urrestilla 2020)
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Figure 6. Frequency f� where the GW spectrum from cosmic strings would be altered due to
a transition to a non-standard cosmology at T� (Eq.(4.1)): the comparison between the results
for global strings (the upper-left black line) and NG strings [21, 22] (the lower-right dashed lines).
The relevant experimental sensitivities are also shown in di↵erent colors, where the darkest bands
indicate peak sensitivities. This illustrated the f� � T� relation given in the main text.

Figure 7. Another illustration for f�-T� relation for GW frequency spectrum from global strings,
where the experimental sensitivities to ⌘ are shown.

indicate that the SGWB signal below a certain f range could not be generated until after

a certain time or below a certain T . In Fig. 8 we illustrate the constraints from CMB

polarization data, and the decomposed contributions to a SGWB induced by global strings:

the signal in the low f range of f ⇠ 10�17
�10�14 Hz in fact is not populated until after the

photon decoupling, thus is not present at the CMB epoch to be subject to the constraint.

One can also simply estimate f corresponding to the photon decoupling T� ⇠ 0.3 eV using

Eq.(4.1), and confirm that GWs with f . 10�15 Hz is emitted afterwards.
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Figure 3. Gravitational wave spectra from a global (solid) and NG (dashed) string network with
↵ = 0.1, F↵ = 0.1, for ⌘ = 5⇥ 1015 (red), 1015 (orange), 5⇥ 1014 (green), and1014 GeV (blue). Up
to k = 1015 harmonic modes are included in the summation.

the falling spectrum at frequencies f > f⌘ has uncertainties and is sensitive to the initial

condition and the very early stage of string network evolution, which is not captured by

the VOS model. Then over a wide range of f the spectrum gradually declines towards

higher f (⇠ ln3(1/f), see Eq.(3.7) below), corresponding to the emissions during the RD

era. Note that this feature of the SGWB spectrum from global strings is in contrast to a

nearly flat plateau as in its NG string counterpart. Starting at f0 '
2

↵t0
⇠ 3.6⇥ 10�16Hz,

the spectrum behaves as f�1/3 until feq ⇠ 1.8 ⇥ 10�7Hz, which is due to the transition

to the late MD era. feq indicates the frequency corresponding to the emission around the

matter-radiation equality time. We will elaborate the f -T or f -t correspondence later in

Sec. 4.1. Note that the f�1/3 behavior was obtained by summing up to high oscillation

modes k � 105 which was shown to be important for a MD background [26, 30]. By only

summing up to low k modes (k ⌧ 105) it would be f�1. The low end of the frequency

spectrum has a cuto↵ corresponding to emission at the present time t0, with a maximum

point shortly before the ending of the spectrum at f0.

By combining Eq.(3.13) and Eq.(4.11) we derive the following analytical approxima-

tion for global string SGWB spectrum in di↵erent f regions, which shows the parametric

dependence:

⌦GW(f)h2 '

8
>>>>>>>>>>>><

>>>>>>>>>>>>:
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(3.7)
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formation due to the strong Goldstone emission rate. Therefore, the timescale when the

GW emission from a loop occurs is approximately the same as the loop’s formation time,

i.e. t̃ ⇠ ti (Eq. (2.17)). For an estimate, it su�ces to focus on the k = 1 mode which we

find to be the dominant one in the cases of interest. With this understanding and following

the calculation in Sec. 3.1, we find that a specific f� band observed today relates to a

particular emission temperature T� in the following way:

f� '
2

`(t̃)

a(t�)

a(t0)
=

2

↵zeqteqTeq


g⇤(T�)

g⇤(Teq)

�1/4
T�

' (3.02⇥ 10�6Hz)

✓
T�

1GeV

◆⇣ ↵

0.1

⌘�1

g⇤(T�)

g⇤(Teq)

�1/4
, (4.1)

where the loop size at the emission time `(t̃) ' ↵ti ⌘ ↵t� (see Eq.(2.17)), zeq ' 3387 is

the redshift at the matter-radiation equality, and teq, Teq are the corresponding time and

temperature, respectively. Note that f� linearly depends on T�, but is insensitive to the

symmetry breaking scale ⌘, unlike in the case of local strings. Eq. (4.1) applies to RD era,

while f -T relation varies with background cosmology, which we will discuss in Sec. 4.2. A

departure from the standard cosmology at T� would thus imprint itself in the GW spec-

trum around the corresponding f�.

