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I. INTRODUCTION

FIG. 1. A schematic phase diagram of QCD. Also,
indicated are the ranges of explorations by various
heavy-ion collision experiments.

The mission of the US Department of
Energy’s (DOE) Nuclear Physics program
is to discover, explore, and understand
all forms of nuclear matter. As outlined
in the 2015 NSAC Long Range Plan [7],
a key component of the mission of this
program is mapping the phase structures
of quantum chromodynamics (QCD) and
decoding the properties of quark-gluon
plasma (QGP). DOE has dedicated an
entire accelerator-based experimental pro-
gram, the Relativistic Heavy-Ion Collider
(RHIC) at Brookhaven National Labora-
tory (BNL), in pursuit of these causes.
In the Large Hadron Collider (LHC) at
CERN, Switzerland, the entire ALICE de-

tector is devoted to exploration of properties and phases of QCD. Lattice-regularized QCD
is, presently, the only viable technique that allows non-perturbative, parameter-free de-
terminations of the properties and phase structures of hot-dense strong-interaction matter
from its fundamental theory, QCD. Over the last decade, lattice QCD has proven to be the
most successful technique for model-independent, first-principle calculations of the phase
structures and properties of hot-dense QCD matter; for recent reviews see Refs [8–10].

Experimental explorations at RHIC and LHC have revealed the surprising fact that the
long-distance behavior of QGP closely resembles that of an almost inviscid fluid. QGP
created at LHC and top RHIC energies consists of almost as much antimatter as matter,
and is characterized by the nearly vanishing baryon-number chemical potential. Under these
conditions the transition from the QGP to a hadron gas occurs through a smooth crossover,
with many thermodynamic properties changing dramatically, but continuously, within a
narrow range of temperature [11–13]. On the other hand, the baryon-rich QGP created at
lower RHIC energies may experience a sharp first-order phase transition as it cools, with
bubbles of QGP and bubbles of hadrons coexisting at a well-defined temperature. This
region of co-existence ends in a critical point, where QGP and ordinary hadron-matter
become indistinguishable.

The experimental explorations of phases of QCD and properties of QGP will continue
over, and beyond, the next decade in many accelerator facilities across the world. For a re-
cent comprehensive review on the science goals of the future heavy-ion collision experiments
see Ref. [14]. The two central scientific goals underlying these experiments are: (i) Explo-
rations of the phases of baryon-rich QCD, including the search for the QCD critical point;
(ii) Understanding the nature of QGP at shorter and shorter length scales. These themes
also are at the heart of the planned upgrades of the US-based heavy-ion experiments at
RHIC. The second phase of the RHIC Beam Energy Scan (BES-II) program [15], scheduled
for 2019-21, will explore the QCD phase diagram. The sPHENIX experiment [16] at RHIC,
with a planned start in 2023, will probe the short-distance physics of QGP using bottomonia
and jets. Heavy flavor and jet physics also are key targets of the upgraded ALICE experi-
ments starting 2021, as well as for the heavy-ion programs of the CMS, ATLAS and LHCb
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USQCD whitepaper

Executive Summary

In 2018, the USQCD collaborations Executive Committee organized several subcommit-
tees to recognize future opportunities and formulate possible goals for lattice field theory
calculations in several physics areas. The conclusions of these studies, along with community
input, are presented in seven whitepapers [1–6]. This whitepaper provides a roadmap for
the current and future lattice QCD calculations relevant for the understanding of the phases
and properties of hot-dense QCD matter.

The matter that makes up the visible universe is mostly in the form of atomic nuclei.
A nucleus is made up of protons and neutrons, which themselves were shown to be com-
posed of more basic constituents called quarks, held together by the exchanges of gluons.
The interactions of quarks and gluons are described by the theory of strong interactions,
quantum chromodynamics (QCD). Under extreme conditions of high temperatures and/or
densities hadrons cease to exist; quarks and gluons are liberated from the hadrons to form
a new state of matter, known as the quark-gluon plasma (QGP). Understanding the phases
of QCD and the properties of QGP is one of the key missions of the US nuclear physics
program. An entire accelerator-based experimental facility, the Relativistic Heavy Ion Col-
lider (RHIC) of Brookhaven National Laboratory, has been devoted to this mission. Many
other experimental facilities across the world, including the Large Hadron Collider (LHC)
at CERN, also have joined this pursuit. The understanding of phases and properties of
hot-dense QCD matter from experimentation, as well as planning of future experiments,
need many theoretical inputs. Lattice-regularized QCD, a technique suited for large-scale
numerical calculations of QCD, is presently the only viable theoretical tool to study QCD
in its full glory, by starting from the fundamental quark-gluon degrees of freedom and by
taking into account the entire complexities of the strong interaction. In light of the ongoing
and future heavy-ion experimental programs at RHIC and LHC, this USQCD whitepaper
outlines the opportunities for, prospects of and challenges to the hot-dense lattice QCD
calculations in addressing the issues: (i) phases and properties of baryon-rich QCD, (ii)
microscopy of QGP using heavy-quark probes, (iii) nature of QCD phase transitions, (iv)
electromagnetic probes of QGP, (v) jet energy loss in and viscosities of QGP.
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Cumulants of conserved charge fluctuations

• Taylor expansion of the pressure: 

• Generalized susceptibilities:
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will limit the radius of convergence for the Taylor series,
which has been estimated ever since the first applications
of the Taylor expansion approach in lattice QCD calcu-
lations [1, 2, 17].

The singularities in QCD partition functions in the
complex µB-plane also have impact on the range of ap-
plicability of series expansions performed at real values
of the chemical potentials. Limitations for the determi-
nation of the searched for critical point in QCD, arising
from a finite radius of convergence of Taylor expansions,
can however be circumvented by using appropriate re-
summation schemes for the Taylor series [11, 18, 24–28].
Using Padé approximants is one way to gain information
on the analytic structure of the QCD partition function.
They allow to explore e.g. the pressure of QCD beyond
the limit set by a finite radius of convergence of Taylor
series [8, 25, 29].

Results for Taylor expansion coe�cients, i.e. the cu-
mulants �BQS

ijk , in (2+1)-flavor QCD up to 8th order, i.e.
for all 0 < (i + j + k)  8, get improved steadily by the
HotQCD Collaboration [30–32] in calculations with the
Highly Improved Staggered Quark (HISQ) action [33].
These expansion coe�cients have been used for a de-
termination of the line of pseudo-critical temperatures
Tpc(µB) [30] and in an analysis of high order cumulants
at non-vanishing values of the chemical potentials [31].
The datasets used in these calculations have been ex-
tended by adding calculations at a lower temperature,
T ' 125 MeV, for lattices with temporal extent N⌧ = 8,
and more statistics has been added on lattices with tem-
poral extent N⌧ = 12 and 16. Based on these updated
datasets we presented in Ref. [32] an analysis of first and
second order cumulants at vanishing values of the chem-
ical potentials. Using in addition the results for higher
order cumulants we present here an analysis of the low
order cumulants at non-vanishing values of the chemical
potentials. The datasets that are now available for Tay-
lor coe�cients calculated with the HISQ action contain
more than a factor 10 higher statistics on lattices with
temporal extent N⌧ = 8 and a factor 20 higher statistics
for N⌧ = 12 than used previously in studies at non-zero
~µ. This allows a careful analysis of the reliability range of
such expansions on the one hand and an estimate of the
radius of convergence of the Taylor series on the other
hand.

Aside from a systematic discussion of convergence
properties of the Taylor series and their improvement
through resummation of the series, applying techniques
commonly used for other statistical systems, e.g. Padé
approximations, the analysis of low order cumulants also
provides the basis for a new, highly improved, analysis
of the QCD equation of state of (2 + 1)-flavor QCD at
non-vanishing chemical potentials. We provide here re-
sults on the pressure and net baryon-number density and
leave the analysis of other bulk thermodynamic observ-
ables to a forthcoming publication.

This paper is organized as follows. In section II we
present our results on Taylor expansions for the pressure

of (2+1)-flavor QCD, the net baryon-number density, and
the second order cumulant of net baryon-number fluctu-
ations, involving cumulants of up to eighth order. In Sec-
tion III we construct Padé approximants for these Taylor
series and discuss information on the location of poles
closest to the origin that give estimators for the radius of
convergence of the Taylor series. Section IV presents a
comparison of Taylor series and Padé approximants that
allows to estimate the range of chemical potentials in
which current series expansions, that can be constructed
by using up to 8th order cumulants only, provide reli-
able results. Finally we give our conclusions in section
V. In three Appendices we present (A) an explicit expres-
sion for the eighth order Taylor expansion coe�cient of
the pressure, (B) additional expansion coe�cients needed
for the Taylor series of the second order cumulant of
net baryon-number fluctuations in strangeness neutral,
isospin symmetric systems and (C) some details on poles
of the diagonal [4,4] Padé for the pressure in (2+1)-flavor
QCD.

II. TAYLOR EXPANSIONS OF LOW ORDER
CUMULANTS AND THE EQUATION OF STATE

A. Computational set-up for Taylor expansion in
(2+1)-flavor QCD

The framework for our calculations with the HISQ [33]
discretization scheme for (2+1)-flavor QCD with a physi-
cal strange quark mass and two degenerate, physical light
quark masses is well established and has been used by us
in several studies of higher order cumulants of conserved
charge fluctuations and correlations. The specific set-up
used in our current study has been described in [31]. The
framework for Taylor series expansions for strangeness
neutral systems with fixed ratio of net electric charge
to net baryon-number has been given up to 6th order
in Ref. [34]. It has been extended in Ref. [31] by pro-
viding the necessary expansion coe�cients for calcula-
tions involving up to 8th order cumulants. In that pub-
lication the 8th order expansion coe�cient of the pres-
sure in strangeness neutral systems was not included. In
this work, we present an explicit expression for it in Ap-
pendix A.

B. Taylor expansion coe�cients up to and
including O(µ8

B)

We consider thermodynamic quantities, in particular
low order cumulants of conserved charge fluctuations, de-
rived from Taylor expansions for the pressure of (2 + 1)-
flavor QCD,

P

T 4
=

1

V T 3
lnZ(T, V, ~µ) =

1X

i,j,k=0

�BQS
ijk

i!j! k!
µ̂i
Bµ̂

j
Qµ̂

k
S , (1)
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with µ̂X ⌘ µX/T and arbitrary natural numbers i, j, k.

The expansion coe�cients,
�BQS
ijk

i!j!k!
are derivatives of P/T 4

with respect to the associated chemical potentials, ~µ =
(µB , µQ, µS), evaluated at ~µ = ~0,

�BQS
ijk =

1

V T 3

@ lnZ(T, V, ~µ)

@µ̂i
B@µ̂

j
Q@µ̂

k
S

�����
~µ=0

, i+ j + k even . (2)

Aside from the Taylor expansion of the pressure we
will focus here on the analysis of Taylor series for the
first and second order cumulants of net baryon-number
fluctuations,

nB =
@P/T 4

@µ̂B
, (3)

�B
2 =

@2P/T 4

@µ̂2
B

. (4)

For these observables we will introduce constraints on
the electric charge and strangeness chemical potentials,
[31, 34]

µ̂Q(T, µB) = q1(T )µ̂B + q3(T )µ̂
3
B + q5(T )µ̂

5
B + . . . ,

µ̂S(T, µB) = s1(T )µ̂B + s3(T )µ̂
3
B + s5(T )µ̂

5
B + .. (5)

that enforce strangeness neutrality (nS = 0) and a fixed
ratio nQ/nB = r. Here the case r = 0.5 refers to an
isospin symmetric medium, which is realized for µQ = 0.
The case r = 0.4 corresponds to the situation met in
heavy ion collision experiments. Explicit expressions for
the expansion coe�cients qi and si with i = 1, 3, 5 are
given in [34]; the coe�cients q7 and s7 are given in [31].
With these constraints we arrive at Taylor series in terms
of the baryon chemical potential only,

�B
n (T, µ̂B) =

X

k

�̄B,k
n (T )

k!
µ̂k
B , (6)

where n = 0 corresponds to the Taylor series for the
µ̂B-dependent part of the pressure, n = 1 gives the net
baryon-number density and n > 2 gives higher order cu-
mulants of net baryon-number fluctuations,

�B
0 (T, µ̂B) ⌘

P (T, µB) � P (T, 0)

T 4
=

1X

k=1

P2k(T )µ̂
2k
B ,(7)

�B
1 (T, µ̂B) ⌘

nB(T, µB)

T 3
=

1X

k=1

NB
2k�1(T )µ̂

2k�1
B , (8)

�B
2 (T, µB) =

1X

k=0

�̃B,k
2 (T )µ̂2k

B , (9)

with P2k ⌘ �̄B,2k
0 /(2k)! and NB

2k�1 = �̄B,2k�1
1 /(2k � 1)!.

The expansion coe�cients �̄B,k
n are simply related to the

expansion coe�cients �̃B,k
n defined in [31],

�̃B,k
n ⌘

�̄B,k
n

k!
. (10)

For convenience we us here �̄B,k
n rather than �̃B,k

n as this
emphasizes the close relation of the constraint expan-
sion coe�cients to the standard cumulants of net baryon-
number fluctuations �B

k which equal �̄B,k
n in the case

µQ = µS = 0. Explicit expression for �̄B,k
n are given

in Appendix A of [31] for k  7. For k = 8 we give
the expansion coe�cient �̄B,8

n here in Appendix A. We
also note that in the case µQ = µS = 0 as well as in
the isospin symmetric case, r = 1/2, the expansion co-
e�cients for the pressure and number density series are
closely related,

NB
2k�1(T ) = 2kP2k(T ) . (11)

In fact, in the case µQ = µS = 0 the expansion coe�-
cients of all higher order cumulants are simply related to

those of the pressure series, �̄B,k
n =

(k + n)!

k!
�̄B,k+n
0 . The

expansion coe�cients shown in Fig. 1 thus are su�cient
to construct the expansions for P/T 4 (n = 0), nB/T 3

(n = 1) and �B
2 (n = 2). In the strangeness neutral case,

µQ = 0, nS = 0, the above relation only holds for n = 1.
We thus still need to give results for the expansion coe�-
cients of �̄B,k

2 with k = 2, 4, 6. We show these expansion
coe�cients in Appendix B. As expected, the qualitative
features of the temperature dependence of �̄B,k

2 in the
nS = 0 and µS = 0 cases are similar, i.e. they behave
like �B

k+2.

