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Cluster-based phenomenological models

Phenomenological models with clusters

Dilute matter as a mixture of nucleons and nuclei
⇒ Nuclear statistical equilibrium model

[A. R. Raduta, F. Gulminelli, PRC 82, 065801 (2010)]

Cluster dissolution at saturation n0 ⇒ Mott e�ect

Geometrical excluded-volume mechanism

Microscopic in-medium e�ects

Generalized relativistic density functional (GRDF)
⇒ Meson exchange with density dependent couplings

[S. Typel et al., PRC 81, 015803 (2010)]
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Nuclear clusters and relativistic density functionals
Mott e�ect and short-range correlations

Mass-shift parameterizations at low density

Mass-shift obtained by solving the in-medium many-body Schrödinger equation

Contributions from Pauli blocking or screening of electronic background

Parameterization as function of density (nb), asymmetry (β), temperature (T)

Symmetric NM (SNM) with clusters at rest ⇒ ∆m
(low)
i ∝ nb

[G. Röpke, PRC 79, 014002 (2009); G. Röpke, NPA 867, 6 (2011)]

Heuristic dependence beyond Mott density to prevent the clusters to reappear
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Mean-�eld framework and short-range correlations

Cluster-free NM above n0: Free Fermi gas (FFG)

⇒ step function in momentum distribution at zero T

Nucleon knock-out in inelastic electron scattering

[O. Hen et al. (CLAS Coll.), Science 346, 614 (2014)]

Smearing of Fermi surface in cold nucleonic matter

High momentum tail (HMT) decreasing with ∼ |k|−4

Nucleon-nucleon short-range correlations (SRCs)

Tensor components or repulsive core of nuclear forces

Same height for two species in asymmetric systems

Enhancement of HMT of minority to the majority one

Isospin-dependence of distribution

Kinetic symmetry energy very di�erent from FFG

⇒ Importance of incorporating SRCs in realistic EoS
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Deuteron fraction and mass-shift parameterization
Thermodynamical quantities: low- and high-density limits

Quasi-deuterons as surrogate for SRCs in GRDF

E�ective resonances (quasi-clusters) for treatment of SRCs at supra-saturation

Embedded in GRDF model through in-medium modi�cations of ∆m
(high)
d

Two-body correlations in np 3S1 channel ⇒ quasi-deuteron

T = 0 ⇒ boson condensate of deuterons under chemical potentials equilibrium

With scalar (Si ), vector (Vi ) and rearrangement (Wi , W
(r)
i ) potentials (i = nuc, d)

µd = µn + µp ⇒ m∗d + ∆m
(high)
d + V ′d =

√
k2n + (m∗n )2 + V ′n +

√
k2p +

(
m∗p
)2

+ V ′p

m∗i = mi − Si Si = χiAiCσnσ Vi = χiAi (Cωnω + Cρnρ)

V ′i = Vi + Wi + W
(r)
i Wi =

1

2

(
C ′ωn

2
ω + C ′ρn

2
ρ − C ′σn

2
σ

)
W

(r)
i = nd

∂∆m
(high)
d

∂ni
Cj =

Γ2j (nb)

m2
j

C ′j =
dCj

dnb
, j = σ, ω, ρ

m∗nuc ≥ 0⇒ 0 ≤ Xd ≤ min
{
X

(max)
d , 1− |β|

}
, X

(max)
d =

mnuc

χdCσnb
−−−−→
nb→∞

0

Crucial role of scaling factor χd ≡ χ for bound nucleon-meson coupling strenght
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Equation of State: phenomenological models
Quasi-clusters as surrogate for short-range correlations

Deuteron fraction and mass-shift parameterization
Thermodynamical quantities: low- and high-density limits

Quasi-deuterons mass-shift at high-density

Scaling factor for deuteron-meson coupling strenght

χ = 1⇒ same strength as for free nucleons
χ < 1⇒ in-medium e�ects and description of chemical equilibrium constant

[L. Qin et al., PRL 108, 172701 (2012); R. Bougault et al., J. Phys. G 47, 025103 (2020)]

1/
√
2 < χs = (0.85± 0.05) universal scaling factor [H. Pais et al., PRC 97, 045805 (2018)]

No crossing ⇒ ∆md(nb,Xd) invertible function for any density nb
∆m

(high)
d � ∆mGRDF

d ⇒ Large change beyond Mott density for extended GRDF
[S. Typel, EPJ Special Topics 229, 3433�3444 (2020)]]

Interpolation of low-(Pauli blocking) and high-(condensate model) density limit
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Equation of State: phenomenological models
Quasi-clusters as surrogate for short-range correlations

Deuteron fraction and mass-shift parameterization
Thermodynamical quantities: low- and high-density limits

Piecewise interpolation and saturation constraints

Piecewise parameterization: ∆md (nb,Xd ) = min
{

∆m
(low)
d (nb),∆m

(high)
d (nb,Xd )