In Fig. 6 we illustrate the f -T relation derived for SGWB spectrum from global strings,

in comparison with the recent results for NG strings [21, 22]. There are two major di↵er-

ences between the two cases: f -T correspondence for NG strings has ⌘-dependence while

for global strings it is almost independent of ⌘ which makes it more robust in a way; for the

same f the corresponding emission T is much earlier for global strings than for NG strings.

Both these di↵erences originate from the aforementioned fact that global string loops decay

shortly after formation and their resultant GW signal observed in a certain f band has

undergone longer period of redshift after emission (relative to its NG counterpart). Note

that due to the current bounds from LIGO and PPTA, ⌘ for NG strings is constrained

as ⌘ . 1.89 ⇥ 1013GeV [22, 80]. If the recent NANOGrav excess indeed originates from

NG cosmic strings, it favors ⌘ ' 3 � 5 ⇥ 1013GeV [11, 12]. According to Fig. 6 these

constraints/potential signal implies that GW spectrum from NG strings can reach up to

T ⇠ 104 GeV (with ET and CE). In contrast, as shown in Fig. 6 global strings can probe

much earlier cosmic history, up to T ⇠ 108 GeV. As discussed in Sec. 3.2, ⌘ & 1014GeV

is needed to be within experimental sensitivity reach in terms of ⌦GW, while other con-

straints require ⌘ . O(1015)GeV. Fig. 7 illustrates the f -T relation for global strings in a

di↵erent manner where the sensitivity to ⌘ is explicitly shown. As demonstrated in Fig. 7,

global string GWs can trace the cosmic history over a rather wide range in time: up to

T ⇠ 108 GeV (with ET and CE) and down to T ⇠ 10�4GeV (with PPTA and SKA) which

intriguingly corresponds to the beginning of the BBN era.

The f -T relation as we have elaborated can also help us understand why the global

string scenario safely evades the potentially strong bound on ⌦GW in the range of f ⇠

10�17
� 10�14 Hz by the CMB polarization data [115, 124, 125]. The f -T relation in

Eq.(4.1), together with the observation that global string loops decay in one Hubble time,

– 19 –

• Global strings (solid) vs. NG strings (dashed):

Overall smaller amplitude, spectrum redshifted, 
logarithmically declining tail 


• Explanation: Goldstone emission dominance, 

short-lived loops, log factor in μ

• f-T correspondence: very different from NG,

Insensitive to  , the same f corresponds to 
higher T→probe up to  
 (short-lived loops)

η
T ∼ 108 GeV!
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Figure 11. Modification to the GW spectrum from a global string network due to an increase
in the number of relativistic degrees of freedom above T�g = 200GeV. In the example shown,
⌘ = 1015 GeV, ↵ = 0.1, and �g⇤ = 0, 102, 103 (shown in black, red, and blue, respectively). The
relevant experimental sensitivities are also shown.

5 Discussion

5.1 Sensitivity to the loop size parameter ↵ and its distribution

Throughout our work we have used ↵ ' 0.1 as the peak value of loop sizes at their

formation time, which is inspired by results from NG string simulations [78, 79]. However,

there are still uncertainties about loop distribution for global strings. To investigate how

such uncertainties may impact the predicted GW spectrum, in this subsection we consider

two alternative scenarios of loop distribution: 1. varying ↵ for the peak value, and 2. a log

uniform distribution of loops as suggested in [42].

Alternative-1: varying ↵ for the peak value.

The analysis with di↵erent ↵ values is straightforward with our formulations in Sec. 3.