In Fig. 1 we show results for �̄B,2k
0 for the two dif-

ferent cases considered throughout this paper, i.e. we
work in the isospin symmetric case, corresponding to
µQ = 0, and consider for the strangeness sector (i) the
case µS = 0 (left) and (ii) the strangeness neutral case
nS = 0 (right), respectively. Continuum extrapolated
result for the leading order expansion coe�cient of the
pressure series, �̄B,2

0 , are shown in the two panels on the
top of Fig. 1. They are based on datasets generated on
lattices with temporal extent N⌧ = 6, 8, 12 and 16. Re-
sults for the case µQ = µS = 0 at T>⇠135 MeV had been
shown already in Ref. [32] we added here our results at
T = 125 MeV obtained on lattices with temporal ex-
tend N⌧ = 8, which have not been used in the contin-
uum extrapolations. The insets given in these figures
for �B

2 (left) as well as �̄B,2
0 (right) show comparisons

with the same cumulants calculated in a hadron reso-
nance gas (HRG) model describing the thermodynamics
of non-interacting, point-like hadrons1. This calculation
uses the hadron spectrum compiled in the QMHRG2020
list [32].

For the O(µ̂4
B) expansion coe�cients we show in Fig. 1

continuum extrapolations based on N⌧ = 6, 8 and 12

1
Throughout this work we use a model based on non-interacting,

point-like hadrons listed in the QMHRG2020 list [32] as HRG

model reference system. Such models have been improved by

incorporating interactions as described by the S-matrix [35] or

more phenomenological through the use of finite volumina for

baryons [36].
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cients of �̄B,k

2 with k = 2, 4, 6. We show these expansion
coe�cients in Appendix B. As expected, the qualitative
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ferent cases considered throughout this paper, i.e. we
work in the isospin symmetric case, corresponding to
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top of Fig. 1. They are based on datasets generated on
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tend N⌧ = 8, which have not been used in the contin-
uum extrapolations. The insets given in these figures
for �B

2 (left) as well as �̄B,2
0 (right) show comparisons
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of non-interacting, point-like hadrons1. This calculation
uses the hadron spectrum compiled in the QMHRG2020
list [32].
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B) expansion coe�cients we show in Fig. 1

continuum extrapolations based on N⌧ = 6, 8 and 12

1
Throughout this work we use a model based on non-interacting,

point-like hadrons listed in the QMHRG2020 list [32] as HRG

model reference system. Such models have been improved by

incorporating interactions as described by the S-matrix [35] or

more phenomenological through the use of finite volumina for

baryons [36].

• Additional constraints enforce strangeness neutrality  and 
fixed ratio of electric charge to the baryon number 

nS = 0
nQ/nB = r

• Taylor series in only baryon chemical potential
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Second-order cumulants revisited at μ = 0

• Significant update of statistics 

• Several cutoffs:  

• Fully controlled continuum limit 
• Comparison with statistical models, updated QMHRG2020 
• Model sensitivity to the spectrum, in particular, in the strange baryon 

sector 

Nτ = 6,8,12,16
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FIG. 2. Four independent second order cumulants versus temperature calculated on lattices with di↵erent temporal extent
N⌧ . Lines show results from HRG model calculations using point-like, non-interacting resonances and the hadron spectrum list
QMHRG2020 discussed in Section V A 1. The insets show the ratio of continuum extrapolated lattice QCD results and HRG
model calculations based on QMHRG2020. Also shown are results from Bellwied et al. [32]. For the presentation of data at
finite values of N⌧ the temperature scale based on calculations of afK has been used. Here and in all other figures the yellow
band corresponds to the crossover temperature, Tpc,0.

T . Results for some values of the temperature are given
in Table II and compared with corresponding results ob-
tained in Ref. [32]. As can be seen agreement between
these two analyses is quite good.

Further details on our continuum extrapolated results
and comparisons with various HRG model calculations
as well as results obtained from virial expansions will be
presented in the next sections.

B. Parametrization of the continuum extrapolated
second order cumulants

When performing the continuum extrapolations of sec-
ond order cumulants we did not assume any specific
ansatz for the temperature dependence of the cumulants.
It, however, will be useful also for comparisons with other
observables and model calculations to have at hand a
parametrization of the four independent second order cu-
mulants as well as the two dependent observables, �B

2
and �S

2 . For this purpose we provide a parametrization
in terms of rational polynomials,

�XY

11 (T ) =

3P
k=0

nXY

k
t̄k

1 +
3P

k=1
dXY

k
t̄k

, t̄ =

✓
1 �

Tpc,0

T

◆
, (15)

where X,Y 2 B, Q, S, and it is understood that �XY

11
should be replaced by �X

2 for X = Y . This parametriza-
tion corresponds to the center of the error bands shown
in Fig. 2. The coe�cients for these parametrizations are
given in Table III.

As a consistency check we use the parametrizations of
the four independent cumulants and compare with the
diagonal susceptibilities �S

2 and �B

2 , respectively. Note
that for fixed N⌧ these data fulfill exactly the constraints
given in Eqs. 11 and 12. The data for �BQ

11 , �BS

11 and �QS

11 ,
however, are correlated, which may lead to slight di↵er-
ences in the continuum extrapolated results. We show
the continuum extrapolations for �B

2 and �S

2 in Fig. 3.
Here the error band has been obtained in the same way as
for the o↵-diagonal cumulants. The continuum extrapo-
lated results for these diagonal second order cumulants
are given in Table IV for the same temperature values
as those given in Table II for the set of four indepen-
dent second order cumulants. Although the continuum
extrapolated results for �B

2 and �S

2 have been obtained
without imposing explicitly the relations given in Eqs. 11
and 12 we find that the continuum extrapolated cumu-
lants are consistent with these constraints within errors
and also the parametrization of second order cumulants
given in Table III do so to better than 1%.
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FIG. 6. Temperature derivative of second order cumulant
�BQ
11 obtained in QCD (band). This result is compared to

EVHRG calculations using the QMHRG2020 and several val-
ues of the excluded volume parameter b.

to analyze one ratio, e.g. �BQ

11 /�BS

11 . Other ratios, are
then simply related to this ratio, e.g.,
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�BS
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� 1 ,
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�BS
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Di↵erences found between QCD and HRG model calcula-
tions of �BQ

11 /�BS

11 thus translate into corresponding dif-
ferences for the other two ratios. Results for �BQ

11 /�BS

11
are presented in Fig. 7. This shows that deviations from
HRG model calculations, which cannot be accounted for
in excluded volume models using a single parameter b, be-
come significant already at temperatures T ' 145 MeV.
This, of course, is a direct consequence of the deviation
of HRG model calculations from QCD results setting in
for �BQ

11 already at T ' 140 MeV, while at the same time
results for �BS

11 obtained in HRG model calculations are
in good agreement with QCD up to Tpc,0.

A similar conclusion has been drawn from calculations
of the second virial coe�cients using the S-matrix ap-
proach [51], where it has been pointed out that the in-
fluence of repulsive interactions, which motivated an ex-
cluded volume ansatz, is subtle and quite di↵erent in vari-
ous quantum number channels contributing in the partial
wave analysis of the second virial expansion coe�cient.

Although the S-matrix approach, which is based on
experimental information on phase shifts contributing to
the S-matrix, provides a rigorous formulation of the ther-
modynamics of an interacting hadron gas in the grand
canonical ensemble and, at least in principle, does not re-
quire any a-priori information on a particular spectrum of
resonances, it generally is di�cult to arrive at first prin-
ciple, quantitative results on properties of second order
cumulants. In a systematic virial expansion of the par-
tition function, expressed in terms of the S-matrix, even
the calculation of the second virial coe�cient often suf-
fers from insu�cient experimental information even for
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FIG. 8. Comparison of continuum extrapolated lattice QCD
results for �BS

11 (top) and �BQ
11 (bottom) with HRG model

results based on QMHRG2020 (red band) and second order
virial expansion results (green band) [11, 50].

two-particle interactions. Moreover, at higher densities
multi-particle interactions become of importance [8, 9],
which are poorly known and thus require approximations
when comparing a S-matrix based analysis to e.g. first
principle lattice QCD calculations [10–12].

In Fig. 8 we compare QCD results for second or-
der cumulants involving net baryon-number fluctuations,
with corresponding results from calculations of the sec-
ond virial coe�cient. In Ref. [11] the second virial co-
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• Temperature derivative of the baryon number - electric charge 
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volume corrections (left) 
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strangeness correlation in lattice QCD and HRG with different 
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with µ̂X ⌘ µX/T and arbitrary natural numbers i, j, k.

The expansion coe�cients,
�BQS
ijk

i!j!k!
are derivatives of P/T 4

with respect to the associated chemical potentials, ~µ =
(µB , µQ, µS), evaluated at ~µ = ~0,

�BQS
ijk =

1

V T 3

@ lnZ(T, V, ~µ)

@µ̂i
B@µ̂

j
Q@µ̂

k
S

�����
~µ=0

, i+ j + k even . (2)

Aside from the Taylor expansion of the pressure we
will focus here on the analysis of Taylor series for the
first and second order cumulants of net baryon-number
fluctuations,

nB =
@P/T 4

@µ̂B
, (3)

�B
2 =

@2P/T 4

@µ̂2
B

. (4)

For these observables we will introduce constraints on
the electric charge and strangeness chemical potentials,
[31, 34]

µ̂Q(T, µB) = q1(T )µ̂B + q3(T )µ̂
3
B + q5(T )µ̂

5
B + . . . ,

µ̂S(T, µB) = s1(T )µ̂B + s3(T )µ̂
3
B + s5(T )µ̂

5
B + .. (5)

that enforce strangeness neutrality (nS = 0) and a fixed
ratio nQ/nB = r. Here the case r = 0.5 refers to an
isospin symmetric medium, which is realized for µQ = 0.
The case r = 0.4 corresponds to the situation met in
heavy ion collision experiments. Explicit expressions for
the expansion coe�cients qi and si with i = 1, 3, 5 are
given in [34]; the coe�cients q7 and s7 are given in [31].
With these constraints we arrive at Taylor series in terms
of the baryon chemical potential only,

�B
n (T, µ̂B) =

X

k

�̄B,k
n (T )

k!
µ̂k
B , (6)

where n = 0 corresponds to the Taylor series for the
µ̂B-dependent part of the pressure, n = 1 gives the net
baryon-number density and n > 2 gives higher order cu-
mulants of net baryon-number fluctuations,

�B
0 (T, µ̂B) ⌘

P (T, µB) � P (T, 0)

T 4
=

1X

k=1

P2k(T )µ̂
2k
B ,(7)

�B
1 (T, µ̂B) ⌘

nB(T, µB)

T 3
=

1X

k=1

NB
2k�1(T )µ̂

2k�1
B , (8)

�B
2 (T, µB) =

1X

k=0

�̃B,k
2 (T )µ̂2k

B , (9)

with P2k ⌘ �̄B,2k
0 /(2k)! and NB

2k�1 = �̄B,2k�1
1 /(2k � 1)!.

The expansion coe�cients �̄B,k
n are simply related to the

expansion coe�cients �̃B,k
n defined in [31],

�̃B,k
n ⌘

�̄B,k
n

k!
. (10)

For convenience we us here �̄B,k
n rather than �̃B,k

n as this
emphasizes the close relation of the constraint expan-
sion coe�cients to the standard cumulants of net baryon-
number fluctuations �B

k which equal �̄B,k
n in the case

µQ = µS = 0. Explicit expression for �̄B,k
n are given

in Appendix A of [31] for k  7. For k = 8 we give
the expansion coe�cient �̄B,8

n here in Appendix A. We
also note that in the case µQ = µS = 0 as well as in
the isospin symmetric case, r = 1/2, the expansion co-
e�cients for the pressure and number density series are
closely related,

NB
2k�1(T ) = 2kP2k(T ) . (11)

In fact, in the case µQ = µS = 0 the expansion coe�-
cients of all higher order cumulants are simply related to

those of the pressure series, �̄B,k
n =

(k + n)!

k!
�̄B,k+n
0 . The

expansion coe�cients shown in Fig. 1 thus are su�cient
to construct the expansions for P/T 4 (n = 0), nB/T 3

(n = 1) and �B
2 (n = 2). In the strangeness neutral case,

µQ = 0, nS = 0, the above relation only holds for n = 1.
We thus still need to give results for the expansion coe�-
cients of �̄B,k

2 with k = 2, 4, 6. We show these expansion
coe�cients in Appendix B. As expected, the qualitative
features of the temperature dependence of �̄B,k

2 in the
nS = 0 and µS = 0 cases are similar, i.e. they behave
like �B

k+2.

In Fig. 1 we show results for �̄B,2k
0 for the two dif-

ferent cases considered throughout this paper, i.e. we
work in the isospin symmetric case, corresponding to
µQ = 0, and consider for the strangeness sector (i) the
case µS = 0 (left) and (ii) the strangeness neutral case
nS = 0 (right), respectively. Continuum extrapolated
result for the leading order expansion coe�cient of the
pressure series, �̄B,2

0 , are shown in the two panels on the
top of Fig. 1. They are based on datasets generated on
lattices with temporal extent N⌧ = 6, 8, 12 and 16. Re-
sults for the case µQ = µS = 0 at T>⇠135 MeV had been
shown already in Ref. [32] we added here our results at
T = 125 MeV obtained on lattices with temporal ex-
tend N⌧ = 8, which have not been used in the contin-
uum extrapolations. The insets given in these figures
for �B

2 (left) as well as �̄B,2
0 (right) show comparisons

with the same cumulants calculated in a hadron reso-
nance gas (HRG) model describing the thermodynamics
of non-interacting, point-like hadrons1. This calculation
uses the hadron spectrum compiled in the QMHRG2020
list [32].