}
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X Zero-density limit (one half 2H binding)

Overbinding at n0 ⇒ Re-�t of Γi,0

Constraints on NM at saturation (n0)

(E/A, m∗nuc, pressure, symmetry energy)

Experimental results of SRCs in nuclei

⇒ Xd,0 = 0.2 (pairs ≈ 20% of density)

χ Γσ,0 Γω,0 Γρ,0 ∆md,0 [MeV] d∆md
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[MeV fm3]

1 10.580042 13.217226 3.556424 104.92 813.98

1/
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2 10.919963 13.719324 3.400187 58.23 570.80

DD2 � 10.686681 13.342362 3.626940 � �
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Quasi-clusters as surrogate for short-range correlations

Deuteron fraction and mass-shift parameterization
Thermodynamical quantities: low- and high-density limits

Deuteron mass-shift parametrization

Uni�ed mass-shift parameterization (γ = 1) [S. Burrello, S. Typel, EPJA 58, 120 (2022)]

∆md (x) =
ax

1 + bx
+ cxη+1 [1− tanh (x)] + fxγ tanh (gx), x =

nb

n0
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∆md (x) =
ax

1 + bx
+ cxη+1 [1− tanh (x)] + fxγ tanh (gx), x =

nb

n0

0 0.5 1 1.5 2 2.5 3

baryon number density n
b
 [fm

-3
]

0

1000

2000

3000

4000

d
eu

te
ro

n
 m

as
s 

sh
if

t 
∆

m
d
 [

M
eV

]

DD2 - χd1

DD2 - χd2

DD2 - χd3

χ = 1/  2√

0 0.5 1 1.5 2 2.5 3

baryon number density n
b
 [fm

-3
]

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

d
eu

te
ro

n
 m

as
s 

fr
ac

ti
o

n
 X

d

SNM

a b c η f g

DD2 - χd1 541.726060 243.472387 99.677247 1.656159 181.113975 0.18
DD2 - χd2 541.726060 243.472387 70.476986 1.230947 181.113975 0.22
DD2 - χd3 541.726060 243.472387 41.777908 0.257252 181.113975 0.26

Stefano Burrello, Stefan Typel Quasi-deuteron to embed SRCs within RMF approaches



Equation of State: phenomenological models
Quasi-clusters as surrogate for short-range correlations

Deuteron fraction and mass-shift parameterization
Thermodynamical quantities: low- and high-density limits

Deuteron mass-shift parametrization: χ = 1/
√
2

Uni�ed mass-shift parameterization (γ = 1) [S. Burrello, S. Typel, EPJA 58, 120 (2022)]

∆md (x) =
ax

1 + bx
+ cxη+1 [1− tanh (x)] + fxγ tanh (gx), x =

nb

n0

0 0.5 1 1.5 2 2.5 3

baryon number density n
b
 [fm

-3
]

0

1000

2000

3000

4000

d
eu

te
ro

n
 m

as
s 

sh
if

t 
∆

m
d
 [

M
eV

]

DD2 - χd1

DD2 - χd2

DD2 - χd3

χ = 1/  2√

0 0.5 1 1.5 2 2.5 3

baryon number density n
b
 [fm

-3
]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

d
eu

te
ro

n
 m

as
s 

fr
ac

ti
o

n
 X

d

β = 0.0
|β = 0.2
|β| = 0.5
|β| = 0.7

ANM

X
d,SNM

(max)

DD2 - χd1

β = 
n

n
 - n

p
n

b

a b c η f g

DD2 - χd1 541.726060 243.472387 99.677247 1.656159 181.113975 0.18
DD2 - χd2 541.726060 243.472387 70.476986 1.230947 181.113975 0.22
DD2 - χd3 541.726060 243.472387 41.777908 0.257252 181.113975 0.26

Stefano Burrello, Stefan Typel Quasi-deuteron to embed SRCs within RMF approaches



Equation of State: phenomenological models
Quasi-clusters as surrogate for short-range correlations

Deuteron fraction and mass-shift parameterization
Thermodynamical quantities: low- and high-density limits

Deuteron mass-shift parametrization: χ = 1

Uni�ed mass-shift parameterization (γ = 2/3) [S. Burrello, S. Typel, EPJA 58, 120 (2022)]
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Thermodynamical quantities: low- and high-density limits

SNM: impact on EoS and matter incompressibility

Attraction in presence of quasi-deuterons ⇐⇒ attraction/repulsion for Γi -re�t

[S. Burrello, S. Typel, EPJA 58, 120 (2022)]
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Discontinuity ⇒ 2nd order phase transition?
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Thermodynamical quantities: low- and high-density limits

E�ect on symmetry energy and its slope

[S. Burrello, S. Typel, EPJA 58, 120 (2022)]
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