In the left panel of Fig. 12 we show the ↵ dependence of ⌦GW(f) for specific f ’s normalized

by the prediction with ↵ = 0.1 (the benchmark choice used in earlier sections) with dif-

ferent background cosmologies, assuming ⌘ = 1015GeV. As shown, RD, MD and kination

dominated eras have di↵erent dependencies on ↵, which are insensitive to f for the cases

of MD and kination. The ↵ dependence can be discussed in two distinct regions. Firstly,

in the range of ↵ <  ⇠ 0.11, the loop lifetime is shorter than a Hubble time, and thus the

analysis and discussion in the previous sections can apply: the 2nd line in Eq.(3.7) explains

the result for RD, and we find that in a kination epoch the spectrum linearly increases

with ↵, while in matter domination ⌦GW(f) / ↵�1/3. In the other region of ↵ > , the

loops are long-lived, and thus the spectrum in RD agrees with the NG string case, which

gives ⌦GW(f) / ↵1/2 [22]. In this large ↵ region, ⌦GW(f) still linearly increases with ↵ in

kination, while becomes approximately ↵ independent in MD.

Alternative-2: A log uniform distribution.

Fig. 5 of the recent global string simulation [42] suggests a logarithmic uniform distribu-

tion of the size of string loops at formation time, which is very di↵erent from the nearly
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• SGWB with non-standard cosmology 
(early MD, kination):

• SGWB with new particle species in the 
early Universe:
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Figure 10. Left panel: examples of GW spectra from global strings with two-stage phase
transitions including kination: from an early RD era to kination at T�2, and from kination to
standard cosmology at T�1. Right panel: the relic energy densities of GWs (solid) and Goldstones
(dashed) from global strings with varying phase transition temperatures (T�1, T�2). The red
dotted-dashed line shows the CMB bound on extra radiation energy density [126, 127].

To numerically demonstrate the e↵ect, we choose the well-motivated scenario, where T�g

is of weak scale, which may be motivated from solutions to the Hierarchy Problem. In

particular, in Fig.11 we choose the benchmark values of T�g = 200GeV, �g⇤ = 0, 102, 103,

and assume g⇤ ' g⇤S . As can be seen, relative to the prediction with SM DOFs only,

the spectrum falls towards higher f starting from a frequency f�g that agrees with the

prediction by the f -T relation in the RD era (see Eq.(4.1)).

Such an e↵ect can be understood by analytical estimates following [22]. Deep in the

RD regime, the Hubble rate and the corresponding time depend on g⇤ in the following way:

H '

p
�R⌦RH0a

�2, t '
a2

2
p
�R⌦R

, (4.9)

with

�R(a) =
g⇤(a)

g0⇤

✓
g0⇤S

g⇤S(a)

◆4/3

, (4.10)

where H0 is the current Hubble constant, and ⌦R is the radiation energy relic density

observed today. Note that �R(a) is simply a variational form of �R(f) as defined in

Eq. (3.8). Applying this simplification in Eq.(3.4), we have

⌦GW (f � f�g) ' ⌦SM
GW(f)

✓
gSM⇤

gSM⇤ +�g⇤

◆1/3

, (4.11)

where ⌦SM
GW(f) indicates the amplitude with SM DOFs only. Eq.(4.11) clearly shows that

the overall amplitude of the high f tail (f > f�g) of ⌦GW decreases with the presence of

additional DOFs, agreeing with numerical findings.
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Conclusion/Outlook

• Cosmic strings: a potentially strong, well-studied source of SGWB that can 
serve as a “standard candle” for probing very early Universe

— a unique and powerful tool for reconstructing a timeline for pre-BBN 
cosmic history (the f-T correspondence)  +  finding new particle species!

• Cosmic strings may regrow back into horizon despite inflationary dilution 
and leave an imprint: GW bursts + suppressed SGWB, clues for 
(pre-)inflationary epoch?

•  GWs from (global) axion strings/domain walls may be the smoking gun 
for dark matter; work in prep (w/CF Chang): better understanding of 
evolution/dynamics of axion DW (towards DM axion)

•  Welcome follow-up discussion (reach out to me by email)!
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Thank you!