For the O(µ̂4
B) expansion coe�cients we show in Fig. 1

continuum extrapolations based on N⌧ = 6, 8 and 12

1
Throughout this work we use a model based on non-interacting,

point-like hadrons listed in the QMHRG2020 list [32] as HRG

model reference system. Such models have been improved by

incorporating interactions as described by the S-matrix [35] or

more phenomenological through the use of finite volumina for

baryons [36].
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FIG. 4. Pressure (top) and net baryon-number density (bottom) versus temperature for several values of the baryon chemical
potential. Figures on the left correspond to the case µQ = µS = 0 and on the right to the strangeness neutral, isospin symmetric
case. The Taylor expansions are based on the continuum and spline interpolated data shown in Fig. 1.

which gives c2,2 = c4,2 = 1. Therefore, for µQ = µS = 0
as well as for the strangeness neutral case, the analytic
structure of the QCD pressure, that one can deduce from
an eighth order Taylor series in QCD, entirely depends
on two expansion parameters,

c6,2 =
P6P2

P 2
4

=
2

5

�̄B
6 �̄

B
2

(�̄B
4 )

2
, (17)

c8,2 =
P8P 2

2

P 3
4

=
3

35

�̄B
8 (�̄

B
2 )

2

(�̄B
4 )

3
. (18)

With this we obtain

(�P (T, µB)/T 4)P4

P 2
2

=
1X

k=1

c2k,2x̄
2k , (19)

= x̄2 + x̄4 + c6,2x̄
6 + c8,2x̄

8 + ... ,

with �P (T, µB) = P (T, µB) � P (T, 0).
The two diagonal Padé approximants, that can be con-

structed from our eighth order series for the pressure are
given by,

P [2, 2] =
x̄2

1 � x̄2
, (20)

P [4, 4] =
(1 � c6,2)x̄2 + (1 � 2c6,2 + c8,2) x̄4

(1 � c6,2) + (c8,2 � c6,2)x̄2 + (c26,2 � c8,2)x̄4
.(21)

The [2,2] Padé has a pole on the real axis for x̄2 = 1,
i.e. for µB,c ⌘ rc,2 =

p
12�̄B

2 /�̄
B
4 which is the stan-

dard ratio estimator for the radius of convergence. The

[4,4] Padé has four poles which come in two pairs, corre-
sponding to zeroes of the polynomial in the denominator
of Eq. 21 which is quadratic in z ⌘ x̄2. The two zeroes
in z are given by

z± =
c8,2 � c6,2 ±

q
(c8,2 � c+8,2)(c8,2 � c�8,2)

2(c8,2 � c26,2)
, (22)

with

c±8,2 = �2 + 3c6,2 ± 2(1 � c6,2)
3/2 . (23)

It is easy to see that the argument of the square root
appearing in Eq. 22 is positive for c6,2 > 1. Complex
zeroes with Re(µ̂B) 6= 0 thus exist only for

(i) c6,2 < 1 and c�8,2 < c8,2 < c+8,2 . (24)

Outside this region the zeroes z± are real and thus corre-
spond to pairs of real poles in terms of µ̂B if z± > 0 and
purely imaginary poles if z± < 0. In fact, as we show in
Appendix C, there is a small region in parameter space
(c6,2, c8,2), close to c+8,2 in which z+ < 0 and z� < 0,

(ii) c6,2 < 0 and c+8,2 < c8,2 < c26,2 . (25)

This leads to two pairs of purely imaginary poles in µ̂B .
Everywhere else in parameter space at least one pair of
real zero exists, which, however, not always is the pair of
zeroes closest to the origin (see Appendix C).
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FIG. 4. Pressure (top) and net baryon-number density (bottom) versus temperature for several values of the baryon chemical
potential. Figures on the left correspond to the case µQ = µS = 0 and on the right to the strangeness neutral, isospin symmetric
case. The Taylor expansions are based on the continuum and spline interpolated data shown in Fig. 1.
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FIG. 4. Pressure (top) and net baryon-number density (bottom) versus temperature for several values of the baryon chemical
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case. The Taylor expansions are based on the continuum and spline interpolated data shown in Fig. 1.
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appearing in Eq. 22 is positive for c6,2 > 1. Complex
zeroes with Re(µ̂B) 6= 0 thus exist only for

(i) c6,2 < 1 and c�8,2 < c8,2 < c+8,2 . (24)

Outside this region the zeroes z± are real and thus corre-
spond to pairs of real poles in terms of µ̂B if z± > 0 and
purely imaginary poles if z± < 0. In fact, as we show in
Appendix C, there is a small region in parameter space
(c6,2, c8,2), close to c+8,2 in which z+ < 0 and z� < 0,

(ii) c6,2 < 0 and c+8,2 < c8,2 < c26,2 . (25)

This leads to two pairs of purely imaginary poles in µ̂B .
Everywhere else in parameter space at least one pair of
real zero exists, which, however, not always is the pair of
zeroes closest to the origin (see Appendix C).
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FIG. 4. Pressure (top) and net baryon-number density (bottom) versus temperature for several values of the baryon chemical
potential. Figures on the left correspond to the case µQ = µS = 0 and on the right to the strangeness neutral, isospin symmetric
case. The Taylor expansions are based on the continuum and spline interpolated data shown in Fig. 1.
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smaller than µ̂B = 2.5 nor do we have indications for
a poor convergence of the Taylor expansions of P/T 4

and nB/T 3, respectively. This will change when dis-
cussing the eighth order contribution to the Taylor series.
We stress, however, already here that we need to distin-
guish between the radius of convergence of the Taylor
series, which is the same for all observables determined
as derivatives of P/T 4 with respect to µ̂B , and the rate of
convergence of expansions for theses observables to their
asymptotic values, which will be slower with increasing
order of the derivatives.

Taking also into account the contribution from eighth
order Taylor expansion coe�cients of the pressure we
show in Fig. 3 results for the µ̂B-dependence of the pres-
sure, net baryon-number density and the second order
cumulant of net baryon-number fluctuations. Shown are
results obtained by using di↵erent orders of the Taylor ex-
pansion at a fixed value of the temperature in the vicinity
of Tpc, i.e. T = 155 MeV, for the case µQ = µS = 0. As
can be seen deviations from QMHRG2020 increase with
increasing µ̂B and these deviations are larger for higher
order cumulants. It also is apparent from this figure,
that the rate of convergence of the expansions for higher
order cumulants slows down. Being limited to a certain
order in the expansion thus allows to give reliable results
for higher order cumulants only in a smaller µ̂B range,
although the expansions for all cumulants have the same
radius of convergence. We will give a more quantitative
discussion of the µ̂B-range, in which the current Taylor
expansions for di↵erent cumulants are expected to give
reliable results, in Section IV.

In Fig 4 we show the µ̂B-dependent contribution to
the pressure as function of temperature for some values
of µ̂B , i.e. for µ̂B = 1.0, 1.5, 2.0 and 2.5, and for the
net baryon-number density for µ̂B = 1.0, 1.5, 2.0. In all
cases we show results obtained in di↵erent orders of the
Taylor series expansion. For these values of the baryon
chemical potential the O(µ̂8

B) Taylor series for the pres-
sure agrees well with the lower order results. For nB/T 3

we do not show results from an O(µ̂8
B) at µ̂B = 2.5 as

it is apparent from Fig. 3 that higher order expansion
coe�cients will be needed to obtain reliable results for
the pressure at that large value of µ̂B .

In the entire temperature range analyzed by us the
Taylor series for pressure converges well for 0  µ̂B  2.5.
For the number density this can be stated at present only
for the range 0  µ̂B  2.0. Although that may turn out
to be somewhat larger once the statistical accuracy in
calculations of eighth order expansion coe�cients is in-
creased. Nonetheless, based on the analysis of 8th order
Taylor expansions of the pressure we have no hint for a
radius of convergence smaller than µ̂B ⇠ 2.5 that would
limit the applicability of Taylor expansions at tempera-
tures T>⇠125 MeV.

III. RADIUS OF CONVERGENCE AND PADÉ
APPROXIMATIONS

In general the radius of convergence of the Taylor series
for a function

f(x) =
1X

n

cnx
n (12)

is given by the location of a singularity of f in the com-
plex x-plane that is closest to the origin. Of course,
rigorous statements on the radius of convergence of a
Taylor series can only be made by analyzing the asymp-
totic behavior of the expansion coe�cients in the limit
n ! 1. Having at hand only a few expansion coe�-
cients of the Taylor series for the pressure in QCD we
naturally can only obtain estimators for the radius of
convergence and extract some information on the ana-
lytic structure of thermodynamic functions in the plane
of complex chemical potentials.
We are dealing with Taylor series in terms of µ̂B for

which only every second expansion coe�cient is non-zero,
e.g. the pressure series which has non-vanishing expan-
sion coe�cients �̄B,n

0 only for even n. The simplest esti-
mator, rc,n, for the radius of convergence, rc = lim

n!1
rc,n,

is obtained from subsequent, non-vanishing expansion co-
e�cients. We define rc,n =

p
|An|, with

An =
cn

cn+2
, n even . (13)

Another frequently used estimator, with improved con-
vergence properties, has been introduced by Mercer and
Roberts [40], rMR

c,n = |AMR
n |

1/4, with

AMR
n =

cn+2 cn�2 � c2n
cn+4 cn � c2n+2

, n even . (14)

The estimators based on the ratios An and AMR
n are re-

lated to poles of [n,2] and [n,4] Padé approximants for
the series expansion of f(x). We thus will consider the
structure of such Padé approximants in the following.
When constructing Padé approximants for the pres-

sure series of (2+1)-flavor QCD we take advantage of the
fact that the two leading expansion coe�cients of the
pressure, P2k = �̄B,2k

0 /(2k)!, k = 1, 2, are strictly posi-
tive. We thus rescale the pressure by a factor P4/P 2

2 and
redefine the expansion parameter as

x̄ =

r
P4

P2
µ̂B ⌘

s
�̄B,4
0

12�̄B,2
0

µ̂B . (15)

This allows us to re-write the expansion of the pressure
in terms of expansion coe�cients

c2k,2 =
P2k

P2

✓
P2

P4

◆k�1

, (16)
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FIG. 9. Comparison of Taylor expansions and [n,4] Padé approximants for the pressure (n = 4) (top), net baryon-number density
(n = 3) (middle) and the second order cumulant (n = 2) of net baryon-number fluctuations (bottom) versus temperature for
several values of the baryon chemical potential. Shown are results for the cases µQ = µS = 0 (left) and µQ = 0, nS = 0,(right),
respectively. The Taylor expansions are based on the continuum and spline interpolated data shown in Fig. 1.

be seen these derivatives agree with the corresponding
[n,4] approximants up to values of µ̂B similar to those
where the latter start to di↵er from the corresponding
Taylor series.

Although the radius of convergence for the Taylor se-
ries of all higher order cumulants is determined by that
of the pressure series, the currently available 8th order
Taylor series for the pressure clearly does provide a re-
liable approximation for higher order cumulants only in
a smaller interval of µ̂B values. We consider the range
of µB values indicated by the range of error bands given
in Fig. 8 as the region where current results on the pres-
sure, net baryon-number density and the second order
cumulant of net baryon-number fluctuations are reliable.
As can be seen in that figure this range of baryon chemi-
cal potentials is somewhat larger at higher temperatures
than at lower temperatures.

In Fig. 9 we compare results obtained for these observ-
ables using Taylor expansions as well as Padé approxi-
mants for several values of µ̂B . We show results in the
entire temperature range 135 MeV  T  175 MeV using
values of the chemical potential up to the largest value
indicated by the bands given in Fig. 8. As can be seen
for the pressure we find excellent agreement up to values
of the chemical potential µ̂B ' 2.5. The corresponding
largest values of µ̂B for nB/T 3 and �B

2 are µ̂B = 2 and
1.5, respectively. This choice of µ̂B values is enforced by
demanding good agreement between Taylor series results
and Padé approximants at the lowest temperature. At
higher temperatures Figs. 7 and Fig. 8 suggest that in
the vicinity of Tpc the range of µ̂B values, in which 8th

order Taylor series can provide reliable results is larger,
e.g. µ̂B<⇠3 for P/T 4.
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• [4,4] Padé approximant — reproduces eighth-order Taylor series for 
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• Only complex poles in the interval  
• A possible critical point may only be at  
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Taylor expansion in powers of baryon chemical potential (µB) is an oft-used method in lattice
QCD to compute QCD thermodynamics for µB > 0. Based only upon the few known lowest order
Taylor coe�cients, it is di�cult to discern the range of µB where such an expansion around µB = 0
can be trusted. We introduce a resummation scheme for the Taylor expansion of the QCD equation
of state in µB that is based on the n-point correlation functions of the conserved current (Dn).
The method resums the contributions of the first N correlation function D1, . . . , DN to the Taylor
expansion of the QCD partition function to all orders in µB . We show that the resummed partition
function is an approximation to the reweighted partition function at µB 6= 0. We apply the proposed
approach to high-statistics lattice QCD calculations using 2+1 flavors of Highly Improved Staggered
Quarks with physical quark masses on 323 ⇥ 8 lattices and for temperatures T ⇡ 145 � 176 MeV.
We demonstrate that, as opposed to the Taylor expansion, the resummed version not only leads to
improved convergence but also reflects the zeros of the resummed partition function and severity of
the sign problem, leading to its eventual breakdown. We also provide a generalization of our scheme
to include resummation of powers of temperature and quark masses in addition to µB , and show
that the alternative expansion scheme of [S. Borsányi et al., Phys. Rev. Lett. 126, 232001 (2021).]
is a special case of this generalized resummation.

Introduction.– Lattice Quantum Chromodynamics
(QCD) results for the QCD equation of state (EoS) plays
a critical role in the dynamical modeling of heavy-ion
collisions [1–4] and, thereby, in the experimental explo-
rations of the QCD phase diagram in the T -µB plane.
Due to the fermion sign problem it is di�cult to carry out
lattice QCD computations directly at µB 6= 0. Despite
some recent progress [5–10], direct lattice computations
of the QCD EoS µB 6= 0 with physical quark masses, fine
lattice spacings and large lattice volumes have remained
elusive. Instead, the present state-of-the-art lattice QCD
EoS at µB > 0 has been obtained using the Taylor ex-
pansion [11, 12] and the analytic continuation [13, 14]
methods. In the Taylor expansion method one expands
the pressure in powers of µB around µB = 0 and directly
computes the Taylor coe�cients at µB = 0. For the
analytic continuation, one avoids the fermion sign prob-
lem using simulations at purely imaginary values µB , fits
these results with a power series in µB to determine the
Taylor coe�cients at µB = 0 and then provides the EoS
at real µB > 0 based on these Taylor coe�cients. On
the other hand, it is well-known that the applicability of
the Taylor expansion as well as the analytic continuation
should be limited by the zeros, nearest to µB = 0, of the
partition function in the entire complex-µB plane [15–
17]. In principle, it is possible to gain some knowledge
about the locations of the zeros of the partition function
by re-expressing the power series in real or imaginary µB

in terms of Padé approximants [12] or in a power series
of the fugacity [18–20]. Armed, in reality, with only the
few lowest order Taylor coe�cients, this becomes a very
di�cult task and, in practice, one just restricts the EoS

to {T, µB} that avoids any pathological nonmonotonic-
ity in the truncated Taylor series [11, 14]. Furthermore,
these methods provide very little guidance on the sever-
ity of the fermion problem, i.e. how rapidly the phase of
the partition function fluctuates as µB is increased. It is
possible to determine the zeros of the partition function
as well as its average phase by reweighting the fermion
determinant to µB 6= 0 [21–25]. However, due to the
computational cost associated with exact evaluation of
the fermion determinant, at present this method is re-
strained within coarse lattice spacings and small lattice
volumes.
In this work, we introduce a method for the calcula-

tion of the lattice QCD EoS that genuinely resums the
truncated Taylor series to all orders in µB and whose
breakdown encodes the severity of the sign problem and
zeros of the resummed partition function.
The resummation method.– The Taylor expansion to

O
�
µ
N
B

�
of the excess pressure, �P (T, µB) ⌘ P (T, µB)�

P (T, 0), is given by

�P
E
N

T 4
=

NX

n=1

�
B
n

n!

⇣
µB

T

⌘n
, (1)

where the Taylor coe�cients are defined as

�
B
n (T ) =

1

V T 3

@
n lnZ(T, µB)

@(µB/T )n

����
µB=0

. (2)

Here, the QCD partition function is denoted as Z =R
e
�S det[M ]DU , V is the spatial volume, U is the SU(3)

gauge fields, S is the pure gauge action and M is the
fermion matrix. Each �

B
n consists of sum of terms like
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FIG. 1. Contributions of di↵erent Dn to the �
B
n . Each blob

represents insertion of the 0th component of the conserved
current. Solid red and dotted black lines represent directly
exponentiated and cross terms respectively.
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with i · a+ j · b+ · · ·+ k · c = n [26, 27],

where

Dn(T ) = D̄n · n! =
@
n ln det[M(T, µB)]

@(µB/T )n

����
µB=0

, (3)

and the h·i denotes average over gauge field ensembles
at µB = 0, i.e. hOi =

R
Oe

�S det[M(T, 0)]DU/Z. The
physical interpretation of Dn is simple for the continuum
theory: Dn =

R
dx1 · · · dxnJ0(x1) · · · J0(xn) is the inte-

grated n-point correlation function of the 0th component
of the conserved (baryon) current J0(x) at a space-time
point x. Note that, due to CP symmetry of QCD all Dn

for n = odd(even) are purely imaginary(real) and only
the n = even terms contribute to Eq. 1. In practice, lat-
tice QCD computations of the �

B
N involve computations

of all Dn for n  N as intermediate steps, and �
B
N are

obtained from combinations of Dn and their powers.
Contributions of various combinations of Dn to the few

lowest order Taylor coe�cients are sketched in FIG. 1. If
one considers the factorials and the powers of µB/T asso-
ciated with each Dn in the sum of Eq. 1, it is not di�cult
to realize that all contributions of each Dn to �P

E can
be resummed into exponential forms. For example, con-
tributions of Dn

1 from all �B
n in Eq. 1 can be resummed as

exp
⇥
D̄1(µB/T )

⇤
. Similarly, contributions of all Dn

2 can
be resummed as exp

⇥
D̄2(µB/T )2

⇤
, and so on. Also it is

easy to see that the contributions of the mixed terms like
D

n
1D

m
2 arise from exp

⇥
D̄1(µB/T )

⇤
⇥ exp

⇥
D̄2(µB/T )2

⇤
.

Thus, it is possible to write down a resummed version
of Eq. 1, viz.
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R
N

T 4
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T 3V
ln
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D̄n

⇣
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⌘n
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, (4)

providing the EoS up to infinite orders in µB . The
�P

R
N can be considered as a µB-dependent e↵ective

action obtained by resumming up to N -point corre-
lation functions of the conserved current. Expansion

of �P
R
N in powers of µB/T yields an infinite series

in µB/T , in addition to the truncated Taylor series:
�P

E
N +

P1
n>N hD̄

i
1 · · · D̄

j
N i(µB/T )n, where i, j = 0, . . . , N

satisfying 1 · i + · · · + N · j = n. The Taylor expanded
(NE

N ) and the resummed (NR
N ) net baryon-number den-

sities can be straightforwardly obtained as a single µB-
derivative of �P

E and �P
R in Eq. 1 and Eq. 4, respec-

tively.
The resummed version in Eq. 4 also highlights

the connection between the Taylor expansion and
the reweighting method. In the reweighting method
Z(T, µB)/Z(T, 0) = hdet[M(T, µB)]/ det[M(T, 0)]i can
be calculated, if computationally feasible, by exactly
evaluating the ratio of the fermion matrix determinants
on the gauge fields generated at µB = 0. In more realistic
lattice calculations with large volumes, exact evaluations
of the determinant ratios might not be computationally
feasible and one may consider evaluating det[M(T, µB)]
within some approximation scheme to obtain approxi-
mate partition function Z

R
N (T, µB) ⇡ Z(T, µB). Follow-

ing the spirit of the Taylor expansion, one such approx-
imation scheme can be expansion of det[M(T, µB)] in
powers of µB/T . Keeping in mind det[M ] = exp[Tr lnM ]
and Eq. 3, one can immediately recognize

Z
R
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=

*
exp
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n=1
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. (5)

Since CP symmetry dictates that the even(odd) Dn are
purely real(imaginary) and the partition function must
be real, a measure of the severity of the sign problem is
given by the average phase factor for ZR

N (with µB real),
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An expansion of
⌦
cos⇥R

N

↵
in µB/T leads to the Tay-

lor expanded measure of the average phase of the parti-
tion function [23, 26], which we will denote by ⇥E

N . As
the sign problem becomes more severe the average phase⌦
cos⇥R

N

↵
⇡ 0 and resummed results will also show signs

of breakdown. Furthermore, although �P
E
N can be eval-

uated for any complex value of µB , �P
R
N becomes un-

defined when Re[ZR
N ]  0 for a given N and statistics,

leading to a natural breakdown of the resummed results.
The location of the zeros of ZR

N in the complex-µB plane
will indicate the µB region where such resummation can
be applicable. Obviously, for any given N the region of
applicability of �P

E
N cannot exceed the same for �P

R
N .

Lattice QCD computations.– For this work, we used the
data for �B

n and Dn generated by the HotQCD collabora-
tion for calculations of the QCD EoS [11] and the chiral
crossover temperature [28] at µB > 0 using the Taylor ex-
pansion method. The HotQCD ensembles were generated
with 2+1-flavors of Highly Improved Staggered Quarks
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at µB = 0, i.e. hOi =
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point x. Note that, due to CP symmetry of QCD all Dn

for n = odd(even) are purely imaginary(real) and only
the n = even terms contribute to Eq. 1. In practice, lat-
tice QCD computations of the �
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N involve computations

of all Dn for n  N as intermediate steps, and �
B
N are

obtained from combinations of Dn and their powers.
Contributions of various combinations of Dn to the few
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ciated with each Dn in the sum of Eq. 1, it is not di�cult
to realize that all contributions of each Dn to �P
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be resummed into exponential forms. For example, con-
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providing the EoS up to infinite orders in µB . The
�P

R
N can be considered as a µB-dependent e↵ective

action obtained by resumming up to N -point corre-
lation functions of the conserved current. Expansion

of �P
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N in powers of µB/T yields an infinite series

in µB/T , in addition to the truncated Taylor series:
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N +
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N i(µB/T )n, where i, j = 0, . . . , N

satisfying 1 · i + · · · + N · j = n. The Taylor expanded
(NE

N ) and the resummed (NR
N ) net baryon-number den-

sities can be straightforwardly obtained as a single µB-
derivative of �P

E and �P
R in Eq. 1 and Eq. 4, respec-

tively.
The resummed version in Eq. 4 also highlights

the connection between the Taylor expansion and
the reweighting method. In the reweighting method
Z(T, µB)/Z(T, 0) = hdet[M(T, µB)]/ det[M(T, 0)]i can
be calculated, if computationally feasible, by exactly
evaluating the ratio of the fermion matrix determinants
on the gauge fields generated at µB = 0. In more realistic
lattice calculations with large volumes, exact evaluations
of the determinant ratios might not be computationally
feasible and one may consider evaluating det[M(T, µB)]
within some approximation scheme to obtain approxi-
mate partition function Z

R
N (T, µB) ⇡ Z(T, µB). Follow-

ing the spirit of the Taylor expansion, one such approx-
imation scheme can be expansion of det[M(T, µB)] in
powers of µB/T . Keeping in mind det[M ] = exp[Tr lnM ]
and Eq. 3, one can immediately recognize
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Since CP symmetry dictates that the even(odd) Dn are
purely real(imaginary) and the partition function must
be real, a measure of the severity of the sign problem is
given by the average phase factor for ZR

N (with µB real),
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in µB/T leads to the Tay-

lor expanded measure of the average phase of the parti-
tion function [23, 26], which we will denote by ⇥E

N . As
the sign problem becomes more severe the average phase⌦
cos⇥R
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⇡ 0 and resummed results will also show signs

of breakdown. Furthermore, although �P
E
N can be eval-

uated for any complex value of µB , �P
R
N becomes un-

defined when Re[ZR
N ]  0 for a given N and statistics,

leading to a natural breakdown of the resummed results.
The location of the zeros of ZR

N in the complex-µB plane
will indicate the µB region where such resummation can
be applicable. Obviously, for any given N the region of
applicability of �P

E
N cannot exceed the same for �P

R
N .

Lattice QCD computations.– For this work, we used the
data for �B

n and Dn generated by the HotQCD collabora-
tion for calculations of the QCD EoS [11] and the chiral
crossover temperature [28] at µB > 0 using the Taylor ex-
pansion method. The HotQCD ensembles were generated
with 2+1-flavors of Highly Improved Staggered Quarks
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where
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and the h·i denotes average over gauge field ensembles
at µB = 0, i.e. hOi =

R
Oe

�S det[M(T, 0)]DU/Z. The
physical interpretation of Dn is simple for the continuum
theory: Dn =

R
dx1 · · · dxnJ0(x1) · · · J0(xn) is the inte-

grated n-point correlation function of the 0th component
of the conserved (baryon) current J0(x) at a space-time
point x. Note that, due to CP symmetry of QCD all Dn

for n = odd(even) are purely imaginary(real) and only
the n = even terms contribute to Eq. 1. In practice, lat-
tice QCD computations of the �

B
N involve computations

of all Dn for n  N as intermediate steps, and �
B
N are

obtained from combinations of Dn and their powers.
Contributions of various combinations of Dn to the few

lowest order Taylor coe�cients are sketched in FIG. 1. If
one considers the factorials and the powers of µB/T asso-
ciated with each Dn in the sum of Eq. 1, it is not di�cult
to realize that all contributions of each Dn to �P

E can
be resummed into exponential forms. For example, con-
tributions of Dn

1 from all �B
n in Eq. 1 can be resummed as
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⇤
. Similarly, contributions of all Dn
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be resummed as exp

⇥
D̄2(µB/T )2

⇤
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Thus, it is possible to write down a resummed version
of Eq. 1, viz.
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providing the EoS up to infinite orders in µB . The
�P

R
N can be considered as a µB-dependent e↵ective

action obtained by resumming up to N -point corre-
lation functions of the conserved current. Expansion

of �P
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N in powers of µB/T yields an infinite series

in µB/T , in addition to the truncated Taylor series:
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N +
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N i(µB/T )n, where i, j = 0, . . . , N

satisfying 1 · i + · · · + N · j = n. The Taylor expanded
(NE

N ) and the resummed (NR
N ) net baryon-number den-

sities can be straightforwardly obtained as a single µB-
derivative of �P

E and �P
R in Eq. 1 and Eq. 4, respec-

tively.
The resummed version in Eq. 4 also highlights

the connection between the Taylor expansion and
the reweighting method. In the reweighting method
Z(T, µB)/Z(T, 0) = hdet[M(T, µB)]/ det[M(T, 0)]i can
be calculated, if computationally feasible, by exactly
evaluating the ratio of the fermion matrix determinants
on the gauge fields generated at µB = 0. In more realistic
lattice calculations with large volumes, exact evaluations
of the determinant ratios might not be computationally
feasible and one may consider evaluating det[M(T, µB)]
within some approximation scheme to obtain approxi-
mate partition function Z

R
N (T, µB) ⇡ Z(T, µB). Follow-

ing the spirit of the Taylor expansion, one such approx-
imation scheme can be expansion of det[M(T, µB)] in
powers of µB/T . Keeping in mind det[M ] = exp[Tr lnM ]
and Eq. 3, one can immediately recognize
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Since CP symmetry dictates that the even(odd) Dn are
purely real(imaginary) and the partition function must
be real, a measure of the severity of the sign problem is
given by the average phase factor for ZR

N (with µB real),
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in µB/T leads to the Tay-

lor expanded measure of the average phase of the parti-
tion function [23, 26], which we will denote by ⇥E

N . As
the sign problem becomes more severe the average phase⌦
cos⇥R
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⇡ 0 and resummed results will also show signs

of breakdown. Furthermore, although �P
E
N can be eval-

uated for any complex value of µB , �P
R
N becomes un-

defined when Re[ZR
N ]  0 for a given N and statistics,

leading to a natural breakdown of the resummed results.
The location of the zeros of ZR

N in the complex-µB plane
will indicate the µB region where such resummation can
be applicable. Obviously, for any given N the region of
applicability of �P

E
N cannot exceed the same for �P
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Lattice QCD computations.– For this work, we used the
data for �B

n and Dn generated by the HotQCD collabora-
tion for calculations of the QCD EoS [11] and the chiral
crossover temperature [28] at µB > 0 using the Taylor ex-
pansion method. The HotQCD ensembles were generated
with 2+1-flavors of Highly Improved Staggered Quarks

• In continuum: integrated n-point function of the conserved current
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and the h·i denotes average over gauge field ensembles
at µB = 0, i.e. hOi =
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point x. Note that, due to CP symmetry of QCD all Dn
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the n = even terms contribute to Eq. 1. In practice, lat-
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of all Dn for n  N as intermediate steps, and �
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Contributions of various combinations of Dn to the few
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providing the EoS up to infinite orders in µB . The
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action obtained by resumming up to N -point corre-
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Since CP symmetry dictates that the even(odd) Dn are
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N becomes un-

defined when Re[ZR
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leading to a natural breakdown of the resummed results.
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N in the complex-µB plane
will indicate the µB region where such resummation can
be applicable. Obviously, for any given N the region of
applicability of �P
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N cannot exceed the same for �P
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Lattice QCD computations.– For this work, we used the
data for �B

n and Dn generated by the HotQCD collabora-
tion for calculations of the QCD EoS [11] and the chiral
crossover temperature [28] at µB > 0 using the Taylor ex-
pansion method. The HotQCD ensembles were generated
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and the h·i denotes average over gauge field ensembles
at µB = 0, i.e. hOi =
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physical interpretation of Dn is simple for the continuum
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grated n-point correlation function of the 0th component
of the conserved (baryon) current J0(x) at a space-time
point x. Note that, due to CP symmetry of QCD all Dn

for n = odd(even) are purely imaginary(real) and only
the n = even terms contribute to Eq. 1. In practice, lat-
tice QCD computations of the �

B
N involve computations

of all Dn for n  N as intermediate steps, and �
B
N are

obtained from combinations of Dn and their powers.
Contributions of various combinations of Dn to the few

lowest order Taylor coe�cients are sketched in FIG. 1. If
one considers the factorials and the powers of µB/T asso-
ciated with each Dn in the sum of Eq. 1, it is not di�cult
to realize that all contributions of each Dn to �P

E can
be resummed into exponential forms. For example, con-
tributions of Dn

1 from all �B
n in Eq. 1 can be resummed as

exp
⇥
D̄1(µB/T )

⇤
. Similarly, contributions of all Dn

2 can
be resummed as exp

⇥
D̄2(µB/T )2

⇤
, and so on. Also it is

easy to see that the contributions of the mixed terms like
D

n
1D

m
2 arise from exp

⇥
D̄1(µB/T )

⇤
⇥ exp

⇥
D̄2(µB/T )2

⇤
.

Thus, it is possible to write down a resummed version
of Eq. 1, viz.

�P
R
N

T 4
=

1

T 3V
ln

*
exp

"
NX

n=1

D̄n

⇣
µB

T

⌘n
#+

, (4)

providing the EoS up to infinite orders in µB . The
�P

R
N can be considered as a µB-dependent e↵ective

action obtained by resumming up to N -point corre-
lation functions of the conserved current. Expansion

of �P
R
N in powers of µB/T yields an infinite series

in µB/T , in addition to the truncated Taylor series:
�P

E
N +

P1
n>N hD̄

i
1 · · · D̄

j
N i(µB/T )n, where i, j = 0, . . . , N

satisfying 1 · i + · · · + N · j = n. The Taylor expanded
(NE

N ) and the resummed (NR
N ) net baryon-number den-

sities can be straightforwardly obtained as a single µB-
derivative of �P

E and �P
R in Eq. 1 and Eq. 4, respec-

tively.
The resummed version in Eq. 4 also highlights

the connection between the Taylor expansion and
the reweighting method. In the reweighting method
Z(T, µB)/Z(T, 0) = hdet[M(T, µB)]/ det[M(T, 0)]i can
be calculated, if computationally feasible, by exactly
evaluating the ratio of the fermion matrix determinants
on the gauge fields generated at µB = 0. In more realistic
lattice calculations with large volumes, exact evaluations
of the determinant ratios might not be computationally
feasible and one may consider evaluating det[M(T, µB)]
within some approximation scheme to obtain approxi-
mate partition function Z

R
N (T, µB) ⇡ Z(T, µB). Follow-

ing the spirit of the Taylor expansion, one such approx-
imation scheme can be expansion of det[M(T, µB)] in
powers of µB/T . Keeping in mind det[M ] = exp[Tr lnM ]
and Eq. 3, one can immediately recognize

Z
R
N (T, µB)

Z(T, 0)
=

*
exp

"
NX

n=1

D̄n

⇣
µB

T

⌘n
#+

. (5)

Since CP symmetry dictates that the even(odd) Dn are
purely real(imaginary) and the partition function must
be real, a measure of the severity of the sign problem is
given by the average phase factor for ZR

N (with µB real),

⌦
cos⇥R

N

↵
=

*
cos

0

@
N/2X

n=1

Im[D̄2n�1]
⇣
µB

T

⌘2n�1

1

A
+
. (6)

An expansion of
⌦
cos⇥R

N

↵
in µB/T leads to the Tay-

lor expanded measure of the average phase of the parti-
tion function [23, 26], which we will denote by ⇥E

N . As
the sign problem becomes more severe the average phase⌦
cos⇥R

N

↵
⇡ 0 and resummed results will also show signs

of breakdown. Furthermore, although �P
E
N can be eval-

uated for any complex value of µB , �P
R
N becomes un-

defined when Re[ZR
N ]  0 for a given N and statistics,

leading to a natural breakdown of the resummed results.
The location of the zeros of ZR

N in the complex-µB plane
will indicate the µB region where such resummation can
be applicable. Obviously, for any given N the region of
applicability of �P

E
N cannot exceed the same for �P

R
N .

Lattice QCD computations.– For this work, we used the
data for �B

n and Dn generated by the HotQCD collabora-
tion for calculations of the QCD EoS [11] and the chiral
crossover temperature [28] at µB > 0 using the Taylor ex-
pansion method. The HotQCD ensembles were generated
with 2+1-flavors of Highly Improved Staggered Quarks
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Resummation of Taylor series4

Eq. 6. The results are shown in FIG. 3 (top). Also,⌦
cos⇥R

N

↵
⇡ 0 for µB/T & 1.5, which shows that the

sign problem is uncontrollably severe where the EoS cal-
culations broke down. The resummation method thus
faithfully captures the severity of the sign problem, as
opposed to the Taylor expansion. The phase factor can-
not be calculated exactly within the Taylor series ap-
proach. Its Taylor series expansion too converges very
slowly, as the bands plotted in FIG. 3 (top) show. Fur-
ther, we searched for the zeros of resummed partition
function, c.f. Eq. 5, in the complex-µB plane. We solved
for Z

R
N = 0 using the Newton-Raphson algorithm with

initial guesses chosen from a uniform distribution over
a grid 0  {Re(µB/T ), Im(µB/T )}  2.5. The results
are shown in FIG. 3 (bottom). The zeros of Z

R
6 and

Z
R
8 are more or less consistent with each other and ap-

pears only for |µB/T | & 1.5. The exact nature of the
singularity responsible for breakdown of the resumma-
tion method is certainly of great interest, i.e. whether
it is associated with the Yang-Lee edge singularity of
the QCD chiral transition [15, 17] or the QCD critical
point and approaches the real axis [12, 21, 22, 37, 38]
etc. This will need detailed quantitative studies involving
careful finite-volume scaling analyses using more sophis-
ticated techniques [18, 20, 42] and is beyond the scope
of the present work. But our results demonstrate that
the breakdown of the resummation method reflects the
associated singularities of the partition function, at least
qualitatively.

Finally, in FIG. 4 we summarize results for all T =
145 � 176 MeV by showing comparisons between �P

R
6

and N
R
6 with the corresponding �P

E
6 and N

E
6 . As

in the case of T = 157 MeV, �P
R and N

R show
improved convergence over �P

E and N
E at all tem-

peratures. Again, in contrast to the Taylor expansion
the resummation method shows signs of breakdown for
µB & 200�250 MeV, depending on the temperature. As
before, we checked that in all cases, these breakdowns re-
flect the severity of the sign problem and the singularities
of the partition function in the complex-µB plane.

Generalization to multi-parameter and joint expansion
in T, µB.– Akin to multi-parameter reweighting [21–24]
in bare gauge coupling, �� = � � �0, and quark mass,
�m = m � m0, our resummation scheme also can be
extended to obtain Z

R
N (T, µB) starting from a di↵erent

temperature T0(�0) and bare quark mass m0,

Z
R
N (T, µB)

Z(T0, 0)
=

D
e
�SG��+

PN
i+j=1 Ḡij(µB

T )i(�m
T )j

E
, (7)

where the expectation value is taken over gauge fields
associated with {�0,m0, 0}. Here, SG is the pure gauge
action and

Ḡij(�0,m0) =
@
i
@
j ln det[M(m,µB)]

i! j! @(µB/T )i@(m/T )j

����
(m0,0)

. (8)
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FIG. 4. Comparisons between the excess pressure (top) and
the net baryon-number density (bottom) obtained the sixth
order resummation (�P

R
6 and NR

6 ) and Taylor expansion
(�P

E
6 and NE

6 ) methods for all six temperatures that were
considered in this work.

Note, Ḡi0 = D̄i (Eq. 3), Ḡ0j are the chiral conden-
sate and higher order chiral susceptibilities, and gen-
eral Ḡij are µB-derivatives of various chiral observ-
ables [26, 36, 43, 44]. This generalization can possibly
mitigate the overlap problem that one might encounter
while resumming only in µB . Further, a systematic ex-
pansion of the logarithm of Eq. 7 in powers of ��, �m

and µB yields the expansion of the pressure di↵erence,
P (T, µB)/T 4

�P (T0, µB)/T 4
0 , in powers of �T = T �T0

and µB ; particular choice of T0(µB) defined by a line of
constant physics in the T -µB-plane reproduces the ex-
pansion scheme used in Ref. [45] by resumming up to
N -point baryon-current correlations to all orders in µB

and �T [46]. Thus, our method also generalizes the al-
ternative expansion scheme of Ref. [45].

Conclusions.– We have introduced a new method to
compute lattice QCD EoS by resumming contributions
of up to N -point baryon-current correlations to all orders
in µB . When expanded in powers of µB this resummed
partition function exactly reproduces the Taylor expan-
sion up to O

�
µ
N
B

�
, plus an infinite series in µB capturing

all possible contributions involving only the n  N -point
baryon-current correlations. This resummation method
also amounts to an approximate reweighting method,
thereby bridging two traditional lattice QCD techniques
for µB 6= 0. With illustrative high-statistics lattice QCD
computations we have demonstrated that the resumma-
tion method show improved convergence over the Taylor
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 anomaly and eigenvalue spectrumUA(1)
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the scalar iso-triplet delta meson [7]. These di↵erent symmetry transformations between hadronic

(meson) currents are sketched in Fig. 2.

⇡ : q̄�5
⌧
2q � : q̄q

� : q̄ ⌧
2q ⌘ : q̄�5q

SUL(2)⇥ SUR(2)

UA(1)

SUL(2)⇥ SUR(2)

UA(1)

Figure 2: Symmetry transformations between

currents for scalar and pseudo-scalar mesons.

A consequence of the ”e↵ective restoration”

of U(1)A symmetry also is that the di↵erence

of the integrated correlation functions of these

mesons, the pion and delta susceptibilities, �⇡

and ��, ”e↵ectively” vanishes in the infinite

volume (V ! 1) and vanishing quark mass

((mu,md) ! 0) limit [7, 8, 9],

�⇡ � �� ' 0 . (1)

How severely U(1)A is broken can be answered only through detailed non-perturbative calcu-

lations. However, lattice QCD calculations, performed to clarify this fundamental problem in

strong interaction physics, did not yet lead to a consistent picture. There exist several studies

that provide evidence for U(1)A restoration at high temperature. However, in the chiral limit the

temperatures, at which U(1)A restoration has been probed so far [10, 11], in particular in chiral

fermion formulations, are rather large1. Typically, studies of U(1)A symmetry restoration have

been performed at temperatures above the pseudo-critical temperature, Tpc, found for physical

values of the light and strange quark masses. However, it turned out that the phase transition

temperature, Tc, in the chiral limit is about 30 MeV smaller than Tpc [12]. I.e. most studies of

U(1)A symmetry restoration have been performed at T>⇠1.2Tc. In this regime gauge field con-

figuration with non-trivial topology (instantons), which give rise to a strong breaking of U(1)A

symmetry, are already strongly suppressed and an ”e↵ective” restoration of U(1)A symmetry thus

is expected and has been found at such high temperatures.

For an answer to the question whether or not the ”e↵ective restoration” of the axial U(1)A

symmetry occurs in the vicinity of the chiral flavor symmetry restoring transition it is necessary to

perform studies at temperatures T<⇠(1.1� 1.2)Tc. For a recent review talk and further references

see for instance [13].

2 Present status and progress during the last allocation

period

Since a few years we study the chiral properties of QCD at non-zero temperature and with lighter-

than-physical quark masses using the Highly Improved Staggered Quark (HISQ) action. We have

1
For instance, in Ref. [10] calculations have been performed with Domain Wall Fermions using quark masses

that correspond to about twice the physical pion mass value. These calculations have been done at temperatures

that correspond to about (1.2� 1.3) times the chiral phase transition temperature.
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Figure 3: Left: The disconnected chiral susceptibility in (2+1)-flavor QCD with the HISQ action
on lattices of size N3

�⇥8 as function of temperature. Shown are results for several of the light (ml)
to strange (ms) quark mass ratio 1/320  ml/ms  1/20. Right: The quark mass dependence of
the disconnected chiral susceptibility at four values of the temperature obtained on lattices of size
N3

� ⇥ 8 with N� = 32� 80 as function of H = ml/ms.

QCD transition temperature [23]. In the chiral limit it is generally expected that �dis remains

non-zero in the high temperature chirally symmetric phase, and that it diverges as the chiral phase

transition temperature is approached from above.

As discussed above the restoration of the chiral symmetry implies the degeneracy of �⇡ and

��. The breaking and the e↵ective restoration of the U(1)A symmetry is related to the di↵erence

�⇡ � ��. Furthermore, this di↵erence is related to �⇡ � �� through the so-called disconnected

susceptibility, �dis,

�⇡ � �� = �dis + (�⇡ � ��) (6)

Above Tc when �⇡ � �� = 0 and �disc is also an order parameter of UA(1) breaking. Therefore,

in order to understand the influence of U(1)A breaking and its ”e↵ective restoration” at high

temperature on the properties of the QCD phase diagram and physical observables, it is important

to quantify the magnitude of the disconnected chiral susceptibility above Tc and perform controlled

extrapolations to the chiral limit. To reach this goal during the last allocation period we performed

calculations of �disc. First, we extended the calculations at H = ml/ms = 160. Second, we

performed calculations at twice smaller light quark mass, H = ml/ms = 320. The current status

of the calculations of �disc, including the results obtained during the last allocation period is

summarized in Fig. 3. We see that at high temperatures, �disc decreases with decreasing quark

masses down to H = ml/ms = 1/320.

A calculation of the eigenvalue spectrum allows to directly relate the density of small eigenval-

ues, ⇢(�,m), to the di↵erence of pseudo-scalar (pion) and scalar iso-triplet (delta) susceptibilities

5

Figure 4: The derivatives of the spectral density of the eigenvalues of the Dirac operator calculated
on N⌧ = 8 lattices for di↵erent quark masses (left) and for ml = ms/80 for di↵erent values of N⌧ i
(right).

[7], respectively,

�⇡ � �� =

Z 1

0

d�
4m2 ⇢(�,m)

(�2 +m2)2
. (7)

This relation makes it obvious that the (near)-zero eigenvalues, arising due to non-trivial topology,

are responsible for a possibly non-vanishing di↵erence �⇡��� in the chiral limit. As discusses above

this di↵erence acts as an order parameter for the restoration of the U(1)A symmetry. It will vanish

in the chiral limit if the U(1)A symmetry is restored. On the other hand, a non-vanishing value of

�⇡ � �� apparently can only be achieved, if the eigenvalue density receives sizeable contributions

from near-zero eigenvalues. Some evidence for this to happen has been found in calculations

with Domain wall fermions [24]. We studied the spectral density of the Dirac eigenvalues for

staggered fermions with HISQ action with Chebyshev filtering approach at temperature T = 205

MeV or 1.6Tc [25]. At such high temperature the dilute instanton gas picture can provide an

understanding of the UA(1) symmetry breaking, with the spectral density ⇢(�) ⇠ m2
l �(�). The

derivatives of the spectral density with the respect to the quark mass are shown in Fig. 4. One

can see from the figure that m�1
l (@⇢/@ml) and (@2⇢/@m2

l ) agree within errors, while the third

derivative is consistent with zero. Furthermore, the first and second derivatives develop a peak at

very small �. All these results confirm the expectation from the dilute instanton gas picture. It

remains to be seen whether the instanton gas picture of UA(1) breaking is valid as we get closer

to Tc. In particular it would be interesting to see the structure of the spectral density for � ! 0

and its quark mass dependence at lower temperatures. This will be one of the goals of the present

proposal.

6

•  and  become degenerate when chiral symmetry is restored 

•  indicates the breaking/restoration of the  symmetry
χπ χσ

χπ − χδ UA(1)

2

anomaly in two-point � and ⇡ correlation functions arises
as ml ! 0.
@
n
⇢/@mn

l and U(1)A anomaly.– For (2+1)-flavor
QCD, the Dirac eigenvalue spectrum is given by

⇢(�,ml) =
T

V Z[U ]

Z
D[U ]e�SG[U ] det

⇥
/D[U ] +ms

⇤

⇥
�
det
⇥
/D[U ] +ml

⇤�2
⇢U (�) .

(1)

Here, ⇢U (�) =
P

j �(� � �j), �j are the eigenvalues of

the massless Dirac matrix /D[U ] for a given background
SU(3) gauge field U , V is the spatial volume, SG[U ]
is the gauge action, and the partition function Z[U ] =R
D[U ]e�SG[U ] det

⇥
/D[U ] +ms

⇤�
det
⇥
/D[U ] +ml

⇤�2
. Note

that ⇢U (�) does not explicitly depend on ml, however,
ml dependence enters ⇢ through the integration over the
gauge fields. Furthermore,

det
⇥
/D[U ] +ml

⇤
=
Y

j

(+i�j +ml)(�i�j +ml)

= exp

✓Z 1

0
d� ⇢U (�) ln

⇥
�
2 +m

2
l

⇤◆
.

(2)

Substituting Eq. 2 in Eq. 1 and Z[U ] it is straightforward
to obtain @

n
⇢/@mn

l , e.g.,

V

T

@⇢

@ml
=

Z 1

0
d�2

4ml C2(�,�2;ml)

�22 +m2
l

, (3)

V

T

@
2
⇢

@m2
l

=

Z 1

0
d�2

4(�22 �m
2
l )C2(�,�2;ml)

(�22 +m2
l )

2

+

Z 1

0
d�2 d�3

(4ml)2 C3(�,�2,�3;ml)

(�22 +m2
l )(�

2
3 +m2

l )
, with

(4)

Cn(�1, · · · ,�n;ml) =

*
nY

i=1

[⇢U (�i)� h⇢U (�i)i]

+
. (5)

The di↵erence of the integrated two-point func-
tions, i.e., susceptibilities, of the isotriplet pseudoscalar,
⇡
i(x) = i ̄l(x)�5⌧ i l(x), and the isotriplet scalar,
�
i(x) =  ̄l(x)⌧ i l(x), mesons is defined as

�⇡ � �� =

Z
d4x

⌦
⇡
i(x)⇡i(0)� �

i(x)�i(0)
↵
. (6)

For T � Tc owing to the degeneracy of ⇡ and the isosin-
glet scalar meson in the chiral limit [13]

�⇡ � �� = �disc , (7)

where �disc is the quark-line disconnected part of the
isosinglet scalar meson susceptibility [33],

�disc =
T

V

Z
d4x

D⇥
 ̄(x) (x)�

⌦
 ̄(x) (x)

↵⇤2E
. (8)

These U(1)A symmetry-breaking measures are related to
⇢ through [13, 32, 34]

�⇡ � �� =

Z 1

0
d�

8m2
l ⇢

(�2 +m2
l )

2 , (9)

�disc =

Z 1

0
d�

4ml @⇢/@ml

�2 +m2
l

. (10)

In the Poisson limit, Cn is given by: C
Po
n (�1, · · · ,�n) =

�(�1 � �2) · · · �(�n � �n�1) h(⇢U (�1)� h⇢U (�1)i)
n
i =

�(�1 � �2) · · · �(�n � �n�1) h⇢U (�1)i + O(1/N), where
2N / V/T is the total number of eigenvalues. In this
limit,

✓
@⇢

@ml

◆Po

=
4ml⇢

�2 +m2
l

�
V ⇢

TN

⌦
 ̄ 
↵
, (11)

✓
@
2
⇢

@m2
l

◆Po

=
4⇢

�2 +m2
l

+
8m2

l ⇢

(�2 +m2
l )

2 +
2V 2

⇢

T 2N2

⌦
 ̄ 
↵2

�
V ⇢

TN

 
8ml

⌦
 ̄ 
↵

�2 +m2
l

+ 2�⇡ � ��

!
, (12)

where
⌦
 ̄ 
↵
= (T/V )(d lnZ[U ]/dml). In the chiral limit,

this leads to �Po
disc = 2(�⇡ � ��), in clear violation of the

chiral symmetry restoration condition in Eq. 7, unless
both sides of the equation trivially vanish.
Lattice QCD calculations.– Lattice QCD calculations

were carried out at T ⇡ 205 MeV ⇡ 1.6Tc for (2 + 1)-
flavor QCD using the highly improved staggered quarks
and the tree-level Symanzik gauge action, a setup ex-
tensively used by the HotQCD Collaboration [2, 5, 35–
37]. The ms was tuned to its physical value and three
lattice spacings a = (TN⌧ )�1 = 0.12, 0.08, 0.06 fm, cor-
responding to lattice temporal extents N⌧ = 8, 12, 16,
were used [15]. Calculations were done with ml =
ms/20,ms/27,ms/40,ms/80,ms/160 that correspond to
m⇡ ' 160, 140, 110, 80, 55 MeV, respectively. The spatial
extents (N�) of the lattices were chosen to have aspect
ratios in the range of N�/N⌧ = 4 � 9. The gauge field
configurations were generated using the rational hybrid
Monte Carlo algorithm [38, 39]. Gauge configurations
from every 10th molecular dynamics trajectory of unit
length were saved to carry out various measurements.
⇢ and Cn were computed by measuring ⇢U (�) over the
entire range of � using the Chebyshev filtering technique
combined with the stochastic estimate method [40–44] on
⇠ 2000 configurations. Orders of the Chebyshev polyno-
mials were chosen to be (1 � 5) ⇥ 105 and 24 Gaussian
stochastic sources were used. Measurements of �disc and
�⇡ � �� were done by inverting the light fermion ma-
trix using 50 Gaussian random sources on 2000 � 10000
configurations [45].

Results.– Fig. 1 (left) shows the ml dependence of
m

�1
l @⇢/@ml and @

2
⇢
�
@m

2
l at T ⇡ 1.6Tc, obtained

for lattices with N⌧ = 8 and the largest available
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Chiral limit and axial anomaly at high temperature

Apr 21, 2022

• Currently ongoing calculations, PI: Petreczky, type A, “The chiral 
limit of (2+1)-flavor QCD and the axial anomaly at high 
temperature” 
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where
⌦
 ̄ 
↵
= (T/V )(d lnZ[U ]/dml). In the chiral limit,

this leads to �Po
disc = 2(�⇡ � ��), in clear violation of the

chiral symmetry restoration condition in Eq. 7, unless
both sides of the equation trivially vanish.
Lattice QCD calculations.– Lattice QCD calculations

were carried out at T ⇡ 205 MeV ⇡ 1.6Tc for (2 + 1)-
flavor QCD using the highly improved staggered quarks
and the tree-level Symanzik gauge action, a setup ex-
tensively used by the HotQCD Collaboration [2, 5, 35–
37]. The ms was tuned to its physical value and three
lattice spacings a = (TN⌧ )�1 = 0.12, 0.08, 0.06 fm, cor-
responding to lattice temporal extents N⌧ = 8, 12, 16,
were used [15]. Calculations were done with ml =
ms/20,ms/27,ms/40,ms/80,ms/160 that correspond to
m⇡ ' 160, 140, 110, 80, 55 MeV, respectively. The spatial
extents (N�) of the lattices were chosen to have aspect
ratios in the range of N�/N⌧ = 4 � 9. The gauge field
configurations were generated using the rational hybrid
Monte Carlo algorithm [38, 39]. Gauge configurations
from every 10th molecular dynamics trajectory of unit
length were saved to carry out various measurements.
⇢ and Cn were computed by measuring ⇢U (�) over the
entire range of � using the Chebyshev filtering technique
combined with the stochastic estimate method [40–44] on
⇠ 2000 configurations. Orders of the Chebyshev polyno-
mials were chosen to be (1 � 5) ⇥ 105 and 24 Gaussian
stochastic sources were used. Measurements of �disc and
�⇡ � �� were done by inverting the light fermion ma-
trix using 50 Gaussian random sources on 2000 � 10000
configurations [45].
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FIG. 1. Left: Light sea quark mass dependence of m�1
l @⇢(�,ml)/@ml (open symbols) and @2⇢(�,ml)

�
@m2

l (filled symbols)
using N⌧ = 8 lattices. Middle: Lattice spacing and volume dependence of @2⇢(�,ml)

�
@m2

l and @3⇢(�,ml)
�
@m3

l (inset) for

m⇡ = 80 MeV. Right: The di↵erences, �Po
n = mn�2

l

⇥
@n⇢/@mn

l � (@n⇢/@mn
l )

Po
⇤
[cf. Eq. 11 and Eq. 12], for m⇡ = 80 MeV

and three lattice spacings. In all cases, results are obtained at T ⇡ 205 MeV and the filled symbols have been slightly shifted
horizontally for visibility.

N� for that ml. We observe that m
�1
l (@⇢/@ml ) and
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2
⇢
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2
l are almost identical and independent of ml.

Also, m�1
l @⇢/@ml and @

2
⇢
�
@m

2
l are peaked at � ! 0

and drop rapidly toward zero for �/T & 1. Fig. 1
(middle) depicts the lattice spacing and volume depen-
dence of @2⇢

�
@m

2
l and @

3
⇢
�
@m

3
l for m⇡ = 80 MeV.

To compare these quantities across di↵erent lattice spac-
ings we multiply with the appropriate powers of ms to
make them renormalization group invariant and make
them dimensionless by rescaling with appropriate pow-
ers of Tc = 132 MeV. We see that the peaked struc-
ture in @

2
⇢
�
@m

2
l at � ! 0 becomes sharper as a ! 0,

and shows little volume dependence(see Supplemental
Material [46]). Moreover, within errors, @3⇢

�
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3
l are

found to be consistent with zero in all the cases. The
findings m
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l @⇢/@ml ⇡ @
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l and @
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l ⇡

0 show that the peaked structure ⇢(� ! 0,ml !
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l . In Fig. 1 (right) we show the di↵erence
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(n = 1, 2),

with the Poisson approximations for @
n
⇢/@mn

l as de-
fined in Eq. 11 and Eq. 12. The fact �Po

n < 0 shows that
the repulsive non-Poisson correlation within the small �
gives rise to the ⇢(�! 0) peak.

In Fig. 2 we show that ⇢ and @⇢/@ml reproduce di-
rectly measured �⇡��� and �disc using Eq. 9 and Eq. 10,
respectively. The numerical integrations in � were per-
formed using the rectangle method, where the largest
value of � was estimated using the power method and
the statistical error of integration was obtained using the
jackknife method. Since we saw very mild volume depen-
dence in all the quantities, we only present results from
the largest available volume for each N⌧ and ml. We
checked that only the infrared �/T . 1 parts of ⇢ and
@⇢/@ml are needed for the reproductions of �⇡ ��� and
�disc, within errors, for all N⌧ and ml. Additionally, we
checked that once the bin-size of � in the numerical inte-
gration of Eq. 9 is chosen to reproduce directly measured
�⇡���, the same bin size automatically reproduces �disc

and
⌦
 ̄ 

↵
without any further tuning. We observe that

FIG. 2. Comparisons of direct measurements (open symbols)
of �⇡ ��� (top) and �disc (bottom) with those reconstructed
(filled symbols, slightly shifted horizontally for visibility) from
⇢ [cf. Eq. 9] and @⇢/@ml [cf. Eq. 10], respectively. The re-
sults are shown for all values of light quark masses and lattice
spacings at T ⇡ 205 MeV.

both �disc and �⇡ � �� are linear in m
2
l for all lattice

spacings and especially for m⇡ . 140 MeV; this is in ac-
cord with the expectation Z[U ] is an even function of ml

for T � Tc due to the restoration of the Z(2) subgroup
of SU(2)L ⇥ SU(2)R.

In Fig. 3 we show the continuum and chiral ex-
trapolated results for �disc and �⇡ � ��. Using all
the data for N⌧ = 8, 12, 16 and m⇡  140 MeV,
we performed a joint a,ml ! 0 extrapolation of the
form �disc(a,ml) = �disc(0, 0) + a1/N

2
⌧ + a2/N

4
⌧ +

(ml/ms)
2⇥
b0 + b1/N

2
⌧ + b2/N

4
⌧

⇤
. Fits were performed on
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��̃(x) � JPC meson screening mass

MNO 1
�4�5 0�+ ⌘b MPS

scr

MO 1 0++ �b0 MS

scr

MNO (�1)x+⌧ , (�1)y+⌧ �i 1�� ⌥ MV

scr

MO �j�k 1+� hb MAV

scr

TABLE II. The staggered phases, the � matrices, the bot-
tomonium states and the corresponding screening masses con-
sidered in this study.

meson channel. In this work we consider the spatial cor-
relation functions along the z-direction:

CM (z) =

Z
dxdyd⌧hJM (x)JM (0)i. (3)

For each choice of �̃(x), the staggered meson correlation
function contains contributions from both parity states,
which correspond to the oscillating and non-oscillating
parts of the correlators. If we restrict ourselves to the
lowest states, the spatial meson correlation function can
be simply written as

CM (z) = ANO cosh


MNO

✓
z � Ns

2

◆�

� (�1)zAO cosh


MO

✓
z � Ns

2

◆�
. (4)

The subscripts O and NO for the screening masses
and amplitudes denote the oscillating and non-oscillating
states. In Table II we give the details of the stag-
gered phases corresponding to the oscillating and non-
oscillating contributions for di↵erent meson quantum
numbers, as well as the labels denoting the screening
masses in the pseudo-scalar (PS), scalar (S), vector (V)
and the axial-vector (AV) channels. In this study we
used point sources corresponding to the quark and anti-
quarks in the meson correlators and performed two state
fits of the corresponding correlators to Eq. (4) in order
to determine the bottomonium screening masses.

III. RESULTS

We begin by showing the pseudo-scalar ⌘b screening
mass as a function of the temperature, in Fig. 1. The
results on the screening mass at each temperature have
been normalized by the zero temperature ⌘b meson mass
in this figure. While the ratio mb/ms is chosen close to
its physical value, the lines of constant physics for the
strange quark mass have not been fixed very precisely
for this temperature range [35]. Therefore, we cannot
use the experimentally measured mass for ⌘b from the
Particle Data Group [41], and need to take into account
the small deviations of the b quark mass from its physical
value. The dependence of the ⌘b meson mass on the b

quark mass for the HISQ action has been studied earlier
in Ref. [42] for � = 7.596, 7.825, 8.0, 8.2 and 8.4.
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FIG. 1. The pseudo-scalar screening mass divided by the
mass of ⌘b(1S) meson at zero temperature as a function of
the temperature obtained on lattices with N⌧ = 8, 10 and
12. The solid line is LO prediction for the screening mass,
while the dashed line is the NLO prediction, see text.
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from the Particle Data Group (PDG) [41].

Therefore, we could estimate the zero temperature ⌘b

mass for � = 7.825, 8.0, 8.2 and 8.4 and the b quark
masses given in Table I. It turns out that the ⌘b mass
is larger than the PDG value by 9.8% for � = 8.4. For
� > 8.4, where we do not have the zero temperature mass
data, we assume that the ⌘b mass is 9.8% larger than the
experimentally measured value based on the above result.
By fitting the lattice b quark mass that corresponds to
the physical value for � = 7.596, 7.825, 8.0, 8.2 and 8.4
[42] with the renormalization group inspired Ansatz we
determine that the input b quark mass for � = 7.65 is
5.5% larger than its physical value. We can also estimate
that at the close-by value of �, namely � = 7.596 the
5.5% larger b-quark mass leads to an ⌘b meson mass that
is 4.1% larger than the physical value. Therefore, we
assume that the ⌘b meson mass for � = 7.65 is 4.4%
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tion at non-zero momenta through the relation

G(z, T ) =

Z 1

0

2d!

!

Z 1

�1
dpze

ipzz�(!, pz, T ). (1)

While the above relation is more complicated than the
corresponding relation for the temporal correlator and
spectral function for mesons, it is still quite useful. At
large distances the spatial meson correlation function de-
cays exponentially, and the exponential decay is governed
by the so-called screening mass, G(z) ⇠ exp(�Mscrz).
When there is a well-defined bound state peak in the
meson spectral function, the screening mass will be equal
to the meson pole mass [31, 32]. On the other hand at
very high temperatures, when the quark and antiquarks
are eventually unbound, the screening mass is given by

2
q

(⇡T )2 +m2
q
, with mq being the quark mass. Thus the

temperature dependence of the meson screening masses
can provide some valuable information about the melting
of meson states. The analysis of the spatial correlation
functions have provided some evidence for sequential in-
medium modification of di↵erent charmonium states, i.e.
stronger in-medium modification of excited charmonia
compared to its ground states, and for the dissolution
of the 1S charmonium state at temperatures T > 300
MeV [32].

The aim of this paper is to provide some new in-
sights on the melting of bottomonium states in the QGP
through the study of their spatial correlation functions.
For the first time we use the full relativistic Dirac op-
erator for the bottom quarks in the construction of the
meson correlators in 2+1 flavor QCD, which allows us to
make an independent prediction on the melting of di↵er-
ent quantum number states independent of the NRQCD
formalism. We can thus unambiguously observe an ear-
lier melting of the scalar and axial-vector bottomonium
states compared to the pseudo-scalar and vector chan-
nels. The paper is organized as follows. In section II
we provide the details of the techniques we use. Subse-
quently the main results on the bottomonium screening
masses are discussed in section III, followed by our con-
cluding section.

II. LATTICE SETUP

We calculate the screening masses of the bottomo-
nium states in QCD with 2 + 1 flavors of dynamical
quarks treating the bottom quarks in the quenched ap-
proximation. We use the Highly Improved Staggered
Quark (HISQ) action [34] for the quarks and a tree level
Symanzik improved gauge action. Using HISQ action
for the valence bottom quark is important since it pre-
serves the correct dispersion relation for heavy quarks
[34]. The strange quark mass, ms was chosen to be
close to its physical value, while the light quark masses
ml = ms/20 correspond to a pion mass of 160 MeV in
the continuum limit [35]. We perform our calculations on

N
3
�
⇥ N⌧ lattice with temporal extent of N⌧ = 8, 10, 12

and the spatial extent, N� fixed by N� = 4N⌧ . The cor-
responding gauge configurations have been generated by
the HotQCD collaboration [35–37]. We have specifically
focused on a wide temperature range between 2 � 8 Tc,
where Tc = 156.5(1.5) MeV is the chiral crossover tem-
perature [38]. This enables us to measure the full details
of the thermal evolution of the bottomonium correlators.
Moreover we ensured that mba . 1 for the lattice spac-
ings over this entire temperature range of interest, which
in turn allowed us to have su�cient control on the lat-
tice artifacts in the results of the bottomonium corre-
lators. Having three di↵erent lattice extents allowed us
to have a better control on the discretization e↵ects at
high temperatures. The bottom-quark mass in this entire
range was set to be 52.5ms, which is close to its physi-
cal value. The lattice spacing was determined in physi-
cal units using the r1 scale defined in terms of the static

quark-antiquark potential through r
2 dV (r)

dr

���
r=r1

= 1. We

used the parametrization of a/r1 obtained in Ref. [39]
and the value r1 = 0.3106(18) fm [40]. The details of
the lattice parameters including the bare lattice gauge
coupling � = 10/g20 , the quark masses, the temperatures
as well as the number of configurations used in this work
are summarized in Table I.

� ams amb N⌧ = 8 N⌧ = 10 N⌧ = 12

T # c T # c T # c

7.650 0.0192 1.0090 - - - - 350 220

7.825 0.0164 0.8618 611 500 489 250 407 180

8.000 0.0140 0.7357 711 500 571 500 476 180

8.200 0.0117 0.6133 844 250 675 250 562 500

8.400 0.0098 0.5124 1000 240 800 250 666 500

8.570 0.0084 0.4402 - - 923 250 769 250

8.710 0.0074 0.3886 - - - - 866 250

8.850 0.0065 0.3431 - - - - 974 250

TABLE I. The gauge coupling, �, the quark masses, the tem-
perature values and the number of gauge configurations (#c)
used in this study.

The meson operators for staggered fermions have the
form

JM (x) = q̄(x)(�D ⇥ �F )q(x), x = (x, y, z, ⌧), (2)

where �D,�F are the Dirac gamma matrices correspond-
ing to the spin and the staggered taste (flavor) structure.
In this work we consider the case where �D = �F = �.
This choice corresponds to local operators for the meson
currents, which in terms of the staggered quark fields
have the simple form JM (x) = �̃(x)�̄(x)�(x). The stag-
gered phase �̃(x) specifies the quantum numbers of the
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tion at non-zero momenta through the relation

G(z, T ) =

Z 1

0

2d!

!

Z 1

�1
dpze

ipzz�(!, pz, T ). (1)
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to the meson pole mass [31, 32]. On the other hand at
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2
q

(⇡T )2 +m2
q
, with mq being the quark mass. Thus the
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sights on the melting of bottomonium states in the QGP
through the study of their spatial correlation functions.
For the first time we use the full relativistic Dirac op-
erator for the bottom quarks in the construction of the
meson correlators in 2+1 flavor QCD, which allows us to
make an independent prediction on the melting of di↵er-
ent quantum number states independent of the NRQCD
formalism. We can thus unambiguously observe an ear-
lier melting of the scalar and axial-vector bottomonium
states compared to the pseudo-scalar and vector chan-
nels. The paper is organized as follows. In section II
we provide the details of the techniques we use. Subse-
quently the main results on the bottomonium screening
masses are discussed in section III, followed by our con-
cluding section.

II. LATTICE SETUP

We calculate the screening masses of the bottomo-
nium states in QCD with 2 + 1 flavors of dynamical
quarks treating the bottom quarks in the quenched ap-
proximation. We use the Highly Improved Staggered
Quark (HISQ) action [34] for the quarks and a tree level
Symanzik improved gauge action. Using HISQ action
for the valence bottom quark is important since it pre-
serves the correct dispersion relation for heavy quarks
[34]. The strange quark mass, ms was chosen to be
close to its physical value, while the light quark masses
ml = ms/20 correspond to a pion mass of 160 MeV in
the continuum limit [35]. We perform our calculations on
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⇥ N⌧ lattice with temporal extent of N⌧ = 8, 10, 12

and the spatial extent, N� fixed by N� = 4N⌧ . The cor-
responding gauge configurations have been generated by
the HotQCD collaboration [35–37]. We have specifically
focused on a wide temperature range between 2 � 8 Tc,
where Tc = 156.5(1.5) MeV is the chiral crossover tem-
perature [38]. This enables us to measure the full details
of the thermal evolution of the bottomonium correlators.
Moreover we ensured that mba . 1 for the lattice spac-
ings over this entire temperature range of interest, which
in turn allowed us to have su�cient control on the lat-
tice artifacts in the results of the bottomonium corre-
lators. Having three di↵erent lattice extents allowed us
to have a better control on the discretization e↵ects at
high temperatures. The bottom-quark mass in this entire
range was set to be 52.5ms, which is close to its physi-
cal value. The lattice spacing was determined in physi-
cal units using the r1 scale defined in terms of the static

quark-antiquark potential through r
2 dV (r)

dr

���
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= 1. We

used the parametrization of a/r1 obtained in Ref. [39]
and the value r1 = 0.3106(18) fm [40]. The details of
the lattice parameters including the bare lattice gauge
coupling � = 10/g20 , the quark masses, the temperatures
as well as the number of configurations used in this work
are summarized in Table I.

� ams amb N⌧ = 8 N⌧ = 10 N⌧ = 12

T # c T # c T # c

7.650 0.0192 1.0090 - - - - 350 220

7.825 0.0164 0.8618 611 500 489 250 407 180

8.000 0.0140 0.7357 711 500 571 500 476 180

8.200 0.0117 0.6133 844 250 675 250 562 500

8.400 0.0098 0.5124 1000 240 800 250 666 500

8.570 0.0084 0.4402 - - 923 250 769 250

8.710 0.0074 0.3886 - - - - 866 250

8.850 0.0065 0.3431 - - - - 974 250

TABLE I. The gauge coupling, �, the quark masses, the tem-
perature values and the number of gauge configurations (#c)
used in this study.

The meson operators for staggered fermions have the
form

JM (x) = q̄(x)(�D ⇥ �F )q(x), x = (x, y, z, ⌧), (2)

where �D,�F are the Dirac gamma matrices correspond-
ing to the spin and the staggered taste (flavor) structure.
In this work we consider the case where �D = �F = �.
This choice corresponds to local operators for the meson
currents, which in terms of the staggered quark fields
have the simple form JM (x) = �̃(x)�̄(x)�(x). The stag-
gered phase �̃(x) specifies the quantum numbers of the
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picture can be established non-perturbatively and if so,
what the functional form of such a potential is.

As a starting point we therefore set out in this study
to investigate the interactions of static quark-antiquark
pairs at T > 0 using realistic state-of-the-art lattice
QCD calculations. To this end, in section II we will
present general considerations on the real-time dynam-
ics of static color sources and their study from Euclidean
lattice simulations. The first part of our study is pre-
sented in section III, where after discussing the lattice
setup in section IIIA, we investigate the lowest three cu-
mulants of the correlation function in section III B, and
compare them in section III C to predictions from hard
thermal loop perturbation theory (HTL). In section IV
we present the investigation of the underlying spectral
structure of the correlators using four di↵erent methods:
spectral model fits section IVA, the HTL-motivated ap-
proach section IVB, Pade rational approximations IVC
and the Bayesian BR method section IVD. We conclude
with a discussion in section V.

II. GENERAL CONSIDERATIONS

In order to connect the EFT description of quarkonium
to QCD we have to carry out a matching procedure. I.e.
correlation functions with the same physics content in
both languages need to be identified. Once we demand
that their values agree at a certain matching scale it al-
lows us to fix the Wilson coe�cients of the e↵ective the-
ory. In the static limit mQ ! 1, it has been shown
that the Wilson loop is the appropriate QCD quantity
which we can identify with the unequal time correlation
function of two color singlet fields in pNRQCD [15]. The
matching condition at the leading order in multipole ex-
pansion reads [15]:

W⇤(r, t, T ) = hexp[ig

Z

⇤
dz

µ
Aµ]iQCD (1)

⌘hS(r, 0)S†(r, t)ipNRQCD.

The Wilson loop in QCD itself emerges self consistently
from the static limit of the retarded QQ̄ meson corre-
lator. By matching with di↵erent quantities related to
the singlet and octet sector, the ultimate goal here lies in
identifying individually the potential (VS ,VO) and non-
potential contributions (VA,VB ,. . .) that govern the Wil-
son loop evolution in Minokwski-time.

Let us focus on the singlet sector. Instead of studying
the evolution of W⇤(r, t) in the real-time domain, it is
advantageous to go over to its Fourier transform

⇢r(!, T ) =

Z
dtW⇤(r, t, T )e�i!t

. (2)

This Fourier transform, as shown in [34], also coincides
with the positive definite spectral function of the Wil-
son loop. This fact is relevant, as in Euclidean lattice
simulations we do not have direct access to the real-time

Wilson loop but can exploit its spectral function as bridge
between the imaginary and real-time domain. The Eu-
clidean Wilson loop, which we can simulate on the lattice
has a spectral decomposition, housing the same spectral
functions as in eq. (2), which here is related to the lattice
observable by a Laplace transform

W⇤(r, ⌧, T ) =
Z

d!e
�!⌧

⇢r(!, T ). (3)

We may thus gain insight in the real-time evolution of the
Wilson loop by studying the spectral function encoded in
its Euclidean counterpart. The inversion of eq. (3) how-
ever constitutes an ill-posed inverse problem, which we
will attack with four di↵erent and complementary nu-
merical strategies in section IV.
At zero temperature in a finite volume the spectral

function consists of a ground state (lowest lying) delta
peak separated by an energy gap from many excited state
delta peaks (hybrid potential, static-light mesons etc.).
In the infinite volume limit some of these excited state
contributions form a continuum. The excited state con-
tributions will be seen as deviation from a single exponen-
tial behavior of the correlator at small ⌧ . Performing a
spectral decomposition of the non-zero temperature Eu-
clidean time correlator in Eq. 3 in a finite volume by
inserting a complete set of energy eigenstates one can see
that in addition to the ground state delta peak additional
peaks in its proximity will appear. This is shown in Ap-
pendix A. The coe�cients of these additional delta func-
tions are proportional to Boltzmann factors and there-
fore, their relative weight will increase with increasing
temperature. Thus, we will see a broadening of the zero
temperature ground state peak. At finite temperature
there will be some additional peaks in the ! region cor-
responding to excited states, but these will not change
the overall shape of the spectral function significantly,
because of the already large density of states. Therefore,
any possible modifications in that region should not have
a significant e↵ect on the Euclidean correlator. Thus the
most interesting part of the finite temperature spectral
function is the position, ⌦(r, T ), and the e↵ective width,
�(r, T ), of this dominant broadened peak. Furthermore,
as also shown in Appendix A, the finite temperature
spectral function could be non-zero even for ! ⌧ ⌦(r, T ).
We call this part of the spectral function the low energy
tail. Thus we expect that the spectral function of static
QQ̄ pair should consist of ground state peak, a high en-
ergy part, which to a good approximation is temperature
independent and the low energy tail.
The goal of this study is modest. Using for the

first time finite temperature lattices with realistic pion
masses, we set out to elucidate the lowest lying peak in
the spectral function. We will refrain from making a
quantitative connection of peak structures in the spec-
tral functions to Wilson coe�cients (VS ,VO,VA,VB ,. . .)
and solely attempt to constrain the values of ⌦(r, T ) and
�(r, T ) as reliably as possible, given the currently avail-
able lattice data.
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FIG. 2. The first cumulant as function of ⌧ obtained on N⌧ = 12 lattices for rT = 1/4 (left) and rT = 1/2 (right) at di↵erent
temperatures.

links in the spatial direction to improve the signal. We
used zero, one, two, or five steps of HYP smearings. In
what follows we will use the notation W (r, ⌧, T ) for both
Wilson line correlators and Wilson loops.

The Wilson line correlators require multiplicative
renormalization. This renormalization corresponds to
additive renormalization of the static QQ̄ energy at zero
temperature. As in our previous studies with HISQ ac-
tion we choose the renormalization scheme which corre-
sponds to the choice V (r = r0) = 0.954/r0, with r0 being
the Sommer scale [47]. The renormalization constants
corresponding to this choice have been first calculated in
Refs. [38, 40] for �  7.825 and later extended to larger
� values and also refined using result on the free energy
of a static quark [7, 48]. Here we use the value of the
renormalization constants given in Tab. X of Ref. [7] for
� � 7.15 and in Tab. V of Ref. [48] for smaller � values.

B. Cumulant analysis of the correlation functions

To understand the main features of our lattice results
and to what extent these can constrain the spectral func-
tion of a static meson it is useful to consider the n-th
cumulants of the correlation functions defined as

m1(r, ⌧, T ) = �@⌧ lnW (r, ⌧, T ), (6)

mn = @⌧mn�1(r, ⌧, T ), n > 1. (7)

The first cumulant m1 is nothing but the e↵ective mass,
which at non-zero lattice spacing is defined as

m1(r, ⌧, T ) =
1

a
ln

W (r, ⌧, T )

W (r, ⌧ + a, T )
. (8)

The first cumulant needs an additive renormalization
which is the same as the additive renormalization of static
QQ̄ energy or the free energy. In what follows we will
present the renormalized first cumulant using the known
renormalization constants as discussed above.

Since some of the calculations in the high tempera-
ture region are performed with light quark masses signif-
icantly larger than the physical value we have to make
sure that this does not a↵ect our results. In Appendix B
we compared the calculations performed at ml = ms/20
and ml = ms/5 and see no light quark mass dependence
within statistical errors. Since we have di↵erent N⌧ val-
ues we can check the size of the cuto↵ e↵ects. This is
also discussed in the Appendix B. The size of the cut-
o↵ dependence turn out smaller than our statistical er-
rors. Because of this we mostly focus our discussion on
N⌧ = 12 data. For this data set we have relatively small
statistical errors and su�cient number of data points in
the Euclidean time direction. When appropriate we also
show the N⌧ = 10 and 16 data.
In Fig. 1 we show the first cumulant from Wilson line

correlators at r = 0.24 fm for � = 7.825 and N⌧ = 16, 12
and 10 corresponding to temperatures for T = 306, 408
and T = 489 MeV, respectively and compared to the
zero temperature first cumulant. At T = 0 the first cu-
mulant approaches a plateau for ⌧ > 0.2 fm. On the
other hand the non-zero temperature cumulant decreases
monotonically. At small ⌧ the di↵erence between the zero
temperature and the finite temperature first cumulant is
very small and increases monotonically as ⌧ increases.
The slope of the first cumulant increases with increas-
ing the temperature. This means that the in-medium
modifications of the spectral function are larger at larger
temperature, as expected. For the lowest temperature,
T = 306 MeV the decrease in the first cumulants is ap-
proximately linear in ⌧ around ⌧ ⇠ 1/(2T ), while for
the higher temperatures this linear trend is only seen for
smaller ⌧ , corresponding to the reduction in 1/(2T ).

The small ⌧ behavior of the Wilson line correlators
is dominated by the high omega part of the spectral
function. The high ! part of the spectral function is
largely temperature independent, as discussed in the pre-
vious section, and therefore, it is not very interesting
from the point of view of studying the in-medium e↵ects

• Comparison with HTL-resummed perturbation theory
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trum, such as its positivity. This method is constructed
such that it will always reproduce the Euclidean input
data points within their statistical uncertainty. It has
shown to outperform the Maximum Entropy Method in
the reproduction of sharp peaked features but may su↵er
from ringing artifacts in the reconstruction of extended
spectral features, and requires high precision data. How-
ever, it was realized that correlators on the finer lattices

with improved gauge action contain non-negligible contri-
butions with negative weights that render the BR method
inapplicable.



Alexei Bazavov (MSU)

Static quark potential at finite T

Bala et al. (HotQCD) PRD 105 (2022)

Apr 21, 2022

• Extraction of the position Ω and width Γ of the dominant spectral 
peak structure encoded in the Wilson line correlators with four 
different methods: spectral function model fits with a Gaussian, 
HTL-inspired fit, the Pade approximation and Bayesian BR method.

• Representative spectral 
function from Pade at 
T = 407 MeV
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FIG. 18. Representative spectral functions obtained from the
Padé interpolation at T = 407 MeV (� = 7.825 N⌧ = 12)
for di↵erent separation distances. A single well defined peak
structure of skewed Lorentzian form emerges from the analy-
sis.

ing o↵ the values of the real-part of the pole as estimate
for ⌦ we obtain the values plotted in Fig. 19. The cor-
responding values for the imaginary part as estimate of
� are shown in Fig. 20. As we are cautioned about
the quantitative reliability of the extraction of � from
the mock data analysis, we here present its values sim-
ply for completeness. We have carried out the analysis
on both the subtracted and unsubtracted correlators (see
section III B) and found that the subtracted correlators
are computed to a statistical precision which unfortu-
nately is not high enough for the Padé to extract the
value of � with even statistical reliability.

The values the Pade analysis yields for ⌦ on the HISQ
Wilson line correlators are similar to the results obtained
from the model spectral function fits deployed in section
IVA. We find that the values do not show any significant
changes over a large temperature range.

In Fig. 21 we pick out the results at T = 407 MeV for
a closer inspection. We plot ⌦, based on the subtracted
and unsubtracted Euclidean correlator Padé analysis at
T > 0 (orange and dark blue data points), along with the
T = 0 static energy (light blue datapoints) and the colour
singlet free energy. The results obtained are in stark con-
trast to those of the method by Bala and Datta, in which
at temperatures inside the QGP phase one does observe
a deviation from the linear rise present in the hadronic
phase. Our Pade results appear also in stark contrast
to previous analyses of the spectral functions of Wilson
lines from both quenched [19, 21] and dynamical QCD
[22, 23] based on Bayesian methods. There a discernable
change of ⌦ with temperature was found, more similar
to the results of HTL-motivated method in this study.
A previous Pade analysis of a subset of the HISQ data
was discussed in Ref. [64]. That analysis showed rela-
tively large uncertainties, arising from the fact that less
statistics was available and that the improved frequen-
cies were not deployed. Within its sizable uncertainties,

FIG. 19. ⌦ as a function of separation distance for di↵erent
temperatures obtained from a Padé pole analysis on N⌧ = 12.
The figure on the top is obtained by using the unsubtracted
correlator and the figure on the bottom is obtained using the
subtracted correlator.

these results were consistent with the Bayesian studies
but within 2� would also encompass the result obtained
here.

D. Determining the ground state peak via
Bayesian reconstruction

The last type of methods to be deployed in the study
of the Wilson line spectral function are Bayesian spec-
tral reconstructions. While the most well known variant,
the Maximum Entropy Method [65] faces challenges, as
it does not easily reproduce Lorentzian structures en-
coded in peaks, the more recently developed Bayesian
reconstruction (BR) method [19] has been deployed suc-
cessfully in the extraction of such structures, both from
mock data as well as from lattice QCD data.
All Bayesian methods exploit Bayes’ theorem

P [⇢|D, I] / P [D|⇢, I]P [⇢|I] = exp[�L+ ↵SBR], (31)

to systematically regularize the inversion problem. They
amend the simulation dataD by additional so called prior
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FIG. 26. Comparison of ⌦ as a function of separation dis-
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obtained from di↵erent methods discussed in the text. We
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(408 MeV).

accumulation of statistics at T = 0 will also enable a high
precision subtraction, which in turn will enable us to use
the BR method above the crossover temperature.

All data from our calculations, presented in the figures
of this paper, can be found in [67].
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obtained from di↵erent methods discussed in the text.
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1 Scientific goals

1.1 Introduction

As has been established by ab-initio non-perturbative lattice gauge theory calculations, at tem-
perature Tc = 156 MeV [1] (earlier work can be found in Refs. [2, 3]) strongly interacting matter
experiences a rapid crossover from the confined into deconfined phase, Quark-Gluon Plasma (QGP).
Properties of this novel phase of matter are being studied in heavy-ion collision experiments at the
Relativistic Heavy-Ion Collider (RHIC) at the Brookhaven National Laboratory and the Large
Hadron Collider (LHC) at CERN. The 2015 NSAC Long Range Plan [4] outlines theoretical and
experimental investigation of QGP as one of the priorities of the US DOE and NSF physics pro-
gram. In particular, one of the tools to study the microscopy of QGP is through measurements
of the yields of hadrons containing heavy quarks such as J/ , ⌥, as well as open-flavor, D� and
B�mesons. An upgrade of the PHENIX detector at RHIC, sPHENIX is specifically targeting
physics of heavy flavors and jets. The major experiments at LHC: ATLAS, CMS and ALICE are
also focused on heavy-flavor measurements.

It was first pointed out in Ref. [5] as early as in 1986 that suppression of heavy quarkonia yields
can serve as an indication of QGP formation in heavy-ion collisions. While Ref. [5] considered
screening e↵ects in a non-relativistic potential model picture, a modern perspective on the fate of
heavy quark states in QGP is more involved due to various competing e↵ects such as screening,
Landau damping in the plasma as well as absorption of gluons from the medium. For a discussion
of the screening mechanisms in QGP see, e.g., a recent review [6].

Given the Euclidean nature of space-time in lattice calculations, there is no direct access to the
real-time information. The cleanest way to understand the fate of a given state at finite temperature
is to consider its spectral function. The spectral function encodes all real-time information about
a state. The spectral function’s temperature dependence provides full information on melting of
the state in the medium. We can establish a theoretical relation between particle yields and the
temperature of the medium. One has to keep in mind that the quantities calculated on the lattice
are always Euclidean correlation functions, and one has to reconstruct the spectral functions from
them. (Note that at zero temperature there is an alternative method to study resonances – Luscher’s
method [7], that relates scattering phase shifts with energy levels. There is, however, no analog
method at finite temperature and one has to deal with the spectral functions.)

Consider a meson current of the form J(t, x) = q̄(t, ~x)�q(t, ~x). By considering its two-point
correlation functions we can define the spectral function ⇢(!, ~p) as [8]

⇢(!, ~p) =
1

2⇡
(D>(!, ~p)�D

<(!, ~p)) =
1

⇡
ImD

R(!, ~p), (1)

where D
>(<)(!, ~p) are the Fourier transforms of the appropriate two-point functions. In finite-

temperature lattice QCD one calculates the Euclidean correlation function:

G(⌧, ~p) =

Z
d
3
xe

i~p.~xhJ(⌧, ~x)J(0,~0)i, (2)

that can be reduced to the form [9, 10]:

G(⌧, ~p) =

Z 1

0
d!⇢(!, ~p)K(!, ⌧), K(!, ⌧) =

cosh(!(⌧ � 1/2T ))

sinh(!/2T )
. (3)

The dependence on temperature T is suppressed for brevity, but it is understood that all quan-
tities, G(⌧, ~p), ⇢(!, ~p) and K(!, ⌧), depend on temperature. A typical structure of ⇢(!, ~p) is as
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Quarkonia spectral functions

• The in-medium properties and dissolution patterns are encoded in the 
spectral functions

• On the lattice we measure Euclidean correlation functions

• Need to solve an inverse problem to reconstruct the spectral function
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Anisotropy tuning, pion taste splittings
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Figure 1: Upper panel: Dependence of w0 scale on the anisotropy of the gradient flow ⇠gf . The
data from three flows are shown as red points with errorbars and the fit as the blue line with an
error band. Lower panel: Dependence of RE(⇠gf )/⇠2gf on the anisotropy of the flow ⇠gf , the data
are the red points with error bars. See text for the description of how the renormalized anisotropy
⇠ and w0(⇠) are determined. (The errors are 100% correlated, since the three flows are run on the
same gauge ensemble.)

6

• Gauge anisotropy tuning with the gradient flow, WB, 1205.0781 (left) 
• Splitting of the pion tastes from the Goldstone pion at renormalized 

fermion anisotropy  (right)ξf = 1,2,4
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